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ABSTRACT

In multivariate analysis, one of the major problems of interest is to model multivariate
responses using observed predictors. We often encounter responses of either continuous,
binary or count types, or may be of mixed types. Multivariate linear regression (MLR)
models the relationship in case of Gaussian outcomes. When outcomes are non-Gaussian
or mixed types, i.e., generalized, a possible modeling approach proceeds via maximiza-
tion of likelihood obtained after assuming conditionally independent observed outcomes
are from exponential dispersion family. In high-dimensional setting, responses maybe
interrelated and predictors maybe correlated or unimportant. Such dependency can be
induced through a low-rank and sparse coefficient matrix which also facilitates model
interpretation. Specifically, the structure translates into having co-sparse left and right
singular vectors in the singular value decomposition of the coefficient matrix. In this
thesis, we have proposed algorithms to recover such matrices. In MLR, we reformulate
the problem as a supervised co-sparse factor analysis, and develop an efficient computa-

tional procedure, named sequential factor extraction via co-sparse unit-rank estimation
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(SeCURE). A unit-step in SeCURE extracts a sparse and unit-rank coefficient matrix
leading to co-sparsity in corresponding singular vectors. In the generalized setting, mo-
tivated by SeCURE, we propose a sequential procedure to recover the desired coefficient
matrices, named as generalized sequential factor extraction via co-sparse unit-rank es-
timation (GSeCURE). Because of the complicated likelihood structure, a unit-step of
GSeCURE estimates co-sparse singular vectors via iteratively optimizing a surrogate of
the objective function. Efficacy of both SeCURE and GSeCURE are demonstrated by

simulation studies and various applications.



On Sequential Estimation of Multivariate
Associations

Aditya Kumar Mishra

B.S., M.S., Statistics and Informatics, Indian Institute of Technology Kharagpur, WB,
India, 2010

M.S., Statistics, University of Connecticut, CT, USA, 2016

A Dissertation
Submitted in Partial Fulfillment of the
Requirements for the Degree of
Doctor of Philosophy
at the
University of Connecticut

2017



Copyright by

Aditya Kumar Mishra

2017

i



il

APPROVAL PAGE

Doctor of Philosophy Dissertation

On Sequential Estimation of Multivariate

Associations

Presented by

Aditya Kumar Mishra, M.S. Statistics and Informatics, M.S. Statistics

Major Co-Advisor

Kun Chen

Major Co-Advisor

Dipak Kumar Dey

Associate Advisor

Haim Bar

Associate Advisor

Elizabeth Schifano

University of Connecticut

2017



v

Acknowledgements

This dissertation would not have been possible without the support of many individuals,
and it’s my pleasure in acknowledging them.

First and foremost, I would like to thank both of my academic advisors, Dr. Kun
Chen and Prof. Dipak Dey, for accepting me as their PhD Student. I am especially
indebted to Dr. Chen, for being extremely patient with me and helping me to learn
statistical method development from its conceptualization to efficient implementation.
His phenomenal success in statistics has greatly motivated me to pursue a career in
academics, and in future will continue to be a role model. I would like to express
my deep gratitude to my other advisor Prof. Dey for giving me the freedom to explore,
helping me realize power for critical thinking, teaching me how to develop the new ideas,
and at the same time supporting me morally. My sincere thanks must go to committee
members of my thesis, Dr. Haim Bar and Dr. Elizabeth Schifano, for being generous
with their academic excellence and precious time.

In the end, I would like to dedicate this thesis to my family especially to the two most
beautiful women my mother and my wife Jai, for standing by my side in all these years
to support me. I have been extremely fortunate in my life to have grandparents whose
life taught me about the importance of passion and dedication to realize my dream.

A special sense of gratitude to my late parents-in-law, for their unfailing emotional



support and blessings. Last but not least, I wouldn’t have made it through without
the full support of my beloved wife Jai. Her endless love and unwavering faith kept me
motivated throughout the journey, without which realizing my dream would not have

been possible.



Contents

Acknowledgements
1 Introduction

2 Sequential Co-Sparse Factor Regression

2.1 Imtroduction . . . . . . ..
2.2 Co-Sparse Factor Regression Model . . . . . . ... ... ... ... ...
2.3 Co-Sparsity Recovery via Sequential Extraction . . . . .. .. ... ...
2.3.1 Sequential Extraction in Reduced-Rank Estimation . . . . . . ..
2.3.2 Sequential Extraction in SFAR . . . .. ... ... ... ... ..
24 Computation . . . .. ...
2.4.1 Co-Sparse Unit-Rank Estimation Algorithm . . . . .. . .. ...
2.4.2  Convergence Analysis and Generation of Solution Paths . . . . . .
2.4.3 Tuning and Rank Selection . . . . . . . . ... ... ... ... ..
2.4.4 Extensions to Incomplete Data and Exact Orthogonality . . . . .
2.5 Theoretical Properties . . . . . . . ... ... .. ... ... ...
2.5.1 Asymptotic Results . . . . . . . .. ... ... ... ..
2.5.2 A Non-Asymptotic Error Bound . . . . . . .. ... ... .. ...

2.6 Simulation . . . . . . ..,



2.7

vii

2.6.1 Setups . . . . ... 64
2.6.2 Simulation Results . . . . ... ... ... ... 66
Application . . . . . .. 74
2.7.1 Biclustering with Chemotherapy Survival Data. . . . . . . . . .. 74
2.7.2 Yeast Cell Cycle Data . . . .. ... ... ... ... .. ..... 79

A Greedy Algorithm for Generalized Sparse and Low-rank Recovery 84

3.1

3.2

3.3

3.4

3.5

Introduction . . . . . ... 84
Generalized Co-Sparse Factor Regression Model . . . . . . . . ... ... 86
321 Model Setup . . . . . . . .. 86
3.2.2  Generalized Co-sparse Factor Regression . . . . . ... ... ... 89
Computation . . . . . . . ... 99
3.3.1 Generalized Constrained Unit-rank Estimation (G-CURE) . . .. 99
3.3.2 Convergence Analysis of G-CURE . . . . . . .. .. ... ... .. 108
3.3.3 Tuning and Rank Selection . . . . . . .. ... ... ... .. ... 110
Theoretical Properties . . . . . . . . . .. ..o 111
3.4.1 Asymptotic Results . . . . . . .. ... oL 111
Simulation . . . . . ... 115
3.5.1 Simulation Setting . . . . .. ... oo oo 115
3.5.2 Methods and Evaluation Criteria . . . . . .. ... ... .. ... 117

3.5.3 Simulation Results . . . . . . . . . . 119



4 R package secure 132
4.1 SeCURE Implementation . . . . . . . . ... ... ... ... ....... 132
4.2 Example . . . .. 135

5 Discussion 139

A Sequential Co-Sparse Factor Regression 142
A.1 Linear Constrained Elastic Regression . . . . . . . . ... ... ... ... 142

B A Greedy Algorithm for Generalized Sparse and Low-rank Recovery 145

B.1 Proof of Theorem 3.1 . . . . . . . . . . . 145
B.2 Proof of Theorem 3.2 . . . . . . . . . . 149
B.3 Proof of Theorem 3.4 . . . . . . . . . . . 151

Bibliography 158



List of Tables

Simulation: results of Model I with p = 0. For better presentation, Er(C)
and Er(XC) are scaled by multiplying 10*. . . . . ... ... ... ...
Simulation: results of Model I with p = 0.3. For better presentation,
Er(C) and Er(XC) are scaled by multiplying 10*. . . . . ... ... ..
Simulation: results of Model I with p = 0.5. For better presentation,
Er(C) and Er(XC) are scaled by multiplying 10*. . . . . ... ... ..
Simulation: results of Model II with p = 0. For better presentation, Er(C)
and Er(XC) are scaled by multiplying 10*. . . . ... .. ... ... ..
Simulation: results of Model II with p = 0.3. For better presentation,
Er(C) and Er(XC) are scaled by multiplying 10*. . . . . ... ... ..
Simulation: results of Model II with p = 0.5. For better presentation,
Er(C) and Er(XC) are scaled by multiplying 10*. . . . . ... ... ..
Some common distributions in the exponential dispersion family. . . . . .

Simulation: results of Model I with Gaussian responses at signal strength

1X



10

11

12

13

14

15

16

17

Simulation: results of Model I with Poisson responses at signal strength

Simulation: results of Model I with Gaussian/Bernoulli responses at signal
strength s = 1.5, . . . . . . L
Simulation: results of Model I with Gaussian/Poisson responses at signal
strengths =0.3. . . . ..

Simulation: results of Model II with Gaussian responses at signal strength

Simulation: results of Model II with Gaussian/Bernoulli responses at sig-
nal strengths =2. . . .. ..
Simulation: results of Model II with Gaussian/Poisson responses at signal

strengths =05 . . . . .. L



X1

List of Figures

1 SeCURE: Sequential Factor Extraction via Co-Sparse Unit-Rank Estima-

2 Simulation: Boxplots of scaled predictive measure Er(XC) (left panel)
and the orthogonality measure ORT (right panel) in Model I with p =
0.3. SeCURE(E*) and SeCURE(E) denote SeCURE using non-adaptive
elastic net penalty with and without orthogonality constraints, respectively. 74
3 Simulation: Boxplots of scaled Er(XC) (left panel) and ORT (right panel)
in Model IT and p = 0.3. SeCURE(E*) and SeCURE(E) denote SeCURE
using non-adaptive elastic net penalty with and without orthogonality
constraints, respectively. . . . . . . ... L 75
4 Chemotherapy Survival Data: Scree plot showing the relative % variances
explained by the estimated latent factors from SeCURE. The first 3 fac-
tors explains 38.68%), 32.90%, 20.44% of the total variance in the first 5

estimated nonzero components, respectively. . . . . ... ... L. 7



Chemotherapy Survival Data: Comparison of SeCURE and SSVD. Both
(a) and (f) show the original gene expression matrix. (b)—(e) in the up-
per row show results from SeCURE: (b) the rank-3 approximation from
SeCURE, and (c)—(e) the three latent components from SeCURE which
sum up to (b). (g)—(j) in the lower row show results from SSVD: (g) the
rank-3 approximation from SSVD, and (h)—(j) the three latent compo-
nents from SSVD which sum up to (g). The horizontal line in each panel
represents the three classes of patients, HR, BCR and OxPhos, from the
top to the bottom. The two vertical lines indicate 100 unselected genes
in between. . . . ...
Chemotherapy Survival Data: Heatmaps produced by SeCURE from in-
complete data with 30% entrywise missing values. For better comparison,
the same set of genes of the same order are shown as in Figure 5. (a) the
original gene expression matrix with 30% values missing, (b) its rank-3
approximation from SeCURE, and (c)—(e) the three latent components
from SeCURE which sum up to (b). The horizontal line in each panel
represents the three classes of patients, HR, BCR and OxPhos, from the
top to the bottom. The two vertical lines indicate 100 unselected genes

In between. . . . . . ..,

xii



10

11

12

Yeast Cell Cycle Data: Estimated transcriptional effects of 17 exper-
imentally confirmed TFs identified by SeCURE. Three experimentally

confirmed TFs, GCR2, CBF1, BAS1 and LEU3, are not selected by Se-

Yeast Cell Cycle Data: Estimated loadings of the RNAs of 18 time points
on the three identified latent factors from the TFs. The fitted curves
using kernel smoothing are added. The two vertical lines are drawn at 15
and 75 in the first panel, at 20 and 80 in the second panel and at 30 and
90 in the third panel. . . . . . . .. ..o
GSeCURE: Generalized Sequential Factor Extraction via Co-Sparse Unit-
Rank Estimation . . . . .. .. ... .
Simulation — Similar Responses: Notched boxplots of estimation accuracy
Er(C) and prediction accuracy Er(Y) for either Gaussian (G) or Poisson
(P) type of multivariate responses in Model I. . . . . . . . ... ... ..
Simulation — Similar Responses: Notched boxplots of estimation accuracy
Er((A]) and prediction accuracy Er(Y) for Bernoulli (B) type of multivari-
ate responses in Model I and Model II. Model I in Figure (a)-(b) and
Model IT in Figure (¢)—(d). . . . . . . . . . ..
Simulation — Similar Responses: Notched boxplots of estimation accuracy
Er(C) and prediction accuracy Er(Y) for either Gaussian (G) or Poisson

(P) type of multivariate responses in Model 1. . . . . . . . . . . ... ..

xiil



13

14

15

xiv
Simulation — Mixed Responses: Notched boxplots of estimation accuracy
Er(C) and prediction accuracy Er(Y) for Gaussian/Bernoulli (G/B) and
Gaussian/Poisson (G/P) mixed type response cases where figure (a)—(d)
corresponds to Model I. . . . . . . . ... 129
Simulation — Mixed Responses: Notched boxplots of estimation accuracy
Er(a) and prediction accuracy Er(Y) for Gaussian/Bernoulli (G/B) and
Gaussian/Poisson (G/P) mixed type response cases where figure (a)—(d)
corresponds to Model II. . . . . . . .. . . ... ... 130

An example of SeCURE: Loadings of first, second and third latent factors. 138



Chapter 1

Introduction

Multivariate analysis problems of large scale are increasingly required and formulated in
various fields ranging from computational biology to health care, economics, and finance.
The problem pertains to modeling dependency of multivariate responses using observed
predictors. For example, in computational biology a problem on yeast cell-cycle data of
eukaryotic cell cycle is to identify transcription factors (TF) that regulate RNA levels of
yeast genes obtained at 18 different time points; see Chen and Huang [2012b]. In health
care, the Framingham Heart Study [FHS, 2017] is being conducted to identify factors
affecting cardiovascular diseases using single nucleotide polymorphisms (SNP) data as
predictor, and observed phenotypes as the multivariate response of patients. In economic
research, a related problem is to model investment risk, demand and spending as the
responses, using market conditions as predictors. There are several data sets available
on handwritten digit recognition on UCI Machine Learning Repository [Lichman, 2013],
where the aim is to develop a model for predicting digits using pixel information. In a
longitudinal study of aging [Stanziano et al., 2010], it is of interest to understand de-

pendency of health conditions like memory status, depression, daily activities, cognitive



ability on predictor variables like demographics, medical health records etc.

In the above examples, outcome variables can be either continuous, count, binary
types, or may be of mixed types. Also, some entries in the observed responses or pre-
dictors could be missing. Moreover, some of these problems are high-dimensional with
interrelated responses and correlated predictors. It is quite possible that some predictor
variables might be completely unimportant. As pointed out by Fan and Lv [2010], the
problem poses challenges pertaining to statistical theory, method development, and its
scalable implementation. When all the outcome variables are continuous, and the un-
derlying process generating them is Gaussian, one can use multivariate linear regression
(MLR) model to best predict responses using predictors. As we step into the non-
Gaussian territory, the modeling problem becomes challenging because of difficulty in
specifying a joint distribution of the observed outcomes especially when they are inter-
related. One way is to express the joint distribution as the product of a marginal and
conditional distributions, using which Cox and Wermuth [1992], Fitzmaurice and Laird
[1995] proposed likelihood based approaches for the case of bivariate discrete and con-
tinuous response. To handle such outcomes, Prentice and Zhao [1991], Zhao et al. [1992]
used the framework of generalized estimating equations for estimation of mean and co-
variance parameter. The inability to handling missing responses, restricted framework
and non-applicability in high dimension make the approach unsuitable.

In the high-dimensional setting, we aim to learn a parsimonious model facilitating



interpretation with good prediction performance. One naive approach for getting pa-
rameter estimate of the model is to fit a separate model for each response variable, thus
ignoring underlying the multivariate nature of the problem. Existing methods cater to
the cases with only one type of outcome variables, and largely most of the work has
been for continuous outcome variables, i.e., particularly for MLR. Taking into account
high dimensionality of only predictors, multivariate ridge regression [Hoerl and Kennard,
1970, Brown and Zidek, 1980] was proposed. However, the approach ignores interrela-
tion among response variables, and hence we look for improvement. The dimension
reduction approach of reduced-rank regression (RRR) [Anderson, 1951, Izenman, 1975,
Reinsel and Velu, 1998, Bunea et al., 2011, Chen and Chan, 2014] overcomes this defi-
ciency by inducing dependency through the low-rank coefficient matrix. With the aim
to identify relevant predictors and discarding others, the sparse regression [Tibshirani,
1996, Fan and Li, 2001, Zou, 2006, Zhao and Yu, 2006, Zhang and Huang, 2008, Bickel
et al., 2009] approach is proposed for performing variable selection in the univariate
setting. Using the idea of sparse regression, variable selection in multivariate regression
is achieved by having a sparse coefficient matrix estimate [Turlach et al., 2005, Peng
et al., 2010, Obozinski et al., 2011]. In a non-Gaussian setting with only one type of
outcome, for dimension reduction, Yee and Hastie [2003] generalized RRR and proposed
the reduced rank vector generalized linear model (RR-VGLM), and She [2011] further
proposed an iterative procedure with guaranteed convergence. Methods for estimat-

ing a sparse coefficient matrix are still unexplored because of the complicated model



formulation.

The methods discussed above separately attains the two aspects, i.e., dimension
reduction and sparsity, in the problems under consideration. Former induce multivariate
dependency and later discard redundant variables. Their procedure mainly proceeds via
optimization of penalized likelihood with penalties such as nuclear norm [Chen et al.,
2013] and rank for performing dimension reduction, while LASSO [Tibshirani, 1996,
adaptive LASSO [Zou, 2006] and SCAD [Fan and Li, 2001] for inducing sparsity. An
effective strategy desires to achieve both simultaneously. Multivariate response variables
are modeled using predictors via the coefficient matrix, and the two desirable property
of dimension reduction and variable selection can be simultaneously attained by having
a low-rank and sparse coefficient matrix structure. Specifically, the structure translates
into having co-sparse left and right singular vectors in the singular value decomposition
(SVD) of the coefficient matrix. Such structure results in the association of response and
predictor variables via latent factors, where each of them is constructed using a subset
of predictors affecting only a subset of responses.

Several methods are proposed for recovery of required SVD components of the co-
efficient matrix in MLR. For example, Yuan et al. [2007], Negahban and Wainwright
[2011b], Koltchinskii et al. [2011], Chen et al. [2013] proposed the singular value penal-
ization approach to estimate low-rank structure using a nuclear norm penalty on the
coefficient matrix; Mukherjee and Zhu [2011] proposed a reduced-rank ridge regression

performing similar recovery using ridge penalty along with rank constraint. To perform



variable selection in a reduced rank model, Chen et al. [2012], Chen and Huang [2012b],
Bunea et al. [2012], Ma and Sun [2014] proposed low-rank and sparse models which use
a sparsity inducing penalty formulated from SVD components of the coefficient matrix.

Alternatively, coefficient matrix of rank r can be expressed as the sum of r unit
rank matrices, each of which is the outer-product of left and right singular vectors
from its SVD components. RRR is a supervised extension of factor analysis, and the
latent factors and loading matrix can be constructed from the unit rank matrix obtained
sequentially by performing r unit-rank estimation problems; see Reinsel and Velu [1998].
When each of the unit rank matrices is sparse, coefficient matrix expressed as their sum
will be both low-rank and sparse. Thus, a possible extension of the sequential procedure
is to solve the unit-rank estimation problem in presence of sparsity inducing penalty. In a
contemporary work, for MLR, Bahadori et al. [2016] proposed the sequential approach to
obtain a low-rank and sparse coefficient matrix by solving a sparse generalized eigenvalue
problems. The framework is a bit restricted when it comes to extending the idea in cases
of mixed types/non-Gaussian outcomes.

Motivated by the idea of sequential estimation in RRR, we aim to develop a proce-
dure for low-rank and sparse coefficient matrix estimation for MLR. From a statistical
modeling perspective, we formulate the problem as a sparse factor regression and de-
velop an efficient sequential computation procedure, called sequential factor extraction

via constrained unit-rank estimation (SeCURE). At each sequential step, a latent factor



is constructed as a linear combination of the subset the observed predictors, for pre-
dicting the responses after accounting for the effects of the previous factors; each factor
is allowed to potentially influence only a subset of responses. This is attained via co-
sparse left and right singular vectors of the estimated unit-rank coefficient matrix. Each
sequential step reduces to a regularized unit-rank regression in which the orthogonality
constraints among the sparse factors become optional rather than necessary, in contrast
to alternative joint estimation approach. Coordinate descent and Lagrangian multipli-
ers are utilized to ensure fast computation and algorithmic convergence, even in the
presence of missing data. The sequential procedure terminates automatically when the
residual signal is not sufficient, thus no need to specify rank of the coefficient matrix. We
justify our computation approach by showing that the sequential estimators enjoy the
oracle properties for recovering the underlying sparse factor structure. The efficacy of
our method is demonstrated by simulation studies and two real applications in genetics.

In multivariate problems, we have seen that it is not always that outcome variables
are continuous in nature. They can also be of binary or count types or may be of mixed
types. This calls for the development of methodology in the more generalized setting. We
assume that underlying process generating such outcomes can be from the exponential
dispersion family, e.g., Poisson, Bernoulli or Gaussian. Again in the high-dimensional
setting, the interrelated response variables and correlated predictor variables can be
modeled via a low-rank and sparse coefficient matrix. We do not find any significant

literature solving the required problem. Such problems exist in real life and require



attention.

For multivariate regression problems in the generalized setting, motivated by Se-
CURE, we propose a sequential procedure for low-rank and sparse coefficient matrix
estimation referred as generalize sequential factor extraction via constrained unit-rank es-
timation (GSeCURE). In a unit step, the procedure estimates a sparse unit-rank matrix
in terms of co-sparse singular vectors by minimizing a regularized unit-rank constrained
likelihood function defined using responses, predictors and offset term accounting for
the estimated signal. The optimization problem is challenging because of complicated
likelihood structure. Hence, following She [2012a], a surrogate of the objective func-
tion is defined using scaled observed predictors minimizing which ensures its monotone
descending property. Under certain mild regularity condition, our algorithm converges.
Moreover, our formulation can easily handle missing entries in the response matrix while
also providing a reasonably acceptable estimate. We have depicted efficacy of GSeCURE
through several simulated examples in different scenarios of the generalized multivariate
regression setting with {0%, 20%} missing entries in the response matrix.

In rest of the thesis, we have given details of our proposed methods and their efficient
implementation. We have presented our method sequential co-sparse factor regression
(SeCURE) in Chapter 2. The greedy algorithm, generalized co-sparse factor regression
(GSeCURE), for low-rank and sparse component matrix estimation in the generalized
multivariate regression is described in Chapter 3. We have implemented both procedures

in R package secure using Rcpp and ReppArmadillo. Chapter 4 provides a vignette of



secure package. We conclude and discuss some future research topics in Chapter 5.



Chapter 2

Sequential Co-Sparse Factor

Regression

2.1 Introduction

We are interested in studying the predictive relationship between a multivariate response
y € R? and a multivariate predictor x € RP, using the multivariate linear regression

model
y =C"x +e, (2.1)

where C* € RP*Y is an unknown coefficient matrix, and e € R? is a random er-
ror vector of zero mean. Given n independent observations (y;,x;), ¢ = 1,...,n, let
Y = [yi,...,ya]T € R™ be the response matrix, X = [x1,...,x,]T € R™P the pre-

dictor/design matrix, and E = [ey, ...,e,]T € R"*? the error matrix. Then the sample
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model can be expressed as
Y = XC*+ E. (2.2)

The responses and the predictors are assumed to be centered, so there is no intercept
term. In many applications, it is desirable to assume that C* admits certain low-
dimensional structures, the exploration of which could utilize the multivariate depen-
dency, alleviate the curse of dimensionality, and facilitate model interpretation. In par-
ticular, C* could be of low rank, i.e., r* = rank(C*) < min(r,, q), where r, = rank(X).

To recover the potential low-rank structure in C*, the reduced-rank regression (RRR)
[Anderson, 1951, Reinsel and Velu, 1998] was formulated as a rank-constrained estima-

tion,
mcin Y — XC||3, s.t. rank(C) <, (2.3)

for 1 < r < min(r,, q), where || - || denotes the Frobnenius norm. This reduces the
effective number of regression parameters from r,q to (r,+¢—r)r, and the reduction can
be substantial when r is much smaller than both r, and ¢. Bunea et al. [2011] formulated
the rank-constrained estimation as a regularized regression problem in which the penalty
is proportional to the 5 norm of the singular values of C. The convex nuclear norm

penalization approach achieved rank reduction through penalizing the ¢; norm of the
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singular values of C [Yuan et al., 2007, Negahban and Wainwright, 2011a, Lu et al.,
2012]. See also, Mukherjee and Zhu [2011], Chen et al. [2013] and Zhou and Li [2014].
It is fair to say that the reduced-rank structure is one of the most critical ingredi-
ents in multivariate learning. The RRR naturally connects to factor analysis (FA) and
principal component analysis (PCA): both FA/PCA and RRR aim to identify a certain
low-dimensional subspace to represent Y, and the main difference is that the latter con-
ducts a supervised search in the column space of X while the search in the former is
unsupervised. Motivated by these connections, a sparse SVD representation of XC* is

quite appealing,

1 1 1 1

where C* = U*D*V*T I, denotes the r* xr* identity matrix, and D* = diag{d3, ..., d*}
is an 7* X r* diagonal matrix of the singular values. Here both U* = [u?, ..., u%] € RP*""
and V* = [vi,...,vi.] € R are assumed to be sparse, which we refer to as the
“co-sparsity” structure. There are several prominent features in this co-sparse and low-
rank formulation: (I) (1/4/n)XU* gives r* latent predictors/factors, i.e., (1/y/n)Xu;,
k =1,...,r*, each of which is constructed as a linear combination of a subset of the
original predictors (factor-specific predictor selection); (II) each latent factor is allowed

to be related to a subset of the response variables as each v} is also sparse (factor-

specific response selection); (III) the sample latent factors are uncorrelated with each
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other, due to the orthogonality of (1/4/n)XU*, and the parameter identifiability is
ensured with the orthogonality of V*; (IV) the singular values dj directly indicate the
strengths and importance of the associations between Y and the latent factors. In recent
years, although several works considered sparse and low-rank models, none of them could
achieve (I)—(IV) together. In Chen et al. [2012], the coefficient matrix C*, rather than
the regression component XC*, was assumed to admit a sparse SVD, so their method
failed to achieve (III) and (IV). In Chen and Huang [2012a], Bunea et al. [2012] and Ma
and Sun [2014], all the latent factors were constructed from the same subset of predictors
and were related to all the responses, so their methods did not fully achieve (I) and did
not consider (IT). In Chen et al. [2013], the decomposition of the regression components
XC* were considered mainly for constructing a class of computationally efficient low-
rank estimators, but they did not pursue its potential sparsity. So far, how to efficiently
recover the model structure in (2.4) remains a challenging problem, largely due to the
simultaneous presence of orthogonality and co-sparsity requirements.

To tackle this problem, we explore the underlying data generating mechanism tar-
geted by the sparse SVD structure in (2.4), which enables us to reformulate the problem
as a co-sparse factor regression and develop a novel sequential extraction procedure. At
each sequential step, the estimation problem nicely reduces to a sparse multivariate re-
gression with a unit-rank constraint, in which the orthogonality constraint is not needed
at all. Interestingly, each estimated sparse and unit-rank coefficient matrix automati-

cally leads to co-sparsity in its two singular vectors. As such, each step extracts a new
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latent factor as a sparse linear combination of the original predictors, which aims to
best predict the responses after controlling for the effects of the previously extracted
factors. The proposed method completely bypasses the orthogonality constraints in the
recovery of the co-sparse and low-rank structure, which, in contrast, would have been
inevitable in any joint estimation approach due to the need of parameter identifiability.
Most recently, a similar sparse and low-rank model was considered in Bahadori et al.
[2016], in which a two-step estimation procedure was used, i.e., solve sparse generalized
eigenvalue problems to obtain initial estimates, and then apply thresholding for refining
the co-sparisty pattern. Comparing to their method, our approach achieves factor ex-
traction and co-sparsity recovery together, allowing the two tasks to inform and reinforce
each other. Our regression formulation also allows convenient handling of incomplete
response data, which is bound to occur in big data problems.

We propose the co-sparse factor regression model in Section 2.2. A sequential ex-
traction procedure for model estimation is presented in Section 2.3. We then develop a
co-sparse unit-rank estimation algorithm in Section 2.4 with convergence guarantee. In
Section 2.5, the sequentially extracted estimators are shown to enjoy the oracle proper-
ties asymptotically, and a non-asymptotic error bound reveals interesting finite-sample
behaviors of the estimators. Simulation studies in Section 2.6 and an application in

Section 2.7.2 further showcase the effectiveness of the proposed approach.
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2.2 Co-Sparse Factor Regression Model

To motivate, we start with the familiar factor analysis (FA) [Anderson and Rubin, 1956].
For a continuous variable y € R?, the model can be expressed as y = Vz + e, where
z € R consists of a set of unobserved latent variables, V € R is an unknown
loading matrix, and e € R? is a random error vector of zero mean. The r* latent factors
satisfy E(z) = 0 and cov(z) = I+, the error satisfies E(e) = 0 and cov(e) = X, usually
a diagonal matrix, and e and z are independent. Here we assume E(y) = 0, so there
is no intercept. It is common to parameterize V = V*D* such that V*TV* = I,. and
D* = diag{d;, ..., d:5}.

Now consider the RRR model in (2.1). Write the coefficient matrix C* as C* =
U*VT, for some U* € RP*™ and V € R?™. Let x € RP be the multivariate predictor
variable, with E(x) = 0 and cov(x) = I'. It is immediately clear that RRR can be
regarded as a supervised factor analysis in which the latent factors are some linear

projections of x, i.e,

y=CTx+e=V(UTx)+e, (2.5)

where V. = V*D* with V*TV* = L. and cov(U*Tx) = U*TTU* = L.. With n
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independent observations, (2.5) then leads to the following sample model,

Y =XUD'VT+E=) di(Xu;)v;" + E=) XC;+E,
k=1 k=1 (26)

st. UTru* = 1., V*Tv* = 1,..

where C* = U*D*V*T U* = [uf,...,u’] € R V* = [vi,...,vih] € R D* =
diag{d;,...,d*}, and C; = diujviT. The d}s are assumed to be distinct and are placed
in a descending order, i.e., dj > ... > d’. > 0. By further assuming that both U* and V*
in (2.6) are sparse, we arrive at our proposed co-sparse factor regression model (SFAR).

It is now clear that the decomposition in (2.6) can be viewed as the population version
of the sample decomposition in (2.4). Consequently, the above SFAR model possesses
several prominent features, e.g., latent model interpretation, predictor selection, response
selection, etc., as discussed in Section 2.1. In particular, the model reveals that there are
r* distinct uncorrelated latent factors of descending importance relating the responses
to the predictors. In the kth latent association, k = 1,...,7", the elements in uj, give
the weights for constructing the factor, the elements in v; provide the relative effects
of the kth factor on the responses, and dj indicates the importance of the kth factor.
Due to the co-sparsity on uj, and vj, each latent factor may be constructed from only a

subset of the predictors and may only influence a subset of the responses.
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At the first glance, it is convenient to conduct model estimation by solving

XX

WUW=LV'V=I,
n

. 1
in, {§||Y _ XUDVT|2 + A (U) + A2p2<v>}, st. UT(

(2.7)

where U € RP*" V € R?”" and D = diag{dy,...,d,}, for some 1 < r < min(r,,q).
Here py, py are some sparsity-inducing penalty functions [Tibshirani, 1996] with Aj,
Ay being their tuning parameters. Since I' is unknown, it is replaced with XTX/n.
Unfortunately, there are several difficulties with this joint estimation approach. The
rank r has to be specified in advance. The method requires that the sample realizations
of the latent factors are exactly uncorrelated, which is necessary to ensure parameter
identifiability in (2.7). However, this requirement is too stringent in view of the true
model in (2.6). Moreover, to the best of our knowledge, existing optimization methods
for solving orthogonality constrained regularized estimation are mostly heuristic and do
not scale well to large problems. The simultaneous presence of the high-dimensional low-
rank structure, the co-sparsity regularization and the orthogonality constraints makes
the estimation challenging. This motivates us to explore new avenues for conducting

model estimation in SFAR.
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2.3 Co-Sparsity Recovery via Sequential Extraction

2.3.1 Sequential Extraction in Reduced-Rank Estimation

The SFAR model in (2.6) aims to approximate Y using a few supervised latent factors,
which are uncorrelated and ordered in descending importance based on their predictive
power. A promising way is to extract the latent factors in a sequential fashion. This idea
of sequential extraction is not new, but it was mainly studied in unsupervised learning
from machine learning perspectives; see, e.g., Mackey [2009] and Journée et al. [2010].
To lay the foundation of our approach, we first show in Proposition 2.1 that the

classical RRR can be performed via a sequential unit-rank extraction procedure.

Proposition 2.1. The reduced-rank estimator C(r), which solves (2.3) for some 1 <

r < min(r,, q), can be obtained by sequentially performing unit-rank regression,
Ci = arg mén 1Y — XC||, s.t. rank(C) < 1, (2.8)

each time with Yy, being the current residual matriz, i.e., Y1 =Y, Y, =Y—-X Zi;i éh,
k=2,...,r. Thatis, C(r) =Y ;_, Cy.

Moreover, Cy = di V¥ such that Wy = (1/d)(XTX)"XTYv,,, where ()~ denotes
the Moore-Penrose inverse, and Vi is the normalized eigenvector corresponding to the
kM largest eigenvalue &2 of (1/n)YTX(XTX)~"XTY. Therefore, the estimators satisfy

(1/n)UTXTXU =1 and VIV =1, where U = [Uy,..., 0] and V = [¥1, ..., V,].
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Proof. The rank-r RRR estimator of C, which minimizes [|[Y — XC|% subject to
rank(C) = r, is given by

C(r) = (X"X)"X"YVVT,

where V = [Vi,...,V,] and v is the normalized eigenvector that corresponds to the
kth largest eigenvalue d2 of the matrix YTX(XTX)~"X"Y /n [Reinsel and Velu, 1998].
Then one can write C(r) = Y oret C, with Cj, = (XTX)"XTYV, v}

It then suffices to show that Cy is the solution from the kth step in the sequential
estimation. In the sequential RRR, the first step minimizes ||[Y — XC||% subject to
rank(C) = 1; it is easily seen that the solution is given by (X'X)"XTYW,vT = C;.
Now, following the sequential fitting procedure, the solution of the second step is given
by

(XTX)"XT(Y — XCy)vvT

where v is the normalized eigenvector that corresponds to the largest eigenvalue of the
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matrix (Y — XC;)TX(X"X) X" (Y — XC;)/n, which can be simplified as follows,

(Y - XC)™X(X™X)"X"(Y — XC)
=Y 'X(X"X)" XY - Y'X(X"X)" XYV, V]

— Vi YIX(XTX) XYY + viv] YIX(XTX) " XY v v)
=Y'X(X"X) XY — nd2viV] — nd>vive 4+ ndevivy

—Y'X(X"X)"X"Y — ndv,v7.

Since YTX(XTX)"XTYV,/n — d2vivIV, = d2v,, it follows that v = Vs, and the

solution of the second step is

(XTX)"XT(Y - X(X"X)"XTYV,v])vovh = (XTX)"XTYV,v) = C,.

Similarly, we can show that the sequential fitting solution for the kth step is given by
ék, for k =1,...,r; thus ék can be obtained sequentially.
Remaining part of the proof can be easily followed from the expression of Cy.

O

In Proposition 2.1, there is no orthogonality constraint ever imposed. Interestingly,
the sequentially extracted solutions automatically correspond to the decomposition in
(2.6) and automatically satisfy the exact orthogonality! Although this “free orthogonal-

ity” may no longer hold when sparse regularization on U and V is imposed, Proposition
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2.1 suggests that it is promising that the co-sparse U* and V* can be consistently re-
covered via sequential extraction without explicit orthogonality constraints.
Proposition 2.1 also further reveals that the proposed decomposition in (2.6) is
quite special and plays a key role to ensure the potential success of sequential recov-
ery. To understand this, recall that there are infinite number of ways to decompose
C* to the form C* = UCV;F for some U, € RP*™ and V. € R?"" | simply because
C*=U. VI = (U.QN(vV.Q™HT for any non-singular matrix Q € R”*"". Among these
infinite possibilities, the decomposition in (2.6) is the special one that can produce a set

of uncorrelated latent factors and can be recovered by sequential unit-rank extraction.

2.3.2 Sequential Extraction in SFAR

Motivated by (2.8), to extract the first latent factor and its effects on the responses, we

formulate the task as the following unit-rank penalized least squares problem,
~ 1
CW = arg rrgn {EHY — XCJ|% + p(C; )\)} , s.t. rank(C) < 1, (2.9)

where p(+; A) is a certain sparsity-inducing penalty term with tuning parameter A. Com-
paring to (2.8), the only difference in (2.9) is that additional sparsity regularization on
C is introduced. From a matrix approximation point of view, this new criterion aims
to produce the best unit-rank approximation of Y in the column space of X subject

to a given level of sparsity in C. As (AJS’\) is of unit rank, it can be decomposed as
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cPV = dVaMIVT with ¢ > 0, aMVTXTXGY /0 = 1 and YVTIWY = 1. Similar to
SVD, this decomposition is unique up to the signs of the vectors as long as 69) is not
a zero matrix.

It is important to realize that the sparsity structure in a unit-rank matrix is very
special, in that its sparsity can directly translate to the co-sparsity of its pairs of sin-
gular vectors! Proposition 2.2 fully characterizes this correspondence. This simple yet
interesting observation is the key that enables us to “kill two birds with one stone”: by
promoting the entrywise sparsity of the unit-rank coefficient matrix, solving (2.9) yields

the sparse factor coefficients ﬁ?) and the sparse factor effects @5’\) simultaneously.

Proposition 2.2. Suppose C € RP*? is of unit rank and C # 0. Write C = [¢;;] =

[c1,...,¢] =[cT,... ,EE]T. Then C can be decomposed as C = duv”™, for some d > 0,
u = [y € R? and v = [v;] € R%. Moreover, for anyi=1,...,p, j=1,...,q, it holds
that (a) ¢;j = 0 <= Pither ¢, =0 orc; =0; (b)) u; =0 <= ¢; =0; and (c) v; =0

<:>Cj:0.

We use the adaptive elastic net penalty [Zou and Hastie, 2005, Zou and Zhang, 2009,

p(C;A) = p(C; Wi, A, @) = aA[Wy o Cly + (1 — a))[ClI%

P4 P4
:oz/\z sz‘j1|cl‘j| —|—(1—04)/\Z Zcfj. (2.10)

i=1 j=1 i=1 j=1
Here || - ||; denotes the ¢; norm, the operator “o” stands for the Hadamard product,

W = [wij1]pxq 18 & pre-specified weighting matrix, A is a tuning parameter controlling
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the overall amount of regularization, and « € (0, 1) controls the relative weights between

the two penalty terms. We set Wy = |C;|~7 such that w;j; = wgd)wz(qf)wﬁ), with

wi® = |d, |7, Wi = [l ) = W = w0l e =], (210)
( P q

where 61 = c?lﬁﬁlT is the first set of unit-rank RRR estimator given in Proposition 2.1,

and v is a non-negative constant with | - |77 componentwisely defined. As suggested
by Zou [2006], we set v = 2. Since we mainly focus on sparse estimation, we fix
«a as a constant, ie., o = 0.95. Comparing to lasso, one advantage of elastic net

is that the additional ridge penalty improves the convexity of the problem and can
enhance the stability of optimization (see Section 2.4). For simplicity, we may write
p(C; W, A a) = p(C; W, ).

To focus on the sequential extraction procedure, we defer the details of optimization
to Section 2.4. Assuming the solution path of (2.9) can be fitted, the tuning parameter
A can be chosen based on either cross validation or some information criterion. This
yields the parameter estimates 61, or equivalently, (6/1\1, U, vy).

The search of the subsequent latent factor proceeds by replacing Y with the current
residual matrix Y. Specifically, the estimation of the kth factor, for £ = 2,... 7,

becomes

N 1
c = arg min {§HYk — XC||% + p(C; Wy, )\)} , s.t. rank(C) < 1, (2.12)
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where W/, is similarly constructed as in (2.11) with (dy, Uy, V) from the sequential RRR

(see proposition 2.1), and

k—1 k—1
Y, =Y-> XC=Y-) dXuv, (2.13)
=1

=1

with 61 = c/l\lﬁﬁlT, c?l > 0, u/XTXu;/n = 1 and v)'v; = 1. Upon defining Y; =Y,
(2.12) also subsumes the first-step problem in (2.9).

We sequentially perform regularized estimation analysis using (2.12) to obtain ék or
equivalently (c/l\k, Uy, Vi), for k =1,...,r, r < min(r,,q). The estimators up to rank r
for C are given by a(k‘) = Zle (AJZ, for kK = 1,...,r, which are nested to each other.
We refer to the generic problem in (2.12) together with the tuning process as co-sparse
unit-rank estimation (CURE), i.e., CURE(C; Y, X, Wy). Algorithm 1 and Figure 1
summarizes the proposed computation procedure, i.e., sequential factor extraction via

co-sparse unit-rank estimation (SeCURE).
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Figure 1: SeCURE: Sequential Factor Extraction via Co-Sparse Unit-Rank Estimation

| 1

Algorithm 1 Sequential Factor Extraction via Co-Sparse Unit-Rank Estimation (Se-
CURE)

Initialization: set k = 1, and set a desired rank r > 1.
repeat _
(1) Obtain (dg,ux, vi) from RRR, and construct Wy, as in (2.11).
(2) Compute the current residual matrix Yy as in (2.13).
(3) Perform the CURE(C; Y, X, Wy) analysis via (2.12) (including the tuning
process), and obtain Cy. or equivalently (cjk, Uy, V).
if dy = 0 then
Set d, =0forany k < h <r; k< r+1.
else
k<« Fk+1.
end if
until k =r+1. R
return Cj and (dy, U, Vi) for all k =1,...,r with dj # 0.
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2.4 Computation

2.4.1 Co-Sparse Unit-Rank Estimation Algorithm

For simplicity, we drop the index k and write the generic form of the problem in (2.12)

as
1
mén {§||Y — XCJ% + p(C; W, )\)} , s.t. rank(C) < 1, (2.14)

where p(C; W, \) is the adaptive elastic net penalty defined in (2.10). When A = 0, the
problem reduces to (2.8), which admits an explicit solution as given in Proposition 2.1.
For the general case A > 0, we reformulate (2.14) by expressing C = duv?, with
d >0, u'X™Xu/n =1 and v'v = 1, corresponding to (2.6). Then (2.14) is equivalent
to
(ghi,r‘}) {Q(d, u,v;\) = %HY —dXuv'||% + p(duv’; W, A)} ,

st. d>0,u'X"Xu=n,viv=1, (2.15)

where p(duv™; W, A) = aX 370 371 wig|duiv;| + (1 — a)A X0 377 (duvg)?. That
is, (d™, 4™, V) solves (2.15) if and only if C® = dNGNTNT solves (2.14).
We propose to solve (2.15) by a block coordinate descent algorithm with two overlap-

ping blocks of parameters (d,u) and (d,v), motivated by Chen et al. [2012]. Consider
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the update of (d,u) with fixed v satisfying viv = 1. The relevant constraints are
u'XT™Xu = n and d > 0. The key is to recognize that the objective function is a
function of (d,u) only through their product 1 = du, so both constraints are avoided
when optimizing with respect to . It boils down to solving the following problem with

respect to u (referred to as the U-step):

L 0\ 0\
min {@um;v,» = Slly = X3+ AP D il + 237 Za?} . (216)

i=1 =1

where y = vee(Y), X® = ve X, A = adu@ (L, wf”v]) , and A = (1 -

=
a)A Y4, vi. Here vec(-) is the vectorization operator, and ® denotes the Kronecker
product. This problem is a convex elastic net regression, which can be efficiently solved.
Once we obtain the solution u, we update d = ||X1u|2/y/n and u = u/d to satisfy the
constraints whenever 1 # 0. Here we remark that @ # 0 implies that || Xul|s # O,
because otherwise Qu(0;v,\) < Qu(1;v, ), which contradicts with the optimality of
1. When u = 0, u is no longer identifiable; we then update d = 0 and terminate the
algorithm.

Similarly, for fixed u satisfying u* XTXu = n, the minimization of (2.15) with respect

to (d, v) becomes minimization with respect to v = dv (referred to as the V-step):

. ) 1 o) T )R
min {@vw; wA) = o lly = XOVE+ A Y wli] + A va}, (2.17)
j=1

j=1



27

where X0 = I, @ (Xu), A = adw® (37, w™|u]), and A = (1 — a)A ", u?
Once v is obtained, we update d = ||V||» and v = v/d whenever v # 0. Similarly, when
v = 0, we update d = 0 and terminate the algorithm.

Both the V-step and U-step are a sub-case of a linear constrained adaptive elastic
net problem, the solution of which is provided in Appendix A.1. Our CURE algorithm
is summarized in Algorithm 2. Without loss of generality, we start from fixed v = v§.

It generates a sequence {(d3, d5, u}, v})}sen until reaching convergence.

Algorithm 2 Co-Sparse Unit-Rank Estimation Algorithm (CURE)

Initialization: Set A > 0 and 0 < av < 1. Obtain initial value v§. Set s = 0.
repeat
(1) U-step: Given v = v, minimize objective function (2.16) to obtain uj™.

Update 3! = | Xast!|o/v/n and uSt = 6! /d! when uSt' # 0; otherwise
diJrl ds+1

return = (0 and terminate the algorithm.
(2) V-step: Given u = u}™, minimize the objective function (2.17) to obtain ™.
Update d5™ = |[¥5T|2 and v§t! = ¥ /d5™ when vt # 0; otherwise return

d;™ = 0 and terminate the algorlthm

54 s+ 1.
until convergence, e.g., |[C3™ — C3|l#/||Cills < €, where C5 = djusvs and e =
1074,

return (d®, G ¥V) and CH = qWGNTNT,

2.4.2 Convergence Analysis and Generation of Solution Paths

Our CURE algorithm is closely connected to the Alternating Convex Search (ACS)
method for biconvex optimization [Gorski et al., 2007b, Luenberger et al.]. The main
difference between CURE and a standard ACS is that the two blocks of parameters in

CURE, (d,u) and (d,v), are overlapping to each other. We are able to establish the
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convergence behavior of CURE to some coordinatewise minimum point, as summarized

in Theorem 2.3.

Theorem 2.3. Consider the optimization problem in (2.15) with A >0 and 0 < a < 1.
Assume the weights {w;;} and the data (Y,X) are finite, and the initial value v satisfies
arg ming Qu(w; v, \) # 0, i.e., gZ} # 0. Then the sequence {(d5,u3, v3)}sen generated
by the CURE algorithm is uniformly bounded and has at least one accumulation point.
Morever, all accumulation points are coordinatewise minimum points and have the same
objective value, and Q(d3,us,v3; \) converges monotonically to Q(d™,u™ vM; \) for

some coordinatewise minimum point (d()‘), u®, V(/\)).

Proof. We acknowledge that our convergence proof mainly follows the framework in
Gorski et al. [2007b].

In each step of SeCURE, we solve a CURE problem given by (2.14) which is equiv-
alent to the biconvex optimization problem (2.15).

We may write @ = (d,u,v), Q(d,u,v;\) = Q(d,u,v) = Q(0) if no confusion arises.

Denote the constrained parameter space for (2.15) as

Q={(d,u,v);d>0,u' X" Xu=n,viv=1}

It is easy to see that Q = Q4 x Qy x Q, where Q; = {d;d > 0}, Qy = {u;u" X" Xu = n}
and €, = {v;vIv = 1}. Recall that in each iteration of CURE in Algorithm 2, starting

from (d°,u®,v®), we first update (d,u) for fixed v = v* to obtain (dsﬂ,usﬂ,vs), and



29

then update (d,v) for fixed u = u**! to obtain (d*!, u**! v**1). In the following, we
consider the case that A > 0 and 0 < o < 1, and assume the weights {w;;} and the data
(Y, X) are finite, and the initial value v satisfies arg ming Q(1; v°, \) # 0, i.e., dt £ 0.
(We have dropped the subscript A in the above notations for convenience.) The order of

the alternating updates is arbitrary, and all the results still apply for the reversed order.

Definition 2.4. A feasible solution of (2.15), denoted as (d*,u*,v*) € Q, is said to be

a partial optimum if it satisfies

Q(d*,u",v*) < Q(d,u,v"), V(d,u), (d,u,v*) €
(2.18)

Q(d*,u*,v*) < Q(d,u*,v), Y(d,v),(d,u*,v) € Q.

From the above definition, a partial optimal must also be a coordinatewise minimum

point, as the conditions in (2.18) imply that

;

Q(d*,u*,v*) < Q(d*,u*,v), Vv, (d*,u*,v) €

Q(d*,u*,v*) < Q(d,u*,v"), Vd, (d,u*,v*) € ; (2.19)

Q(d*,u*,v*) < Q(d*,u,v"), Vu, (d,u,v*) € Q.

\

Proposition 2.5. Fach iterative step in the CURFE algorithm non-increases the objective
in (2.15), ie., Q(d*T', usth vitl) < Q(dt, wtt v®) < Q(df,ut,v®), for all s > 0.
Moreover, the objective function in (2.15) is bounded from below, so that the sequence

{Q(d?,u®,v®)}sen generated by Algorithm 2 converges monotonically.
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The above result is obvious. = We now analyze the behavior of the sequence
{(d*,u®,v®) }sen. We start by introducing an algorithmic map, as a point-to-set map, to
characterize our CURE algorithm. For any set €, we denote its power set as 2?, which
is the set of all subsets of €.

Definition 2.6. Let z° = (d°,d*,u®,v®) = (d*,0°) € Q., where Q, = Qg X Qg X Qu X Q..
The algorithmic map of the CURE algorithm A : Q, — 2% is defined by z°*' € A(z*),

if and only if

Q@ ut v*) < Q(d,u,v*),  Y(d,u),(d,u,v*) € Q;
(2.20)

Q™+, w* ™, vetl) < Q(d, u™tl, v), Y(d,v), (d,u** v) € Q.

Lemma 2.7. The algorithmic map A is closed, i.e., if z° and z; are such that z§ € A(z°)

with lim, o0 2° = 2* and lim,_, o 25 = 27, then z} € A(z*).

Proof. Since z§ € A(z*) we have

Q(cﬁ, uj,v’) < Q(d,u,v®), V(d,u), (d,u,v®) € Q;

Q(d},ui, vi) < Q(d,ui,v),  V(d,v),(d ui,v) €.

When s — oo, by the continuity of (), we get

Q(df,ut,v*) = lim Q(d, us,v*) < lim Q(d,u,v®) = Q(d,u,v*), Y(d,u), (d,u,v*) € Q
S—00 S— 00
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Therefore, z; € A(z*). This completes the proof. O

Lemma 2.8. Suppose the sequence {z°}sen generated by the CURE algorithm converges

to z* = (ci*,d*, u*,v*). Then 6" = (d*,u*,v*) is a partial optimal of (2.15).

Proof. The sequence {z°}.cy is convergent with limit point z*. Since the algorithmic
map A is closed by Lemma 2.7 and z**? € A(z%) for all s € N, then z* = A(z*). It

follows that

Q(d*,u*,v*) < Q(d,u,v"), V(d,u), (d,u,v") €

Q(d*,u*,v*) < Q(d,u*,v), V(d,v),(d,u*,v) € Q.

Therefore, 8" is a partial optimal. ]

Lemma 2.9. The sequence {z°}sen generated by the CURE algorithm is uniformly

bounded.

Proof. By the construction of the algorithm, {(u®,v®)} are always bounded, because
wTXTXu® = n and v*Tv® = 1. It suffices to show that d° and d* are bounded. We

have d* = || Xa®||5//n, with

1 p p
a’ = argmin {§||y — XOa]3 4+ aA® S | + (1 - a)AZaf} , (2.21)

i=1 i=1

where X = vs~1 @ X with [|[v*~![, = 1, and A® = )\w(d)(zgzl w§v)|v;_1|). To see d°
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is bounded, let

, 1 W)y ~
U = argmin {§||y—X( a2+ (1 - a))\Zu?}

=1

= {X"X + /(1 — )M} XTY vt

which corresponds to the solution of (2.21) when o = 0. It follows that |||, < ||aj]:.

Then

d(X)
Jn

< [a%][4

SN [k
di(X) /P

< ————lugl:

N4
dq,(X
< %H{XTX + /(1= )AL XY
For finite (Y, X), the right hand side is finite. Similarly, the uniform boundedness of

{d*} can be shown. This completes the proof.

]

Lemma 2.10. Let z**! = A(z*). Assume A > 0, 0 < a < 1, and the initial value v°
satisfies arg ming Q(; vP, \) # 0. Then the optimal solutions of both the U-step with

v = v* and the V-step with u = u*t' are unique. Moreover, 8° # 0°™ implies that
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Q(dSJrl, us+1, Vs+1) < Q(ds’ us, Vs)‘

Proof. The problem in either the U-step or the V-step are strictly convex in either 1 or
v whenever A > 0 and 0 < o < 1; consequently they always produce unique solutions t*
or v* for s > 1. By Theorem 2.11, d' # 0 ensures that ©° # 0 and v* # 0 for any s > 1.
Therefore, the solutions in terms of the pair (d,u) or (d,v) are also always unique.

From z*™' = A(z*), it holds that

Q(98+1) _ Q(dSH,uSH,VSH) < Q(ds-l—l’us—&-l’vs) < Q(dé"us’vs) - Q(OS)

Now suppose Q(d*T, us™! vst1) = Q(d*t!, u*™,v®) = Q(d*,u®,v*). Then due to the
uniqueness of the solution in the U-step, we must have (d*t!, u**') = (d*,u®). Simi-
larly, due to the uniqueness of the solution in the V-step, we must have (cis“,vs) =

(d**',v*t1). Tt then follows that 8°"' = @°. This completes the proof.

With the above results, we now prove Theorem 2.3. By Lemma 2.9, {z°}cy is
bounded and thus has at least one accumulation point z*. It follows that we have a
convergent subsequence {z"}rcx with K C N that converges to z*. Similarly, {z"™};cx
has a convergent subsequence that converges to an accumulation point z*, and {z* 7'} ,cx
has a convergent subsequence that converges to an accumulation point z=. By the
closedness of the algorithmic map shown in Lemma 2.7, it holds that z* € A(z*) and

z* € A(z™). Tt follows from Proposition 2.5 that Q(0") = Q(68*) = Q(0~). Now suppose
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0" is not a partial optimal, then by Lemmas 2.8 and 2.10, Q(68") < Q(0") < Q(67),
which leads to contradiction. Therefore, 8" must be a partial optimal. The proof is

completed.

]

Due to the nonconvex nature of the problem, Theorem 2.3 does not guarantee any
global optimality of the solution. Nevertheless, the established convergence results are
adequate to ensure stable computation for practical use [Luenberger et al., Bunea et al.,
2012].

In Theorem 2.3, it is required that the initial value v9 does not produce a null solution
in the first step of the algorithm. The reasons and implications are as follows. One key
to establish the convergence results is to ensure that each sub-problem in either (2.16)
or (2.17) always produces a unique solution in terms of the pair (d,u) or (d, v) along the
iterations. Owing to the use of the elastic net penalty, these sub-problems are strictly
convex in either 1 = du or v = dv whenever A > 0 and 0 < a < 1; consequently they
always produce unique solutions of du or dv. However, the complication occurs when
1 = 0 or v = 0, where the solution in terms of the pair (d,u) or (d,v) are not unique
anymore. Therefore, the occurrence of the null solution during iterations needs special
care. Nicely, we are able to show that as long as the initial value v} does not produce
a null solution, it is guaranteed that the null solution will not occur later along the
iterations. Moreover, suppose d® # 0 where (d™, u®™ vV) is the solution of (2.15)

with tuning parameter A\. Then we show that when solving (2.15) with a smaller tuning
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parameter than ), the null solution can again be avoided by using v\ as the initial

value. Theorem 2.11 summarizes these results.

Theorem 2.11. Consider solving (2.15) with A > 0 and 0 < o < 1 using the CURE
algorithm. If argming Qu(1; v, \) # 0, i.e. d}\ # 0, then c?i # 0 and d3 # 0 for any
s > 1. Let (d™,u™ vN) denote the solution of (2.15) with tuning parameter \. If
dM) £ 0, then d*2) #£ 0 for any Ay < \1. Moreover, if dM) # 0, then setting V§2 = v

ensures that %\2 # 0 and d3, # 0 for any s > 1.

Proof. We assume A > 0, 0 < a < 1, and arg ming Q(u; v}, \) # 0, i.e., EZV}\ # 0. Let
after some U-step, gﬁ\“ = 0. Then Q(0,u*™ v$; \) < Q(d,u,v5; \), for any u*™! and
any (d,u). It follows that Q(0,u3, vi; \) < Q(d3, us, vi; A) < Q(d,u3, v) for any (d,v).
Therefore, it must be true that di = 0 in the previous step, by the optimality of the
V-step. Similarly, assume after some V-step, d5™' = 0. Then Q(0,uj"™ vt )\) <
Q(d,uitt,v; ), for any v**! and any (d,v). It then follows that Q(0,uj", v§;\) <
Q(gf\“ ui™ v A) < Q(d,u,v$;\) for any (d,u). Therefore, it must be true that
gj“ = 0, by the optimality of the U-step. By induction, whenever gj“ =0ordit' =0
for any s > 0, it must be true that c?}\ = 0. This completes the first part of the proof.
By d*) # 0, we have Q(d*), u), v A) < Q(0,u™) v\ = |Y|F/2.
It follows that Q(d*V),u) vA:),)) < Q™ u™) v \)) < |Y|%/2 =
Q(0,u,v; \y), for any (u,v). Therefore, (d*), u, v*) can achieve a smaller objec-

tive value than the zero solution when the tuning parameter becomes A\y. That is, (2.15)
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with tuning parameter A can not have a null solution. In particular, when setting
Vi, = vM) we have Q(d™), u) v ;X)) < Q(0,u, v ; A2) for any u, so that @2 £ 0.
The result then follows using the first part.

]

It is now in order to consider the generation of the solution paths using CURE.
Theorem 2.11 clearly suggests to fit the model for a sequence of descending A values
with a warm-start strategy, i.e., the estimate from the previous larger A value is used as
the initial value for the next smaller A value. It then remains to determine the relevant
range of A\ values, for which it boils down to determine .., the smallest A\ value for
which (2.15) produces the null solution. Nicely, similar to Chen et al. [2012], both Apax

and the first set of non-zero solution on the paths can be explicitly determined. Denote

Y = [yay, .-, ¥ and X = [xq), ..., X)), and let (i, j°) = arg max(iﬁj){|x?;)y(j)|/wij},

assuming no ties. Then, for any 0 < a < 1, we have Apax = ]X?;O)y(j())]/(awiojo), and the

initial v vector, denoted as v’ € RY, is a standard basis vector with U?O =1land v} =0
for any j # 5°.

In practice, we fit the model for a sequence of 100 descending A values equally
spaced on the log-scale between [Amax — €, Amin], to produce a spectrum of co-sparsity
patterns. Here € is a small positive number, and A, is taken as either 0 or a fraction
of Apax at which the model has excessive number of non-zero coefficients (we set Ay, =
Amax X 107°). With the above strategies, for each fixed A within the range, we do not

observe any early termination of the algorithm due to the production of null solution,
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and we always observe a unique limit point. The computation of the solution paths is

efficient and stable.

2.4.3 Tuning and Rank Selection

For the genetic problem in (2.14) or (2.15), once the solution path is obtained, we need
to choose the optimal solution along the path. For small-scale problems, A can be chosen
by cross validation [Stone, 1974]. Alternatively, various information criteria have been
widely used due to their computational efficiency. In all our numerical studies, we use
the following hybrid information criterion because of its superior performance in sparse

learning,

log{SSE(A)} + {log(qn)/(nqg) }df (A) when p < n;

log(SSE(N)) + {loglog(ng) log(pq)/(nq) }df (A) when p > n,

IC()) =

where SSE(A) = [[Y — dWXaWvWMT|2, and df()) is the model degrees of freedom,
which is estimated by df(\) = S22 1(@ # 0) + 39, 1(00Y # 0) — 1 with I() being
the indicator function. The criterion corresponds to the familiar Bayesian Information
Criterion (BIC) when p < n and the generalized information criterion proposed by Fan
and Tang [2013] when p > n. The SeCURE does not require the rank or the number
of factors to be specified in advance. The sequential unit-rank extraction proceeds until

c/l\k = ( for some k.
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2.4.4 Extensions to Incomplete Data and Exact Orthogonality

Here we explore some useful extensions of SecCURE. Let H = {(, j); y; is observed ,i =
1,...,n,57=1,...,q.} be an index set collecting the indices of all the observed entries in
Y. Let Y = Py(Y) be the projection of Y onto A such that Yij = yi; for any (i,7) € H

and y;; = 0 otherwise. We extend SeCURE by modifying (2.12) as
1
mén {§||PH(Y;€) — Py(XC)||% + p(C; Wy, /\)} . s.t. tank(C) < 1,A;,C = 0,B,C* = 0.

where A; =0, By = 0 and for k£ > 2, A, and B, are formed from the estimated factors
as A, = UL X"X, By, = V! |, with Uy_y = [Uy,...,0_1) and Vi_q = [V1,..., Vi1,
and all the other terms are defined the same as before. Only the observed entries
contribute to the loss function, which follows the same spirit as matrix completion
[Candes and Recht, 2009]. The linear constraints enforce the orthogonality among the
estimated factors.

Accordingly, the generic CURE problem in (2.15) can be modified to the form

1
min {§||PH<Y> _ P(dXuvT) 3+ plduvT W\ a>} |

st. d>0,u"X"Xu=n,viv=1;Au=0,Bv=0.
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Nicely, the CURE optimization can still be conducted via the block coordinate de-
scent algorithm. The problem in either the U-step or the V-step becomes a linear-
constrained adaptive elastic net regression, which remains convex and admits efficient
computation [James et al., 2013, Lin et al., 2014b]; see Appendix A.1l for solution.
Implementations of the proposed methods are publicly available in the R package
secure [R Development Core Team, 2014], which can be accessed at https://CRAN.R-

project.org/package=secure.

2.5 Theoretical Properties

2.5.1 Asymptotic Results

In our asymptotic analysis, we consider the model in (2.5) and (2.6) with fixed p, q. The

following assumptions on the design, the random error, and the singular values are used.
Al. [[(1/n)X™X —T||r = O,(1/y/n), where T is a fixed, positive definite matrix.

A2. The error vectors e;, © = 1,...,n, are independent and identically distributed
(ii.d.) normal random variables with E(e;) = 0 and cov(e;) = X, a positive

definite matrix.
A3. di>...>d. > 0.

First, Proposition 2.12 shows that the sequential RRR estimators are consistent.

This justifies our approach of using them for constructing the adaptive weights.


https://CRAN.R-project.org/package=secure
https://CRAN.R-project.org/package=secure
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Proposition 2.12. [Reinsel and Velu, 1998] Consider the sequential reduced-rank esti-
mators (Jk,ﬁk,vk), k=1,...,r, presented in Proposition 2.1. Under conditions A1-

A3, asn — oo,

i Vildy — d) = 0,(1), Vi(E — uj) = O,(1) and V(¥ — vi) = Oy(1), for k =

*
1,...,7r%.

ii. /ndy = Oy(1), fork=r*+1,...,r.

Recall that we have parameterized the true coefficient matrix C* in (2.6); we have
also written C; = dfujv;' and C* = 22:1 C;. To simplity the problem, we consider
a reparameterization of C*, by letting each singular value d; be absorbed to each pair
of vectors (uj, vy). Specifically, for each v, k = 1,...,7*, there must exist at least one
entry that is nonzero, i.e., v ; # 0 for some 1 < ¢, < g. Accordingly, we reparameterize

ras Cf = upvi®, with vy, = 1. Here, with some abuse of notation, (uj, vy) have been
re-defined, and they are re-scaled versions of their original counterparts, i.e., the new

T *)

pair now satisfies (0} Tu})(vi'vi) =d}, k = 1,...,r*. Consequently, we parameterize

C* as

C*=U"V*" st. U'TU" and V*'V* are diagonal; v , = L,k =1,...,7".  (2.22)

Now all the elements in U* and V* are uniquely defined and hence identifiable. For
k > r*, it is obvious that C; = 0 and its corresponding singular vectors become uniden-

tifiable; as such, we can set u; = 0 but still choose v} to be a nonzero vector with some
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v =1

For the sequential reduced-rank estimators, let d; be absorbed to (g, Vi) similar
to (2.22), such that ék = Jkﬁk?g in Proposition 2.1 now becomes (Njk = u,v{ with
Ug, . = 1. With some abuse of notation, here we have still used (uy, vx) to denote the
rescaled versions. Then, as n — oo, the consistency results in Proposition 2.12 are

alternatively expressed as
L. vn(ag —up) = 0y(1) and /n(vy — v;) = O,(1), for k=1,... 7"
ii. \/nd, = 0,(1), where dj, = (1/n)(UFXTX1,)(VEve), for k=r*+1,...,r.

Now, consider the proposed SeCURE approach. Under the new parameterization in

(2.22), the objective function in the kth step of SeCURE can be written as

p q

Qv (u,v) = S = Xuv' 3+ oA"Y S T winlui + (1= A DD (w2,

=1 j=1 i=1 j=1

(2.23)

where u € R?, v € R! with vy, =1, and Y1 =Y, Yy =Y = > 1, Xu, v}, where
(Up, V) = arg min an)(u, v). Here w;;;, = wipw,i,, where wy, = ||~ and wj, = 05|77
with some fixed v > 0. Here a € (0,1) is considered as a fixed constant.

We show that our SeCURE estimators enjoy consistency, asymptotic normality, vari-
able selection consistency and rank selection consistency. Our main results are summa-
rized in Theorems 2.13-2.15 below. The following assumption on the choice of /\,(fn) is

required.
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)\(") )\(") 9 )\(") 2
A4. %—H)and %Tﬂ/ —oo0asn — oo, for k=1,...,r* Also, %Tﬂ/ — 00 as
n—oo, fork=r*+1...,r.

Theorem 2.13. (Ezistence of Local Minimum). Suppose A1-A3 are satisfied, and
A"/ — A, >0 as n — oco. Then there is a local minimizer (U, ;) of QU (u,v),

such that
i Uy —up| = Op(nfl/Q) and ||V — vi|| = Op(nfl/Q), fork=1,...,r".
ii. |di| = O,(n=2) where d = (1/n)(QFXTX0)(VEV,), for k=r*+1,...,r.

Proof. Before we prove the result, let us define some notations. Suppose Z is an arbitrary
matrix, and A and B are subsets of the collection of row and column indices of Z,
respectively. We let Z 45 denote a sub-matrix of Z whose rows and columns are chosen
from Z according to the index sets A and B, respectively. For simplicity, we write
Zaa = Z 4 when Z is a square matrix, Zag = Z.g (Z4.) when A (B) consists of all the
row (column) indices, and Z 4. = Z4 when Z is a vector. For the kth column of matrix
Z given by z;, we represent element in set A by notation zj4.

Now, define

Qp = {ukvg cuy, € RP and v, € R? with vy, = 1}.

We first prove the result for k = 1. Consider a neighborhood of C} = uivi" of radius
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h >0,
N(Ci,h) = {(u +a/V)(vi + b/v/n)"; T8 < h,a € R, b € RY, ]| < h,by, = 0}
We claim that for any € > 0, there exists a large enough h such that

P{ inf ™ (ut +a/v/n,vi+b/vn) > Q§">(u;,v;)} >1—e (2.24)

[T/ 2al|=|[b||=h

The claim implies that with probability at least 1 — € there exists local minimum w; vV}
in the interior of N'(C3,h), i.e. there exists a local minimizer such that [[u; — uf|| =
0,(n™172) and [, — vi]| = Op(n172)

It remains to verify (2.24). Define
(2, b) = Q" (] +a/ Vi, vi +b/vn) = QY (uiv) =T+ T+ T, (2.25)

where

\

1 * * 1 * ¥
T, = §||Y - X(ul + a/\/ﬁ)(vl + b/\/ﬁ)TH% - §HY - XulvlTH%a
T = aX" {|[Wy o (u} + a/v/n)(vi + b/vn) || — [WyowviT|,}, oo (2:20)

Ty = (1 — a)A{[(w] +a/vn)(vi +b/v/n) T2 — uivit)2).
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To simplify T7, we write 77 = 111 + T2, where

*_ xT\T X *1. T *T abT
Tll = —tr (Y — Xulvl ) %(ulb + avl —+ ﬁ)

ETX . abT - L o XTX abT

bT . XTX ab®
S~ {<u;bT v+ DTS b av” —>} |

vn

Using the orthogonality of the true parameters in (2.22), we have uj"T'u} = 0 and

tr(viu;TTaviT) = tr(viTviu;'Ta) = 0 for any [ > 1. Thus, for large n,

ETX - 1
Ty, = —tr {—(ube + aVTT)} - Z aTFu?bTV; + O’P(_)v
Vn =1 vl (2.27)

Tip = tr {(ujb" +avi")'T(uib" +avi")} + O,( —)

\/_

Similar to Chen et al. [2012], it is seen that as n — oo,

Iz a17 > Z wyrsign(ufiof) (Whts +afy) + On( =), (229)

n =
i

T = \/_ Z ZQuﬂvﬂ (ujb; + avjy) + Oy (7) (2.29)
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Now combining (2.26)—(2.29), we have

*

XTE. 1 1
v (a,b) > —7" ~2"(,®T)z—» a'Tu/b"v; +0
") (a, b) > Zvec(\/ﬁ)+2z(q® )z Z;a wb v+ p(\/ﬁ)
o (n)
+ —\/% ;j wijisign(u; vj;) (i by + aivjy) + Tl ij 2u Vi (uinby + aivjy),

where z = vec(u;b™ + avi’). Now we show that, the quadratic term of a and b
is O(h?) and positive, thus dominates the other terms of order O(h), for sufficiently
large h. Let us refer the set {j = 1,...,¢;j # (1} as (5, and define \yiﬁ)(a, b) =
17271, @)z — Z;; a'TubTv}; it is noted that by, = 0 always.

It suffices to show \Ifﬁb) (a,bg) = O(h*) and is positive for large enough h. For
fixed by we can minimize (" (a, be) with @ = N~'t, where N = [|v;|3T and t, =

Zgl Fuivfz?bzg - Fulvwbgc Then
\If(n)(a b)) = beTgMbeg/Z

where M = wTTwT, , — (3, w}TTu} vmvwc)/||v1||2 Now it suffices to show that M

is positive definite. Given that u}'Tu||vi||? = d;%, we can write M as
HV1H2 dTQ ||Vl ||2 .

The rest of the proof for showing M is positive definite is similar to Chen et al. [2012];
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in the proof of Theorem 2.14 below, we will also revisit this result. We thus omit the
details here.

Now we use mathematical induction to finish the proof. Suppose |[u; — uf|| =

O,(nY2) and ||, — v}|| = O,(n"Y?), 1 =1,...,k — 1, for some k > 2. Define
N(Ci,h) = { (0] +a/vn)(vi +b/vi) T [T2al| < ha € R, b € R [b]| < hby, =0}
We claim that for any € > 0, there exists large enough constant h such that

P{ inf Q" (u;+a/yn,vi+b/Vn) > Q;n)(u;;,v,j)} >1—e

T/ 2a||=|b||=h
Define
U (a,b) = Q" (u; +a/vn,vi+b/vn) — QU (uivi) =T + Ty + T, (2.30)

where T}, Ty, T3 are similar defined as in (2.26), by replacing (Y, uf, v}, Wy, A§”)) with
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(Yi,up, vi, Wy, )\,(fn)). Again, we write T, = Ty; + T2, where

k‘
,_.

X
T — X * ok TN\T 7% *bT
1 u;vy) \/ﬁ(uk —i—avk n}
X

~

1 1>k

ab’
{ (W9 —ujvih) - ZXUTVZ*T - \/—(quT +avi' + %)}

~1
+ XTX ab? XX
Z Vvt —upv;hT (u;b™ +av;’ + —)} - Z a’ ub’v;
{ I=1 " v 1>k "

ETX BT 4 T o bT)
11 V ——
\/ﬁ k k \/ﬁ )

and

" abT XTX . . ab?
le =tr {(uka —+ avk’ —+ W) (uka + ava + %)} .

We know that /n(4, v} —ujv;T) = O,(1) for any | < k. Now as n — oo
ETX -
Ty = —tr {—(quT + aVZT)} - Z a’Tu;b'v; 4+ 0,(1)
v 1>k

1
T2 = tr {(ujb" +av;")"T(u;b™ +avi )} + O,

Vi

The rest of the proof is similar to the case of £k = 1. This completes the proof.

Theorem 2.14. (Asymptotic Normality) Suppose A1-A4 are satisfied. Let A, =
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{i;upy, # 0} and By = {j;v} # 0,5 # U}, for k = 1,...,r*; denote their comple-
ments as Aj, and Bj. Accordingly, define the subvectors ujy, , Ura,, Vig,, Vig,, €tc.

Then

i V(Uga, —ugy, ) and /n(Vis, —Vig, ) are jointly asymptotically normally distributed

with zero mean.
@M. /n(dpa; — ujiye) —a 0 and VI (Vise — Vige) —a 0 asn — oo.

Proof. Consider the objective function \Il (a b) defined in (2.30) with Qk ( b) de-
fined in (2.23). We first derive the limiting objective function. The limit of 77 has been
discussed in the proof of Theorem 2.13. To deal with T3, consider the following three

cases.

(I) When ujvj, # 0, we have

(1) wijk —p Ui

(ii) \/_(|uzkvgk+\/— ik0; —1—\/_@2 P azb| [uiviel) = sgn(uiviy) (uiby + aivjy);

(iii) A /v — 0.

A
Then wzjk\/_(|u Wik T kb + paivy, + Lab;| — [uivil) = 0.
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(I) When uj;, = 0,0}, # 0, we have

vno 7t n

. 1 1 1
(i) vl + b + e+ aibs] = i) = fai

v Vn

TL% |\/ﬁéijk|_’y —p OQ;

Then “E=w;jey/n(|uj v, + \/Lﬁu;f‘kbj + \/Lﬁaiv;k + La;bs| — upvi]) = 00, if a; # 0.

(n)

(IIT) When uj, # 0, v}, = 0, similarly we have %wwk\/ﬁ(lujkvjk + \/%—lujkbj + \/%—Laiv;‘k +

Lab;| — |upvi) —p 00, if b; # 0.

It is easy to verify that 75 —, 0 under A4. Therefore,

\Ill(cn) (a7 b) —d \Ijk<av b)
2w+ 127, @ D)z — Y, a"Tub™v;, a;=0ifi ¢ Ay;b; =0if j ¢ By,
00, otherwise.

where z = vec(u;b’ +av;"), and w ~ N(0,Z @ I).

Next we show that Wi(a,b) has a unique minimum denoted as (a, B) Obviously,

Vi ¢ Ay, a; =0, and Vk ¢ B, Bj = 0. Because vec(av;') = (vi ®I,)a and vec(u;bT) =
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(I, ® uj)b, we have

1
Vi(a,b) = —a'(vi' @I,)w + QaT(IIVZH% ®T)a+a’(vi' @ Tup)b —b' (I, @ uj)w
1 a
+ §bT(Iq ®u; Tupb - Y a'Tub"v;.
>k

Now define the following conditional objective function,
\I’_Akgk(aAk,ka) = \Ifk(a,b ‘ \4) ¢ Ak,ai = O,V] ¢ Bk,bj = 0)
We first fix bp, to optimize the above function with respect to au,,

1
U 4,5, (a4,,bs, | bs,) = —aakpa + EaEkNaAk + const,

where p, = {vi" ® (I,) 4, } w+Tbg, with T ="/, Ta.uivig =Ty upvip and N =
|vi||3T 4,. N is obviously positive definite, so the unique minimizer is a4, = N~ 'p,.

We then substitute the expression of a4, in U 4,5, (a4, ,bs,). After some algebra, we
have

1

5 bgk Mbg, + const,

\I/AkBk (aAk’ ka ’ Ay, = aAk) = _bgkpb +

where

M

(u;'Tu})Iz, — T NI'T,
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and

* T — *
po = {15, ©ui tw + T N {vi' @ (L), } W

It remains to verify that M is positive-definite. For | # k we can write
'l 4, T Ty = wph Ty Ty Ty uf = uj'Tuj = 0. Hence uj'T 4 N7'Ty, uj =
(T 4, T T up)/[[vil3 = 0. We can write M as:

r*

*T § *T —1 *_ xT
=k

_ . xT «T * . T * . T
=u, I'uls, — E szsk Fujvis, + § VlBk F FAkFAkFAk )ulesk

IIvil3 k||2 [Ivil3 k||2

The third term is non-negative definite (n.n.d) as T' — T 4, T T 4,. is n.n.d.. We show

that

. * 2 *T * *T

[Ivil3 kHZ

is positive definite. Using (w'Tw})||v;||2 = di?, we can write M, = (d:?/||vi]|2)H

where

*2 *T
1 VZBleBk
— By T E :d*2 2 -

|Vz I

Now it is sufficient to show that H is positive definite. Let K = {k,...,r*}, we write H
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as

H= IBk - VikskicDi?(ngka ) 1DICVBkIC

where Dy = diag{d;/dy, ..., d;./d;} and Vg ., V' are sub-matrix of V*. We define
Vi = Vi De(ViEVE) "2 s0 that H = I, — V§, Vil For any non-zero s € RIB
that is orthogonal to the column space of \Nfng,C, we have Hs = s, yielding a positive
eigenvalue. It then remains to show that for any s € RI®I, H{/'gk,cs = 0 only if V;;k S =

0. Note that vak,cs = ngK(I — ?*TBkK\N/ng)s and

I- VBkICVEkIC =1- (V.*igvjc)_l/zDi?VEz/cVZsk/cDi?(VchVjc)_l/Q

= (VEV5) 2Vl v DICVBkICVBkICDIC)<V*TV* )72,

in which

ka,gi DICVBk/CVZskICDI*C = V.*gv.* DI*C2VB,€ICVZ*S,CIC
= Vf‘,gi",C - D;kcz(ngvfk V icVBc VZ;F/CVZCIC)

= (I -DZ)V IV + Dy Vek,cvﬁk,C + DV ,CVBC

The decomposition simply shows the fact that H is n.n.d.. It should be noted that the

first diagonal element in the diagonal matrix (I —D}?)V*I'V*. is zero but since the first
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diagonal element of the symmetric matrix DFV;T-V7 - is non-zero, as a result overall
we can claim (I — D)V Vi + DEV; LV} - to be positive definite. This result is
true only when dj; > d;,; > ... > d;.. Hence I — \N/—Zg,c\N/;‘gk,c is invertible. Now suppose

H\Nfgk S = 0, we have

0 — H{}Z’]CICS
_ {}* g — {//—* (I . {//*T {//—* )—1(]: o {//*T {//—* ){}*T iv/—* S
B K BiLK B Y B BpK Y BpK B Y B
— {//* s — {/-* (I o {/[*T {//** )—lv*T iv/-* {I o {/-*T {//* } S
B K BipK B Y B B K Y B K BpK Y BpK
= VxS — Ve (T = Vi Vix) Vi HV, s

Thus, H is indeed positive-definite. The unique minimum of bp, is given by ng =
M-1p,.

We can then substitute the expression of ng in a4, to obtain the final expression
of a4,. It can be seen that both a4, and by, are linear functions of w which follows a
multivariate normal distribution with zero mean. The asymptomatic normality results
follow by noting that 5%3 = \/ﬁ(ﬁ,(ﬁk —ujy, ) and Bg? = \/ﬁ(if\,ggk —Vig, ), and invoking
the Argmax theorem [Page 81, van der Vaart, 2000]. For similicity we omit the explicit
expression of the asymptotic covariance matrices.

]

Theorem 2.15. (Selection Consistency and Rank Consistency) Suppose A1-A4 are
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satisfied. Let A = {(i,k) 1 uj, # 0,k = 1,...,7"} and B = {(j,k) : vj, # 0,(j, k) #
(U k), k=1,...,7°}, and let A™ = {(i, k) : g # 0,k =1,...,7°} and B™ = {(j, k) :
Dk # 0,(j, k) # (b k), k = 1,...,r*}. Let dy = (1/n)(QFXTX0,)(VIV,) be the kth

estimated singular value, for k =r*+1,...,r. Then
i. P(A™ = A) =1 and P(B™ =B) =1 as n — oo.
. P(c/l\k:())—>1 asn — oo, fork=r*+1,...,r.

Proof. According to the results in Theorem 2.14, U4, —, uj 4 and Vig —, Vig; thus
V(i,k) € A, P((i,k) € A™) — 1, and V(j, k) € B, P((j,k) € B™) = 1 as n — oc.
Then it suffices to show that V(i,k) ¢ A, P((i,k) € A™) — 0, and V(j,k) ¢ B,
P((j,k) € B™) = 0.

Y(j,k) ¢ B, consider the event (j,k) € B™. Using the KKT optimality conditions
on (2.23),

1

vn

v V)~ ) v 1 n)~ A~
Xy = X% = S X 21— a) TR Y E (23]

5=

where X®) = (x§“), . ,X((Iv)) = I, ® Xuy, A = oz)\gcn) - w§:)|ﬂik|, wg’j) = || ™7,
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= |05 77, and yi = vec(Y — X Y, 4, v}]). Consider the left hand side of (2.31):

1 (v)T o
—x;" T (yr — X©vy)
\/_
_T { TxTX Z u —|— ukX X Z u* lvjl ﬁﬂ}\jl) + ﬁgXTe(j) — ﬁgXTXﬁk@\]k}
1<k 1<k
R i XTe ur XTX,
_“k Vi) v o) + — Jn @k - V(Ui — v3i)
I<k I<k n
XX Z w
1>k

On the other hand, the right hand side of (2.31) equals:

TW ' +2(1-a) w B Y 05 = |u Twiw) +2(1 - —Amkzuzk
Y,
_ jﬁna|ﬁk|T|\/ﬁf;jkﬁk|—W +2(1— a)%A,ﬁ”)@k D i —p o0

as n — 0o0. Therefore, as n — oo,

o~ 1 v 1 n)-~ A~
P((j,k) € B™) < P{Tx T (v —XOF,) = %A<U>w§.;+2(1—a)%A; ST AT

V(i,k) ¢ A, consider the event (i, k) € A™. Using the KKT optimality conditions

n (2.23),

%\H

1 e
%xg Ty, — XMg,) = —=A® Z(k) +2(1 —a) ik Zvjk, (2.32)
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where X® = x" ... x") = v, @ X, A0 = A" S lw]k Noul, w = Jig] ™,

j(k 05177, and yi = vee(Y — X 3", wv)"). Consider the left hand side of (2.32):

1 @ w)~
—=x\"T(yr — Xgy,)

\/ﬁ
*_ T o AT * T T T T
:—Vk { E v,y —viu, + E vy, E viu; )X ' x; + E X(i)}
1<k 1<k
ST e AAT
=V, \/ﬁ(g vy, E viu, )

<k <k

+ (Vi@ = vi) Vi = Vivevn(ay — up)t — Va(Vive — vitviu;

5% X X( ) QEETX@-)
+ ’I’LVT V*u*T +
\/_ k bzk [/ n \/ﬁ

—0,(1).

But the right hand side of (2.32) equals:

~2

_)\(u (“) + 2(1 )_)\(")ulk 2 = ’V |TW wz + 2(1 )_)\ ")a@k
v N " f Fo NI
/\l(cn) Y~ T N o =y 1 (n)~ ~2
— \/ﬁnz Vit Vi Ve + 2(1 — a)%)\k Uik Vi —rp OO
as n — 0o. Therefore, as n — oo,
I @ ~ )~ e
P((i, k) € A™) < p%xg Ty —X®4,) = TA w42(1— oz)T/\ Y %) = 0.

To prove the result in part (ii), we re-define the objective function in (2.23) according
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to the original parameterization in (2.6),

p q

n 1 n
v (i v, vio) = SV = diXupvil |5+ aX” Y 0D diwigeuigod
i=1 j=1
(1—0) Z Z (dpusrvie)?, (2.33)

=1 j=1
such that ul XTXu,/n =1 and viv, = 1. Now for any k € {r* +1,...,r}, the KKT
optimality condition for c?k gives

20—\ 5

——vec" (X, ¥} (yx — divee(XUvE)) = 2 3N " wip ] + NG E |Gk 3913,

\/ﬁ i=1

(2.34)

where y;, = vec(Y = X, _, dlulvl ). Taking left hand side of (2.34), we get

XTX o S
LHS = vec (ukvk)<I ® ) {\/_Zvec draivyt — duvt) — vn Z dlvec(ulvlT)}
l=r*+1
XTE
Vn

)

+ vec T (Vi )vec(

= 0,(1).

But as n — oo, the right hand side of (2.34)



o8

p

1 q
ok Zzwjk|ukvjk|+( @)

2
vn i=1 j=1 Vn
)\Egn) P

= %nwz Z Z |\/ﬁ0p(dvk)|_’y|aik@\jk| +(1-a)

A [T 1219512

2

NG

A [Tk 1219512

i=1 j=1

—p 00.

Hence, P(c/l\k =0) = 0asn — oo, for k=r*"+1,...,r This completes the proof. a

2.5.2 A Non-Asymptotic Error Bound

We briefly discuss the non-asymptotic behaviors of the SeCURE estimators. The asymp-
totic convergence of XTX /n in A1 is no longer assumed. Consequently, we consider the

model

Y = XC*+E =XUD*V*T + E, st. UTXTXU* /n=1., VIV* =1,

(2.35)

To focus on the fundamentals, we study SeCURE estimation using the non-adaptive
elastic net penalty, i.e., w;j; = 1. Let C* = 22:1 C; with C; = dju;v;T, and denote
the corresponding SeCURE estimators by solving (2.12) as ék Denote Ay = Aa and
Ay = A(1 — a). Let Py denote the projection matrix unto the column space of X. Let

Amin(H) and A< (H) denote the minimum and maximum eigenvalues of a square matrix



29

H. Let dip(H) denote the kth largest singular value of a matrix H. We consider the

following conditions.
B1l. b < A\pin(XTX /1) < Mpax(XTX /1) < B, where b and B are two positive constants.
B2. The error matrix E has independent N(0, o) entries.

Our main result is presented in Theorem 2.16.

Theorem 2.16. Suppose B1 and A3 are satisfied. For k=1,...,r%,

A1y/Pq + 22dy (PyE) vV Amax + 2v2v/ndj, 1 vV Amax + 2V2X0]|Cii |l
>\min + )\2

ICr — CillF <

2\/5)\1113.)( — ~
_— CnL—GCllr). 2.36
F R (3 18— Gl 236)

Proof. By definition,
1Y = XCulff + M[ICilla + Aol Cill3 = 1Y = XCi[I7 = MICill = Al C 13 <0,
which implies that

1Y = XCi [} + AallCalli = 1Y = XCil[7 = X[ Gl
MG = [1Callh)

<Miy/pa)|Ci — C e
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The left hand side (LHS) can be organized as

LHS =tr{(C; — C)T(X"X + A\I)(C; — CF) — 2CT(XTX 4 AI)CT

+2CT(XTX + A\I)Cy — 2YTX(Cy — C)).

Thus we have,

tr{(C; — CH" (XX + X\I)(C; — CH)}
< M/pq)|Cr — Ctlr — 2tr{CT(XTX + AI)(Cy — €)Y 4+ 2tr{YTX(C; — C)}
< 2tr{E"X(C; — C)} + M /pq||C1 — Ct||r — 20:tr{CT(C, — C})}

+ 2tr{CTXTX(C, — C)}. (2.37)

Here we denote C*, = 37;_, ., C; and we have used the fact that Y = X 3;_, C; +E.

The LHS of (2.37) can be lower bounded by

(Amin + 22)[[(Cr = D13 < r{(Cy — C))"(X"X + X0)(Cy — C})}- (2.38)

Consider the terms on the ride hand side (RHS) of (2.37). The stochastic term is
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bounded by

t{E"X(C, - C})} = tr{(PyE)"X(C, - C})}
< & (PLE)||X(C, — C)|.
< V2di (PE)||X(C; — C))|r

< V2d; (PyE) v/ Amax || (C1 — CY) || . (2.39)

Here we have used the inequalities tr(HHs) < d;(H;)||Hs||+, [|[H||« < /r(H)|H]|r and

the fact that 7"(61 — Cj) < 2. For the remaining terms on the RHS of (2.37), we have

tr{C{T(Cy — C)} < V2||Ci)1#I(Cr = C) I, (2.40)

and

o {CIX"X(C, — C))} < di(XC2)[X(Cy — C)l
— V/nd3|X(Cy — CY|.

< \/iﬁd; \% )‘maXH(al - CT)HF (2'41)

Combining (2.38)—(2.41), we obtain

M y/FT + 2330 (P S + 2323 Ko + 2V2Nal| G

C,—CHp<
|C, = Cillr < SN
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For subsequent steps when k > 2, the main difference is that Y is replaced with

Y — Zf;ll X@j. Following similar derivation, we obtain

tr{(Cy, — Cp) T (XX + \I)(C — Cp)} < 20{E"X(Cy, — C})} + M| Wil p[|Cr — Cillr
+2tr{CTXTX(Cy — €)Y — 20,t0{C;T(C), — C;)}
+ 2tr{z (C: — Cp)™XTX(C), — CI)}.

(2.42)

The treatments of the terms on the RHS are similar, except for the last term, which can

be bounded as

k—1
tr{z (C, = C)"™XTX(Cy — C})} < D di(XC; = XC))[X(Cy — C))l.

j=1

k—1
< \/ﬁAmaX(Z HCZ - ChHF)HCk - CZ”F

The rest of the proof is similar to the case k = 1 and hence is omitted.

Corollary 2.17. Suppose B1, B2 and A3 are satisfied. Also assume
(a) lim, o Ao/n =0, lim, oo A1 /y/n = 0;
(b) lim, o log(pg)/log(n) = v, 0 <v < 1; ¢ = O(p); di(XC*) = o(\/pq)-

Then ék is \/n/\/pq consistent for C;, for k=1,... 1%
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Proof. The following lemma treats the stochastic term d;(PxE), which is directly from

Bunea et al. [2011] and Chen et al. [2013].

Lemma 2.18. Suppose B2 holds. Then E{d,(PxE)} < o(\/rz+/q), and for anyt > 0,

P{d,(PLE) > E{d,(PLE)} + ot} < exp(—t?/2).

The results in Corollary 2.17 can be obtained easily by verifying (v/n/\/pq)||Cr —

C;|lF = 0p(1) using the results in Theorem 2.16 and Lemma 2.18. O

This bound reveals some interesting properties of SSCURE estimators. First, it shows
that \/ndj,, plays similar role as the stochastic term d;(PxE) in the estimation of Cj.
The former term measures the size of the left-over signal in the model, while the latter
term measures the size of the stochastic error; they both appear in the error bound
because they both act as “errors” in the estimation of the kth factor. Moreover, the
second term in the bound shows the phenomenon of “noise accumulation” that arises
naturally due to the sequential procedure itself. This is caused by the fact in each step
the ideal response matrix to use, i.e., Y — Zi;i XCy, is clearly not available, which
has to be estimated by Y — Y51 XC),. The stochastic term d;(PxE) can be treated
similarly as in Bunea et al. [2011]. Theorem 2.16 can then be used to establish the

consistency of SeCURE with diverging model dimensions.
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2.6 Simulation

2.6.1 Setups

We compare estimation, prediction and co-sparsity recovery performance of ordinary
least squares (OLS), reduced-rank regression (RRR), sparse reduced-rank regression us-
ing adaptive group lasso (SRRR) by Chen and Huang [2012a], reduced-rank regression
with sparse singular value decomposition using adaptive lasso (RSSVD) by Chen et al.
[2012], and several versions of our proposed SeCURE approach. We consider both adap-
tive elastic net and adaptive lasso penalties, and the corresponding methods are de-
noted as SecCURE(AE) and SeCURE(AL), respectively. We also show that SeCURE
can optionally enforce the exact orthogonality; the corresponding methods are denoted
as SeCURE(AE*) and SeCURE(AL").

The true rank of C* € RP*? is set as r* = 3, and we set dj = 20, d5 = 15,
d; = 10. Model I is a low dimensional example with p = 50, ¢ = 25 and n =
400. The u} is generated as u} = w./||0xl|, where ; = [unif(A,,8),rep(0,42)]T,
1y = [rep(0,5), unif(A,,9),rep(0,36)]T, and uz = [rep(0, 11), unif(A,, 9), rep(0, 30)]T;
v is generated as vi = vi/||Vi|, where v; = [unif(A,,5),rep(0,20)]*, v, =
[rep(0, 5), unif(A,, 5), rep(0,15)]*, and v3 = [rep(0, 10), unif(A,,5),rep(0,10)]T. The
notation unif(.4,b) denotes a vector of length b whose entries are i.i.d. uniformly dis-

tributed on set A; we use A, = £1, A, = [-1,—0.3] U [0.3,1]. The notation rep(a,b)
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denotes a vector of length b, whose entries are all equal to a. Model II is a high di-
mensional example with p = 500, ¢ = 200 and n = 400, in which the U* and V* are
obtained by appending the uj, and v vectors generated from Model I with zeros.

The predictor matrix X € R™? is generated from the SFAR model in (2.5) and
(2.6). Specifically, let x ~ N(0,T) where I' = [v;],x, With 7;; = 0.5, Denote
x; = UTx; then x; ~ N(0,1,-). As such, we first generate X; € R™"" by drawing n
random samples from N(0,1,.). Given a generated U*, we can find a U% € RP*®="")
such that P = [U*, U*] € RP*? and rank(P) = p. It follows that PTx ~ N(0, PTT'P).
Let x; = U*'x; we can then generate X, € R™(®~"") by drawing n random samples
from the conditional distribution of x, given x;. Finally, we obtain X = [X;, X,|P~1.

The rows of the error matrix E are generated as i.i.d samples from N(0, 0?A), where
A = [6ij]gxq With 0;; = pl"=I! and we experiment with p € {0,0.3,0.5}. The response
matrix Y is then generated by Y = XC* + E. We set ¢ according to a given signal

to noise ratio (SNR) defined as SNR = ||d,~Xu*. v

o/||E||#, i.e., SNR € {0.25,0.5}.
The missing entries in Y are randomly selected, and we consider missing proportions
M% € {0%,15%, 30%}. The experiment was replicated 300 times under each setup.
The estimation accuracy is measured by Er(C) = Ha — C||%4/(pq), Er(XC) =
HI‘% (C—C)||%/(nq). The sparsity recovery in the decomposition of the coefficient matrix
is characterized by the false positive rate (FPR) and the false negative rate (FNR), cal-

culated from comparing the sparsity pattern of (U, Vi) to that of (uy,vy), k=1,...,r"

We evaluate rank estimation performance using the (relative) percentage of signal left
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in the (r* + 1)th estimated component, i.e., R% = 100(@*“/22:51 c;l\,%) Finally, the
orthogonality of the SeCURE estimates is measured by ORT = ||[UTXTXU/nl; +

IVTV||; — 27,

2.6.2 Simulation Results

Tables 1 — 6 report the simulation results for Models I and II, under the setting that
SNR = {0.25,0.50} and p = {0,0.3,0.5}. Consider first the results in case of complete
data. SeCURE methods outperform all other methods in both predictive accuracy and
sparse recovery. As expected, LS performs the worst; RRR improves LS greatly but is
outperformed by other sparse and low-rank approaches. Both RSSVD and SRRR do not
perform well in sparsity recovery, because the former searches for the sparsity pattern
according to the SVD of C* rather than that of XC*, and the latter only considers
rowwise sparsity in C*. All the regularized methods perform well in reducing the rank,
as R% is mostly close to zero.

Neither RSSVD nor SRRR can handle incomplete data, so they are dropped from the
comparison when M% € {15%,30%}. As a benchmark, we implemented an algorithm
for fitting RRR with incomplete data using the idea of matrix completion, which can be
regarded as a special case of SeCURE for setting A = 0. As expected, the performance
of all methods deteriorates when the percentage of missing increases, but SeCURE still
performs well and always greatly outperforms RRR.

In general, the performance of SSCURE using adaptive lasso is comparable to that
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of using adaptive elastic net; the former tends to perform slightly better in estimation
and prediction. We still recommend to use elastic net in practice, because it better
ensures the stability in optimization as shown in our convergence analysis. Also, when
computing power is adequate, tuning o may further improve the elastic net.

Figure 2 and 3 compares different versions of SeSCURE in terms of the prediction
and the orthogonality measures using Model I and 11, respectively. Here we consider Se-
CURE using either non-adaptive elastic net or adaptive elastic net, and with or without
orthogonality constraints. (The lasso versions are omitted). The adaptive penalization
in general improves model estimation. The exact orthogonality, when desired, can be
efficiently achieved by SeCURE. However, as seen from Tables 1-6, enforcing orthogo-
nality of the sample factors, in general, may hurt both model estimation and sparsity
recovery. This clearly demonstrates the advantage of SeSCURE, as it is able to bypass
the orthogonality in the recovery of the co-sparsity pattern.

SeCURE is more computationally efficient than its closest competitor RSSVD, and
the efficiency gain increases with the model dimension. We have also experimented with
different SNR values, error correlations and missing proportions, and the results are all
consistent with those reported herein. As expected, the performance of the methods
improves when SNR becomes higher, the missing proportions decreases or the error
correlation weakens; the error correlation impacts both the accuracy and the variability

in model estimation slightly.
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Table 1: Simulation: results of Model I with p = 0. For better presentation, Er(C) and
Er(XC) are scaled by multiplying 10*.

Method Er(C) Er(XC) FPR FNR R%
Missing= 0%, SNR = 0.25

LS 20948 (191.0) 228.4 (13.9) 100.0 (0.0) 0.0 (0.0)

RRR 757.0 (75.9) 617 (5.8)  100.0 (0.0) 0.0 (0.0) 4.4 (0.7)
SeCURE(AL*) | 115.4 (33.3) 104 (2.8) 1.2 (0.8) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 93.5 (27.9) 8.2 (2.3) 0.2(0.3) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 119.8 (36.0)  10.7 (3.0) 1.5 (1.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 98.4 (29.8) 8.6 (2.5) 0.3 (0.4) 0.0 (0.0) 0.0 (0.0)
RSSVD 3085 (109.3)  27.5(9.5) 83 (5.8) 29 (3.5) 0.0 (0.0)
SRRR 366.9 (48.2) 32.5 (4.2) 53.9 (2.1) 0.0 (0.0) 2.2 (0.5)

Missing= 0%, SNR = 0.5

LS 748.7 (47.8)  57.1(3.5)  100.0 (0.0) 0.0 (0.0) -

RRR 186.3 (18.7)  15.2 (L4)  100.0 (0.0) 0.0 (0.0) 1.2 (0.2)
SeCURE(AL*) | 34.9 (11.6) 3.4 (1.2) 1.5 (1.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 19.0 (5.9) 1.7 (0.5) 1(0.2)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 34.8 (11.3) 3.3 (L.1) 1.6 (1.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 19.7 (6.4) 1.7 (0.5) (0.3) 0.0 (0.0) 0.0 (0.0)
RSSVD 92.3 (24.0) 8.1 (2.1) 15.0 (5.3) 0.0 (0.0) 0.0 (0.0)
SRRR 90.9 (11.2) 7.9 (1.0) 51.1 (0.0) 0.0 (0.0) 0.6 (0.1)

Missing= 15%, SNR = 0.25

RRR 906.7 (92.3)  73.4(7.4)  100.0 (0.0) 0.0 (0.0) 2.9 (0.3
SeCURE(AL*) | 138.4 (40.1)  12.4(3.5)  1.4(0.9) 0.0 (0.0) 0.0 (0.0

)
)
115.6 (35.5) 10.1 (2.9) 0.5 (0.6) 0.0 (0.0) 0.0 (0.0)
)
)

(

SeCURE(AL)

SeCURE(AE¥) | 142.7 (41.9) 128 (3.6)  17(L.1) 0.0 (0.0) 0.0 (0.0

SeCURE(AE) | 119.9 (35.9)  10.6 (3.1)  0.7(0.7) 0.0 (0.0) 0.0 (0.0
Missing= 15%, SNR = 0.5

RRR 223.2 (23.2)  18.0 (1.8)  100.0 (0.0) 0.0 (0.0) 0.8 (0.1)

SeCURE(AL*) | 39.1 (12.5) 8 (1.2) 1.7(12)  0.0(0.0) 0.0 (0.0)

SeCURE(AL) | 23.3 (7.4) 2.1 (0.7) 02(0.3) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE¥) | 39.2 (12.6) (1.2) 1.6 (1.2) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE) | 24.0 (7.7) 2.2 (0.7) 0.2 (0.3) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.25

RRR 1123.6 (119.2) 91.1(9.2)  100.0 (0.0) 0.0 (0.0) 3.5 (0.3)

SeCURE(AL*) | 174.8 (52.0) ~ 158 (46)  1.9(1.2) 0.0 (0.0) 0.0 (0.0)

SeCURE(AL) | 153.3 (45.7)  13.5(3.8)  0.9(0.8) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE*) | 177.0 (49.6) 162 (46)  2.3(1.3) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE) | 157.8 (46.7)  13.9(3.9)  1.1(0.8) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.5

RRR 2745 (20.6)  22.2 (2.2) 100.0 (0.0) 0.0 (0.0) 1.0 (0.1)

SeCURE(AL*) | 44.9 (13.1) 4.4 (1.4) 9 (1.4)  0.0(0.0) 0.0 (0.0)

SeCURE(AL) | 29.9 (8.8) 2.8 (0.9) 0 4(0.7) 0 0(0.0) 0.0 (0.0)

SeCURE(AE*) | 45.1 (13.3) 4.4 (1.4) 2.0 (1.4) 0 (0.0) 0.0 (0.0)

SeCURE(AE) | 30.3 (9.0) 2.8 (0.9) 0.5 (0.6) 0(0.0) 0.0 (0.0)
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Table 2: Simulation: results of Model I with p = 0.3. For better presentation, Er(C)
and Er(XC) are scaled by multiplying 10%.

Method Er(C) Er(XC) FPR FNR R%
Missing= 0%, SNR = 0.25

LS 2094.4 (208.0) 227.7 (14.2)  100.0 (0.0) 0 0(00) -

RRR 810.7 (96.4)  65.6 (7.1)  100.0 (0.0) 0.0 (0.0) 5.1 (0.8)
SeCURE(AL*) | 117.7 (38.7) 105 (3.2) 1.2 (0.8) 0 0 (0.0) 0.0 (0.0)
SeCURE(AL) | 92.9 (29.8) 8.1 (2.5) 0.3 (0.4) 0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 121.1 (39.1)  10.8 (3.3) 1.5 (1.0) 0(0.0) 0.0 (0.0)
SeCURE(AE) | 96.4 (30.4) 8.4 (2.5) 0.5 (0.6) 0 (0.0) 0.0 (0.0)
RSSVD 317.8 (113.6)  28.6 (10.4) 8.2 (5.7) 4(4.3) 0.0 (0.0)
SRRR 388.2 (55.5) 34.2 (4.6) 55.4 (3.0) 0 0 (0.0) 2.5 (0.5)

Missing= 0%, SNR = 0.5

LS 748.6 (52.0)  56.9 (3.5)  100.0 (0.0) 0.0 (0.0) -

RRR 198.8 (23.5) 161 (L7)  100.0 (0.0) 0.0 (0.0) 1.4 (0.2)
SeCURE(AL*) | 34.9 (12.5) 3.4 (1.2) 1.5 (1.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 19.2 (6.5) 1.7 (0.5) 1(0.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 35.1 (12.6) 3.4 (1.2) 1.6 (1.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 19.9 (7.1) 1.7 (0.6) (0.3) 0.0 (0.0) 0.0 (0.0)
RSSVD 92.8 (24.5) 8.3 (2.2) 14.9 (5.3) 0.0 (0.0) 0.0 (0.0)
SRRR 95.0 (12.5) 8.2 (1.0) 51.1 (0.0) 0.0 (0.0) 0.7 (0.1)

Missing= 15%, SNR = 0.25

RRR 951.8 (113.3)  76.8 (8.5)  100.0 (0.0) 0.0 (0.0) 3.3 (0.4
SeCURE(AL*) | 137.9 (43.1) 127 (41)  15(1.0) 0.0 (0.0) 0.0 (0.0

)
)
113.3 (36.4) 10.2 (3.3) 0.6 (0.7) 0.0 (0.0) 0.0 (0.0)
)
)

(

SeCURE(AL)

SeCURE(AE¥) | 140.0 (42.3) 128 (3.9)  17(1.0) 0.0 (0.0) 0.0 (0.0

SeCURE(AE) | 1183 (37.0) 107 (3.4)  0.7(0.7) 0.0 (0.0) 0.0 (0.0
Missing= 15%, SNR = 0.5

RRR 232.9 (27.6)  18.8(2.0)  100.0 (0.0) 0.0 (0.0) 0.9 (0.1)

SeCURE(AL*) | 39.0 (13.2) 8 (1.3) 1.6 (1.2) 0.0 (0.0) 0.0 (0.0)

SeCURE(AL) | 23.3 (8.0) 2.1 (0.7) 02 (0.3) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE®) | 38.9 (12.9) (1.3) 1.7 (1.3)  0.0(0.0) 0.0 (0.0)

SeCURE(AE) | 24.1 (8.6) 2.2 (0.7) 0.2 (0.4) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.25

RRR 1151.7 (118.3)  93.8 (9.7)  100.0 (0.0) 0.0 (0.0) 3.8 (0.4)

SeCURE(AL*) | 173.1 (51.4) 159 (48) 2.0 (1.3) 0.0 (0.0) 0.0 (0.0)

SeCURE(AL) | 153.4 (50.7)  13.6 (43) 0.9 (0.8) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE*) | 176.9 (52.0)  16.1 (48)  2.3(1.3) 0.0 (0.0) 0.0 (0.0)

SeCURE(AE) | 154.9 (47.4) 140 (43)  13(1.0) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.5

RRR 280.6 (20.0)  22.8 (2.3) 100.0 (0.0) 0.0 (0.0) 1.0 (0.1)

SeCURE(AL*) | 45.3 (14.0) 4.4 (1.4) 0(1.4)  0.0(0.0) 0.0 (0.0)

SeCURE(AL) | 29.9 (9.4) 2.7 (0.9) 0 5 (0.7) 0 0(0.0) 0.0 (0.0)

SeCURE(AE¥) | 45.7 (14.4) 4.4 (1.4) 2.1 (L5) 0 (0.0) 0.0 (0.0)

SeCURE(AE) | 30.6 (9.8) 2.8 (0.9) 0.5 (0.7) 0(0.0) 0.0 (0.0)
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Table 3: Simulation: results of Model I with p = 0.5. For better presentation, Er(C)
and Er(XC) are scaled by multiplying 10%.

Method Er(C) Er(XC) FPR FNR R%
Missing= 0%, SNR = 0.25
LS 2002.0 (233.5) 227.6 (15.5) 100.0 (0.0) 0.0 (0.0) -
RRR 917.5 (127.7)  73.9 (9.7)  100.0 (0.0) 0.0 (0.0) 6.3 (1.2)
SeCURE(AL*) | 121.0 (44.9)  10.8(3.8)  1.3(1.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 94.1 (35.8) 8.2 (3.0) 0.3 (0.4) 0 (0.0) 0.0 (0.0)
SeCURE(AE¥) | 124.0 (44.9)  11.1 (40) 1.5 (1.0) 0 (0.0) 0.0 (0.0)
SeCURE(AE) | 98.8 (37.5) 8.6 (3.1) 0.6 (0.7) 0 (0.0) 0.0 (0.0)
RSSVD 341.4 (123.4) 312 (11.3) 8.6 (5.7) 3 9 (4.6) 0.0 (0.0)
SRRR 436.0 (72.1)  38.2 (5.9)  58.1 (3.5) 0(0.0) 3.1 (0.7)
Missing= 0%, SNR = 0. 5
LS 7482 (58.4)  56.9 (3.9)  100.0 (0.0) 0.0 (0.0) —
RRR 223.6 (31.4)  17.9(2.3)  100.0 (0.0) 0.0 (0.0) 1.8 (0.4)
SeCURE(AL*) | 34.5 (12.7) 3.3 (1.2) 1.5 (1.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 19.2 (7.2) 1.7 (0.6) 2(03)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 34.7 (12.6) 3.4 (1.2) 1.3 (0.8) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 19.9 (7.9) 1.8 (0.7) 0.3) 0.0 (0.0) 0.0 (0.0)
RSSVD 93.5 (24.9) 8.2 (2.1) 151 (5.4) 0.0 (0.0) 0.0 (0.0)
SRRR 1032 (16.3) 8.9 (1.3) 51.1 (0.0) 0.0 (0.0) 0.8 (0.2)
Missing= 15%, SNR = 0.25
RRR 1055.1 (143.0)  84.4 (10.6)  100.0 (0.0) 0.0 (0.0) 4.0 (0.5)
SeCURE(AL*) | 140.1 (46.9)  12.9 (4.3) 1.4 (1.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 118.6 (46.1)  10.7 (42)  0.6(0.7) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 143.9 (47.1)  13.2 (44)  17(L1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 123.1 (47.1)  10.9 (4.2)  0.8(0.8) 0.0 (0.0) 0.0 (0.0)
Missing= 15%, SNR = 0.5
RRR 256.8 (35.0) 205 (2.6)  100.0 (0.0) 0.0 (0.0) 1.1 (0.2)
SeCURE(AL*) | 38.5 (13.1) 8 (1.4) 1.7(1.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AL) | 23.3 (8.7) 2.1 (0.8) 02(0.3) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 38.7 (12.9) 8 (1.4) 1.7(1.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 24.1 (9.3) 2.2 (0.8) 02 (0.4) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.25
RRR 1247.5 (148.6)  100.7 (11.5)  100.0 (0.0) 0.0 (0.0) 4.4 (0.6)
SeCURE(AL*) | 179.8 (61.4)  16.6 (5.7) 2.0 (1.3) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 158.4 (57.4) 143 (5.1)  1.0(0.9) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 181.3 (60.2)  16.8 (5.7) 2.4 (L5) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 159.7 (53.0)  14.5(5.0) 1.4 (L1) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.5
RRR 302.6 (35.6)  24.3 (2.7)  100.0 (0.0) 0.0 (0.0) 1.2 (0.2)
SeCURE(AL*) | 45.8 (15.1) 4.4 (1.5) 2.0 (15) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 30.0 (10.1) 2.8 (1.0) 05 (0.7) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 45.6 (14.7) 4.4 (1.5) 2.1(15) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 30.7 (10.5) 2.8 (1.0) 05(0.7) 0.0 (0.0) 0.0 (0.0)
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Table 4: Simulation: results of Model II with p = 0. For better presentation, Er(C) and
Er(XC) are scaled by multiplying 10*.

Method Er(C) Er(XO) FPR FNR R%
Missing= 0%, SNR = 0.25
LS 1016.4 (38.8) 882.3 (34.5) 100.0 (0.0) 0.0 (0.0) _
RRR 44.6 (3.1) 38.7 (25)  100.0 (0.0) 0.0 (0.0) 135 (1.1)
SeCURE(AL*) | 0.4 (0.2) 0.4 (0.2) 0.1(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.1 (0.0) 0.1 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.4 (0.2) 0.4 (0.2) 0.1(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.2 (0.0) 0.1 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
RSSVD 1.9 (0.8) 1.6 (0.7) 1.3(0.6) 0.7 (L5) 0.7 (1.0)
SRRR 2.5 (0.2) 2.5 (0.3) 30.1 (0.0) 0.0 (0.0) 7.5 (3.7)
Missing= 0%, SNR = 0.5
LS 264.4 (9.8)  229.3 (8.9)  100.0 (0.0) 0.0 (0.0) -
RRR 21.2 (1.5) 18.1 (1.3)  100.0 (0.0) 0.0 (0.0) 5.2 (0.8)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 02(0.2) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 02(0.2)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
RSSVD 0.8 (0.3) 0.7 (0.2) 1.4 (0.4) 0.0 (0.0) 0.0 (0.0)
SRRR 0.6 (0.1) 0.6 (0.1) 30.1 (0.0) 0.0 (0.0) 0.4 (0.1)
Missing= 15%, SNR = 0.25
RRR 52.3 (3.5) 45.4 (3.1)  100.0 (0.0) 0.0 (0.0) 3.4 (0.2)
SeCURE(AL*) | 0.5 (0.2) 0 5 (0.2) 0 1(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.2 (0.1) 2 (0.0) 0(0.0)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 0.5 (0.2) 0 5 (0.2) 1(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 0.2 (0.1) 0.2 (0.1) 0(0.0)  0.0(0.0) 0.0 (0.0)
Missing= 15% SNR = 0.5
RRR 23.1 (1.5) 19.7 (1.3) 1000 (0.0) 0.0 (0.0) 0.9 (0.1)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 02(0.2) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 02(02)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.1)  0.0(0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.25
RRR 72.2 (7.9) 62.9 (6.9)  100.0 (0.0) 0.0 (0.0) 4.0 (0.2)
SeCURE(AL*) | 0.6 (0.2) 6 (0.2) 02 (0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.3 (0.1) 0.3 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.7 (0.2) 6 (0.2) 02(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.4 (0.1) 0.3 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.5
RRR 29.5 (3.8) 25.4 (3.4) 100.0 (0.0) 0.0 (0.0) 1.3 (0.4)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 0 3(0.3) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.1 (0.0) 0.1 (0.0) 0(0.1)  0.0(0.0) 0.0(0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 3(0.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.1 (0.0) 0.1 (0.0) 0(0.1)  0.0(0.0) 0.0(0.0)
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Table 5: Simulation: results of Model II with p = 0.3. For better presentation, Er(C)
and Er(XC) are scaled by multiplying 10%.

Method Er(C) Er(XO) FPR FNR R%
Missing= 0%, SNR = 0.25
LS 1015.8 (40.2) 882.6 (34.7) 100.0 (0.0) 0.0 (0.0) _
RRR 48.1 (4.1) 41.8 (35)  100.0 (0.0) 0.0 (0.0) 13.7 (1.4)
SeCURE(AL*) | 0.4 (0.2) 0.4 (0.2) 0.1(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AL) | 0.1 (0.1) 0.1 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.4 (0.2) 0.4 (0.2) 0.1(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.2 (0.1) 0.1 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
RSSVD 1.9 (0.9) 1.7 (0.8) 1.3 (0.6) 0.6 (L4) 0.2 (0.4)
SRRR 2.5 (0.3) 2.5 (0.3) 30.1 (0.0) 0.0 (0.0) 11.0 (L.5)
Missing= 0%, SNR = 0.5
LS 264.4 (10.4) 2292 (9.1)  100.0 (0.0) 0.0 (0.0) -
RRR 22.0 (1.6) 18.8 (1.3)  100.0 (0.0) 0.0 (0.0) 6.4 (0.9)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 02(0.2) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 02(0.2)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
RSSVD 0.8 (0.3) 0.7 (0.2) 1.4 (0.4) 0.0 (0.0) 0.0 (0.0)
SRRR 0.6 (0.1) 0.6 (0.1) 30.1 (0.0) 0.0 (0.0) 0.5 (0.1)
Missing= 15%, SNR = 0.25
RRR 55.2 (4.2) 48.2 (3.6)  100.0 (0.0) 0.0 (0.0) 3.9 (0.2)
SeCURE(AL*) | 0.5 (0.2) 0 5 (0.2) 0 1(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.2 (0.1) 2 (0.1) 0(0.0)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 0.5 (0.2) 0 5 (0.2) 1(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE) | 0.2 (0.1) 0.2 (0.1) 0(0.0)  0.0(0.0) 0.0 (0.0)
Missing= 15% SNR = 0.5
RRR 23.8 (1.6) 204 (1.4)  100.0 (0.0) 0.0 (0.0) 1.1 (0.1)
SeCURE(AL*) | 0.2 (0.1) 0 2 (0.1) 02(0.2) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.0 (0.0) 0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0 2 (0.1) 02(0.2)  0.0(0.0) 0.0(0.0)
SeCURE(AE) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)  0.0(0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.25
RRR 75.1 (9.1) 65.4 (7.8)  100.0 (0.0) 0.0 (0.0) 4.5 (0.2)
SeCURE(AL*) | 0.6 (0.3) 6 (0.2) 02(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.3 (0.1) 0.3 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.7 (0.3) 6 (0.2) 02(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.4 (0.1) 0.3 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.5
RRR 28.7 (2.9) 24.7 (2.7)  100.0 (0.0) 0.0 (0.0) 1.2 (0.1)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 0 3(0.3) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.1 (0.0) 0 1 (0.0) 0(0.1)  0.0(0.0) 0.0(0.0)
SeCURE(AE*) | 0.2 (0.1) 2 (0.1) 3(0.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.1 (0.0) 0 1 (0.0) 0(0.1)  0.0(0.0) 0.0(0.0)
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Table 6: Simulation: results of Model II with p = 0.5. For better presentation, Er(C)
and Er(XC) are scaled by multiplying 10%.

Method Er(C) Er(XC) FPR FNR R%
Missing= 0%, SNR = 0.25
LS 1017.1 (41.6) 883.1 (36.5) 100.0 (0.0) 0.0 (0.0) -
RRR 55.1 (5.8) 47.9 (4.8)  100.0 (0.0) 0.0 (0.0) 13.3 (2.0)
SeCURE(AL*) | 0.4 (0.2) 0.4 (0.2) 0.1(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.1 (0.1) 0.1 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE¥) (0.2) 0.4 (0.2) 0.1(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.2 (0.1) 0.1 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
RSSVD 2.6 (1.5) 2.2 (1.1) 20 (1.2)  2.0(3.0) L7(27)
SRRR 2.6 (0.3) 2.6 (0.4) 302 (0.2) 0.0 (0.0) 117 (1.3)
Missing= 0%, SNR = 0.5
LS 264.5 (10.5) 2294 (9.2)  100.0 (0.0) 0.0 (0.0) —
RRR 23.6 (1.9) 20.1 (L5)  100.0 (0.0) 0.0 (0.0) 8.4 (L1)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 02(0.2) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 02(02)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
RSSVD 0.8 (0.4) 0.7 (0.3) 1.4 (0.5) 0.0 (0.0) 0.0 (0.0)
SRRR 0.7 (0.1) 0.6 (0.1) 30.1 (0.0) 0.0 (0.0) 0.7 (0.2)
Missing= 15%, SNR = 0.25
RRR 62.0 (6.0) 541 (5.0)  100.0 (0.0) 0.0 (0.0) 5.0 (0.3)
SeCURE(AL*) | 0.5 (0.2) 5 (0.2) 0.1(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AL) | 0.2 (0.1) 0.2 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.5 (0.2) 5 (0.2) 0.1(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.2 (0.1) 0.2 (0.1) (0.0) 0.0 (0.0) 0.0 (0.0)
Missing= 15%, SNR = 0.5
RRR 25.3 (1.9) 217 (1.6)  100.0 (0.0) 0.0 (0.0) 1.4 (0.1)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 02(02)  0.0(0.0) 0.0 (0.0)
SeCURE(AL) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 0.3 (02)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.0 (0.0) 0.0 (0.0) 0.0 (0.1) 0.0 (0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.25
RRR 82.0 (9.9) 71.6 (8.7)  100.0 (0.0) 0.0 (0.0) 5.4 (0.3)
SeCURE(AL*) | 0.6 (0.3) 6 (0.2) 02(0.1) 0.0 (0.0) 0.0 (0.0)
SeCURE(AL) | 0.3 (0.2) 0.3 (0.1) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
SeCURE(AE*) | 0.7 (0.3) 6 (0.2) 02 (0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.4 (0.2) 0.3 (0.1) 0.0(0.1)  0.0(0.0) 0.0 (0.0)
Missing= 30%, SNR = 0.5
RRR 20.7 (2.8) 25.6 (2.5)  100.0 (0.0) 0.0 (0.0) 1.5 (0.1)
SeCURE(AL*) | 0.2 (0.1) 0.2 (0.1) 0 3(0.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AL) | 0.1 (0.0) 0.1 (0.0) 0(0.1)  0.0(0.0) 0.0 (0.0)
SeCURE(AE*) | 0.2 (0.1) 0.2 (0.1) 3(0.3)  0.0(0.0) 0.0 (0.0)
SeCURE(AE) | 0.1 (0.0) 0.1 (0.0) 0 1(0.1)  0.0(0.0) 0.0 (0.0)




67.04
SNR #0.25E30.5

44.93

22.82

L
L3

e N . P S

67.04

44.93

LR
LR

22.82 é % * *

67.04

44.93

"
4F

Tl e

SeCURE(E*) SeCURE(E) SeCURE(AE*) SeCURE(AE)

(a) Prediction error

% G Buissip % 0 Buissiy

% 0€ Buissiy

1.08

0.72

0.36

1.08

0.72

0.36

1.08

0.72

0.36

SNR M0.25E30.5

SeCURE(E*) SeCURE(E) SeCURE(AE*) SeCURE(AE)

(b) Orthogonality measure

% G Buissipy % 0 BuIssIy

% 0€ Buissin

74

Figure 2: Simulation: Boxplots of scaled predictive measure Er(XC) (left panel) and the
orthogonality measure ORT (right panel) in Model I with p = 0.3. SeCURE(E*) and
SeCURE(E) denote SeCURE using non-adaptive elastic net penalty with and without

orthogonality constraints, respectively.

2.7 Application

2.7.1 Biclustering with Chemotherapy Survival Data

When X = I,,, SeCURE performs sequential sparse and unit-rank approximation of a

data matrix Y, which can serve as an unsupervised learning tool for biclustering [Lee

et al., 2010]. To demonstrate the effectiveness of SeCURE in biclustering, we consider a

gene expression dataset from the patients with diffuse large-B-cell lymphoma (DLBCL)

after chemotherapy [Rosenwald et al.,

2002].

The gene expression profiles can act as

molecular predictors that influence survival of patient after chemotherapy. Previous

work by Hoshida et al. [2007] found three subtypes among the subjects, e.g., OxPhos

(oxidative phosphorylation), BCR (Bcell response) and HR (host response). The data
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Figure 3: Simulation: Boxplots of scaled Er(XC) (left panel) and ORT (right panel)
in Model II and p = 0.3. SeCURE(E*) and SeCURE(E) denote SeCURE using non-

adaptive elastic net penalty with and without orthogonality constraints, respectively.

consists of expression levels of ¢ = 661 genes from n = 180 patients. Among the patients,
42, 51 and 87 of them were classified to OxPhos, BCR and HR groups, respectively.
The data thus form an n x ¢ matrix Y whose rows represent the subjects and columns
correspond to the genes [Rosenwald et al., 2002]. Here we apply SeCURE to conduct a
biclustering analysis of both the genes and the patients, to explore sets of relevant genes
that can distinguish the three subtypes as well as to explore for new subtypes.

Using SeCURE, the estimated rank is 7 = 5. We mainly analyze the first three
estimated factor components, as they explain more than 92.0% of the total variance of
the first 5 components, i.e., (23:1 &?)/(Z?:l L/Z\?) ~ 0.920. Heatmaps of the original gene
expression matrix, its rank-3 approximation from SeCURE and the three estimated unit-
rank components are shown in Figure 5. We include the selected genes from SeCURE

and 100 randomly chosen unselected genes as reference. The genes and the subjects are

properly sorted to better reveal the bicluster patterns. Overall SeSCURE captures the
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main patterns hidden in the original gene expression matrix. Interestingly, the first unit-
rank component shows a clear contrast between a subset of patients from the HR group
and a subset of patients from the OxPhos and BCR groups, while the second component
appears to be mainly a contrast between the rest of the patients from the HR group and
the rest of the subjects from OxPhos and BCR groups. The third component becomes
ever more sparse, and the identified genes show a contrast between the OxPhos group
and the BCR group. Therefore, the first two components show that there is a clear
difference between the HR group and the other two groups, while the third component
finds genes that differentiate the OxPhos group and the BCR group. Our findings agree
well with the results from Rosenwald et al. [2002]. In addition, SeCURE reveals that
the three identified groups may form smaller subgroups.

For comparison, we have also conducted biclustering via the sparse singular value
decomposition (SSVD) analysis [Lee et al., 2010, Chen et al., 2012]. It turns out that
SSVD leads to a much less sparse decomposition, and consequently the biclusters are
not as well separated as in SeCURE. (Neither RRR nor SRRR is capable of performing
biclustering). To test SeSCURE with incomplete data, we have introduced 30% missing
values in Y randomly and repeated the analysis; the patterns in the original matrix is
still successfully captured. The scree plot of SeCURE, the heatmaps from SSVD and
SeCURE on complete data, and the heatmaps from the incomplete data analysis with

SeCURE are shown in Figures 4-6, respectively.
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Figure 4: Chemotherapy Survival Data: Scree plot showing the relative % variances
explained by the estimated latent factors from SeCURE. The first 3 factors explains
38.68%, 32.90%, 20.44% of the total variance in the first 5 estimated nonzero compo-
nents, respectively.
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Figure 5: Chemotherapy Survival Data: Comparison of SeCURE and SSVD. Both (a)
and (f) show the original gene expression matrix. (b)—(e) in the upper row show results
from SeCURE: (b) the rank-3 approximation from SeCURE, and (c)—(e) the three latent
components from SeCURE which sum up to (b). (g)—(j) in the lower row show results
from SSVD: (g) the rank-3 approximation from SSVD, and (h)—(j) the three latent
components from SSVD which sum up to (g). The horizontal line in each panel represents
the three classes of patients, HR, BCR and OxPhos, from the top to the bottom. The
two vertical lines indicate 100 unselected genes in between.
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Figure 6: Chemotherapy Survival Data: Heatmaps produced by SeCURE from incom-
plete data with 30% entrywise missing values. For better comparison, the same set of
genes of the same order are shown as in Figure 5. (a) the original gene expression matrix
with 30% values missing, (b) its rank-3 approximation from SeCURE, and (c)—(e) the
three latent components from SeCURE which sum up to (b). The horizontal line in each
panel represents the three classes of patients, HR, BCR and OxPhos, from the top to
the bottom. The two vertical lines indicate 100 unselected genes in between.

2.7.2 Yeast Cell Cycle Data

Here we consider a yeast cell cycle analysis, for identifying transcription factors regu-
lating the RNA transcript levels of yeast genes within the eukaryotic cell cycle. The

Eukariotic cell cycle data were generated using « factor arrest method, consisting of
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RNA levels measured every 7 minutes for 119 minutes with a total of 18 time points
covering two cell cycle of 6178 genes. The chromatin immunoprecipitation (ChIP) data
(X) [Lee et al., 2002] contain complete binding information of a subset of 1790 genes
for a total of 113 transcription factors. However, the RNA data corresponding to these
genes still contain about 2% missing values. Spellman et al. [1998] identified 800 genes
responsible for cell cycle regulation. Chun and Kelecs [2010] and Chen and Huang
[2012a] analyzed 524 of the 800 genes after excluding the genes with missing RNA levels
and/or binding information. Since SeCURE can directly handle missing values in the
response, we use all the n = 1790 genes, to examine the association between the RNA
levels along the ¢ = 18 time points and the binding information of p = 113 transcription
factors (TF).

The estimated rank by SeCURE is 7 = 4. We mainly discuss the first three factors as
they explain 93.7% of the variation of the four factors. Our SeCURE approach selected
51, 57, 13 TFs in the three factors, respectively, with 83 distinct TF's in total. Of these,
17 are among the 21 experimentally confirmed TFs that relate to cell cycle [Wang et al.,
2007]. The SRRR and the sparse partial least squares (SPLS) selected 60 and 12 TFs,
of which 16 and 7 are among the confirmed TFs, respectively [Chen and Huang, 2012a].
We have also fitted the RSSVD method with imputed data by filling the blanks using
column means, and the method selected 24 TF's, of which 11 are among the confirmed
ones. Figure 7 shows the estimated effects (rows in 6) of experimentally confirmed TF's

identified by SeCURE. As expected, the effects are mostly periodic and the two cycles



are clearly seen.
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Figure 7: Yeast Cell Cycle Data: Estimated transcriptional effects of 17 experimentally
confirmed TFs identified by SeCURE. Three experimentally confirmed TFs, GCR2,
CBF1, BAS1 and LEU3, are not selected by SeCURE.
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Figure 8: Yeast Cell Cycle Data: Estimated loadings of the RNAs of 18 time points on
the three identified latent factors from the TFs. The fitted curves using kernel smoothing
are added. The two vertical lines are drawn at 15 and 75 in the first panel, at 20 and
80 in the second panel and at 30 and 90 in the third panel.

The SeCURE analysis identified a few latent factors from the 113 TFs, given by the
columns in XU. It is interesting to check how the RNA levels at 18 time points load on
these factors, which is revealed by examining the columns of VD. Figure 8 plots the first
three columns of VD together with fitted curves using kernel smoothing. The periodic
effects are very clear. Interestingly, the three curves appear to be at slightly different
phases: the first curve peaks around 15 and 75 minutes, the second peaks around 20 and
80 minutes, and the third peaks around 30 and 90 minutes. In either of the first two
curves, the two cycles are similar to each other in shape and magnitude. In contrast,
in the third curve the two cycles are apparently different in magnitude and the second
cycle almost disappears. Further examining the TFs involved in these factors may shed

more light on the differential roles played by the TFs.
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Chapter 3

A Greedy Algorithm for (Generalized

Sparse and Low-rank Recovery

3.1 Introduction

Technological advancement has lead to the collection of high-dimensional data in various
fields of science and technology ranging from health and molecular biology to economics
and finance. An associated problem of interest is to model dependency of multivariate
outcomes/responses using observed predictors/features. Outcome variables can be either
continuous, count, binary, or may be of mixed types. Also, some entries in the observed
response or predictors maybe missing. The multivariate linear regression (MLR) model
caters to the case when underlying process generating continuous outcome variables is
assumed to be Gaussian. In other cases, when the outcome variables are either not
continuous or mixed types, modeling relationship among responses and predictors is
challenging because of difficulty ranging from model formulation to its estimation. This

difficulty may arise due to interrelated response, complicated likelihood structure, lack
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of efficient computational algorithm, inability to handle missing entries and many more.

Moreover, in high-dimensional setting, regardless of the types of response, they
maybe interrelated, and also predictor variables maybe correlated or unimportant. Here,
we assume that underlying process generating each of them belongs to exponential dis-
persion family like Gaussian, Poisson or Bernoulli. In such scenario, an effective strategy
to induce multivariate dependency is possible through dimension reduction, and to dis-
card redundant variables through wvariable selection. The desirable objectives can be
attained by having a low-rank and sparse coefficient matrix.

For MLR, we developed a sequential approach SecCURE in Chapter 2, to recover such
low-rank and sparse coefficient matrix. Now, consider the case of similar or mixed types
of outcomes where former refers outcomes to be of same types. Motivated by SeCURE,
we have defined the model to be generalized co-sparse factor regression, and proposed a
greedy sequential algorithm for estimation of such low-rank and sparse coefficient ma-
trix, referred to as generalized sequential extraction via constrained unit rank estimation
(GSeCURE). In each step of the sequential procedure, a latent factor is constructed as
the linear combination of subset of predictors (called generalized latent factor) affect-
ing only a subset of response variables via co-sparse singular vectors of the coefficient
matrix. The parameter estimation in a unit sequential step proceeds via minimization
of unit-rank constrained regularized negative log-likelihood function. The problem is

non-convex, and the parameter estimation is challenging because of the complicated
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likelihood structure. Hence, following She [2012a], the estimation proceeds via a surro-
gate of the objective function. We have shown that with suitable scaling of observed
predictors, minimizing surrogate ensures the monotone descending property of the ob-
jective function. Moreover, our formulation can efficiently handle missing entries in the
response matrix while also providing a reasonably good parameter estimates.

In rest of the chapter, generalized sequential co-sparse factor regression is proposed
in Section 3.2. The optimization problem in a unit-step of the sequential procedure is
solved in Section 3.3. We have discussed a consistency result of the estimator in Section
3.4. Efficacy of the proposed procedure is demonstrated via simulation studies in Section

3.5. Details of the proofs of all the relevant Theorems are provided in Appendix B.

3.2 (Generalized Co-Sparse Factor Regression Model

3.2.1 Model Setup

Given n instance of independent observations, define response matrix as Y = [y;x] =

[y1,...,yn]t € R™¥% predictor matrix as X = [xy,...,%,]T € R™? and control variable
matrix as Z = [zy,...,%,]" € R"™P: where first column of Z equals 1,, corresponding to

intercept term. To deal with the case of missing entries in Y, define index set

Q= {(i,k);yix is observed,i = 1,... ,n,k=1,...,q},
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using which, we have Y = Pa(Y) denoting the projection of Y onto Q with gy = yix
for any (i, k) € Q otherwise g, = 0.

Consider each of the outcome variables belong to a specific exponential dispersion
family [Jorgensen, 1987], e.g., Gaussian, Bernoulli or Poisson. For the ith instance of
observed responses, the probability density function of an outcome y;;. corresponding to

kth response variable is defined as

Yirlbix — by, (91k>
ax(9)

S (Wir; Oir, @) = exp { + cx(Yirs Cb)} ; (3.1)

where ;. is the natural parameter, ¢; is the dispersion parameter of the kth outcome
variable, and model functions ay(-), bx(:), cx(-) are known for a specific distribution;
see Table 7 for details. Without loss of generality, we apply the canonical link function
gr = (b},)7" for each outcome variable, so that E(y;.) = b),(0) = g5 ' (0ir), where b, (-)
denotes the derivative function of bx(-). For the kth outcome, in terms of the observed

predictor and control variables, we define an element 6;;, of the natural parameter matrix

O € R"¥7 a5
O = o + 2z, B, + X; cp, vV o oi=1,....nk=1,...,q, (3.2)

where o;,s are known offset terms, 3,s are unknown coefficient vectors corresponding
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to control variables, and cis are unknown coefficient vectors corresponding to the high-
dimensional predictors. Now, define O = [o;] € R™ 9 as offset term matrix, C =
[c1,...,¢q] = [€1,...,¢,)T € RP*? as predictor variable coefficient matrix, and 8 =
By,....8,] = [Bl, ce BPZ]T € RP=*7 as control variable coefficient matrix with intercept

term given by first row 3,. In terms of model variables {0, C, B}, we define the natural

parameter matrix as,

©=0(C,8) =0+ 7B + XC, (3.3)

where © = [0;] € R"*9. Now, assume y;;s are conditionally independent given 6;;. The

negative log-likelihood of the observed outcomes is given by

L£(©,®)=L(C,B,9;0) =— Z Ur(cr, By, O Xis Zi, Yie) = — Z O (Ot 1), (3.4)

(4,k)e (i,k)eQ

where

U Ok, Pr) = yikeizk;::)(eik) + ¢ (Gik, )

For convenience, we define some notations. Corresponding to kth column of O,

vector function bp(0x) = [bx(0ik), ..., br(0ne)]T, and its derivative as b, (©,) =
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Table 7: Some common distributions in the exponential dispersion family.

Distribution =~ Mean Variance 0 ¢ alo) b(0) c(y; o)

Bernoulli(p) p  p(l—p) log{p(1—p)t} 1 1 log(l+eY 0

Poisson(\) A A log A 1 1 e! —log y!

Normal(p, 0%) o? 1 o ¢ 6%/2 —(y?¢~! + log 2m) /2
[0, (0ik), - -, b.(0,%)]T. Then, the matrix function and its derivative are given by

Similarly, one can define any rth derivative of matrix function B(0). Also, us-

ing the dispersion parameters of ¢ outcome variables, we define the diagonal matrix

¢ = diaglai(¢1), - - -, ag(Py)]-

Using the notation defined, we re-write the negative log-likelihood L(-) (3.4) as

L(C,B,8:0) = L(O,d) = —(Y,007 ") + (J, B(O)d ), (3.6)

where J = 1,,,, and J = Py(J), and (A, B) = tr(ATB) is the trace/dot product operator
on the two involved matrices. From here onwards, for the convenience of presentation,

we have used Y instead of Y in model formulation and estimation.

3.2.2 Generalized Co-sparse Factor Regression

Consider the model (3.1) and its negative log-likelihood function (3.6) defined using ex-

ponential family density function. A possible approach to estimate model parameters
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is by solving separate generalized linear model (GLM) problems for each response vari-
able. When response variables are interrelated and predictor variables correlated, the
approach ignores multivariate nature of the problem. Our strategy here is to induce
multivariate dependency by associating responses with predictors via generalized latent
factors constructed from few unknown linear combinations of predictors. We implement
the strategy by imposing rank constraints on coefficient matrix C. Thus, the optimiza-
tion problem, in terms of the negative log-likelihood function £(+) (3.6), to estimate the

model parameters is given by

min £(0, ®) s.t. rank(C) <, (3.7)
c,(G.9
where » = 1,...,p A q. The rank constrained model defined in (3.7) is referred to as

mized-response reduced rank regression (mRRR).

Another approach to perform dimension reduction is through the composite struc-
ture comprises of SVD component of the coefficient matrix C; (see Chen et al. [2012],
Chen and Huang [2012b], Bunea et al. [2012], Ma and Sun [2014], Mishra et al. [2017]).

Motivated by SeCURE, the SVD of the coefficient matrix C of rank r is given by

Cc=UDV", st UX'XU/n=VTV=1I, (3.8)

where U = [uy,...,u,] € RP*" ig left singular vector matrix, V. = [vy,...,v,] € R?*"
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is right singular vector matrix, and D = diag{dy,...,d,} € R"™*" is diagonal matrix of
singular values. The orthogonality constraints ensure the SVD of C to be identifiable.
Using the composite structure, we obtain generalized latent factors XU /y/n through
which responses and predictors are associated.

In terms of the SVD components of the coefficient matrix (3.8), we express C as
the sum of r constituent unit rank matrices, i.e., C = Z::Z C,;, where C; = diuivgf.
Motivated by SeCURE, we propose a sequential greedy approach to recover unit rank
constituent, C;’s, of coefficient matrix C, referred to as sequential mRRR. To begin

with, for ¢ = 1, an estimate of the constituent matrix C; is obtained by solving the

optimization problem given by,

(61,31, ®,) = argmin £(©, ®; OM) s.t. rank(C) < 1, (3.9)
c,B.e

where O = O is offset matrix and (Bl, EI;l) are estimate of (3, ®) in the first unit-step of
the sequential procedure. The joint estimation of the unknown parameters (Cy, 3, ®) are
nontrivial. Thus, the algorithm involves a C-step, B-step and ®-step where parameter
Ci, B and ® are estimated respectively while keeping other parameters fixed. The
details of the estimation steps are relegated to Section 3.3, where we have proposed the
procedure for a more generalized setting and the solution of the optimization problem
(3.9) corresponds to a specific case.

The subsequent unit-rank constituent matrices C;, for ¢ = 2,...,r, are obtained by
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solving the optimization problem given by,

(Cy,B;,®;) = min £(O,P; 0W) s.t. rank(C) < 1, (3.10)
c.B.e

where (3,,®;) are estimates of (3, ®) in the ith unit-step of the sequential procedure

1)

with
09 =00V 4+ XCily, i=2...r (3.11)

accounting for estimated signal obtained from previous sequential steps. Using the
estimates of (N?Z», for2 = 1,...,r, we obtain C = Yoy (NJZ It is then trivial to obtain
the specific SVD decomposition of coefficient matrix C with orthogonality constraint

UTXTXU/n =1 and VIV =1 where

U=[a,...,a,], V=[v,...,v,], D=diagld,....d] (3.12)

with C; = d;i;v¥. The parameters (3, ®) are estimated as (3,, ®,), the values obtained
in the last sequential step, i.e., for ¢ = r. Assuming solutions of (3.9) and (3.10) are
known, we present the algorithm for sequential mRRR; see Algorithm 3 for details.

In addition to dimension reduction through a low-rank assumption on the coefficient

matrix C, we desire to perform variable selection as well. In terms of the composite
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Algorithm 3 Sequential mRRR

Initialize: ﬁ(o), PO and set a desired rank r > 1.
for k<1 to r do
Compute the current offset matrix O®) as in (3.11).

Initialize C,(CO), and set B = Bk_l, PO = (5k_1, estimates from previous step.
repeat
(1) C-step: CI™ = TW(CY + XT{Y — (0, CIY, 3Y)}d®B-1) where TM (M)
extract 1st SVD component of matrix M. (see (3.24))
(2) B-step: B = BY + ZT{Y — p(04, C'V, B9 320,
(3) ®-step: ®UHY = argming ), , £(C gD ),
t<t+ 1.
until convergence,
e.g., |[CUH) BV — (€W BY)|[p/(I[CV BY]|lr < € with € = 1075,
return ék, Bk, EIVDk

end for _ o
return C=>""_  C; 3, ®,.

structure defined in (3.8), variable selection can be achieved by having co-sparse sin-
gular vectors. We refer it as generalized co-sparse factor regression model (gSFAR).
The desired low-rank and sparse structure facilitates model interpretation and improves
model accuracy. A possible optimization problem to attain both low-rank and sparse

coefficient matrix is given by

mén L(C,B,0;0) + A\p1(U) + dapa(V), st. UX'XU/n=V'V =1 (3.13)
Cc,0,®

where p1(-) and po(+) are sparsity-inducing penalty functions with A; and Ay as their
corresponding tuning parameters. Unfortunately, there are several difficulties with this

joint estimation approach. The rank r has to be specified in advance. The orthogonality
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constraint solves identifiability issue, thus cannot be compromised. The simultaneous
presence of the high-dimensional low-rank structure, orthogonality constraint and pres-
ence of two tunning parameters in the sparsity regularization makes the estimation
challenging. Thus, we need to look into other avenues for efficient recovery of low-rank
and sparse structure in gSFAR.

We overcome this challenge again by using the composite structure (3.8) of the SVD
components of the coefficient matrix C. Motivated by SeCURE, we propose a greedy
sequential approach that proceeds via generalized constrained unit rank estimation (G-
CURE) step to obtain sparse unit-rank constituent matrices in order of importance. In
a unit step, a latent factor is constructed as linear combination of a subset of predic-
tors affecting only a subset of responses because of ”co-sparse” left and right singular
vectors. We call the algorithm as generalized sequential extraction via constrained unit
rank estimation (GSeCURE) and the latent factor as generalize latent factor.

To begin with, for ¢ = 1, estimates of the constituent matrix C; and unknown

parameters (3, ®) are obtained by solving the optimization problem given by

(61,31, &31) = argmin {£(C, 8, ®; oW + p(C; A}, st rank(C) <1, (3.14)

c,(G.9

where constraint p(C) is a sparsity inducing penalty function, O") = 0 is an offset
matrix. Here, (,CA"Il, EI\Dl) are estimates of (3, ®) from first step of the proposed sequential

procedure. In the optimization problem (3.14), unit rank constraint implies that C =
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duv’ with d > 0, uTXTXu/n =1and viv =1 where d € R, u € R? and v € RY.
Similar to SVD, this decomposition is unique up to the signs of the vectors as long as
C is not a zero matrix.

We use the adaptive elastic net penalty [Zou and Hastie, 2005, Zou and Zhang, 2009],

p(C; )\) = P(C;Wb )\7@) = CY)\le © C”l + (1 - 0‘))\HCH%

p q p q
:oz)\z Zwij1|cij| +(1—a))\z Zcfj. (3.15)
=1 j=1 i=1 j=1
Here || - ||; denotes the ¢; norm, the operator “o” stands for the Hadamard product,

W1 = [wij1]pxq is a pre-specified weighting matrix, A is a tuning parameter controlling
the overall amount of regularization, and o € (0, 1) controls the relative weights between
(@), (@, @) ith

the two penalty terms. We set W, = |C;|~" such that Wij1 = Wy Wy wjy

d T u u u ~ | — v v v ~
wi = 1di| 7w = [y wl]T = [ w = [l el = R (3.16)

where 61 = ciﬁﬁ? is estimate of the first constituent matrix obtained for sequential
mRRR using Algorithm 3, and + is a non-negative constant with |- |~ componentwisely
defined. As suggested by Zou [2006], we set v = 2. Since we mainly focus on sparse
estimation, we fix « as a constant, i.e., « = 0.95. Comparing to lasso, one advantage of
elastic net is that the additional ridge penalty improves the convexity of the problem and

can enhance the stability of optimization. For simplicity, we may write p(C; W, A\, a) =
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p(C; W A).

To focus on the sequential extraction procedure, we defer the details of computation
obtaining (61,31,&;1) to Section 3.3. Assuming the solution path of (3.14) can be
fitted, the tuning parameter A can be chosen based on either cross validation or some
information criterion. The unit-rank matrix C is estimated as @1, or equivalently,
(dy, Uy, V1)

To estimate subsequent unit-rank constituent C,, of coefficient matrix C, for k =

2,...,r, we solve the optimization problem,

((A]k,,@k, ka) = argmin {£(C, 3, ®; o®) + p(C; W)}, st. rank(C) <1, (3.17)
c,B.e

where (B ks EI\Dk) are estimates of (3, ®) from kth step of the proposed sequential procedure

with

O® = 0%V 4 XCy_; (3.18)

accounting for signal estimated from previous steps. The penalty term p(C;Wy) is
defined in term of the weight matrix Wy. The construction of Wy, follows (3.16) us-
ing estimate (N?k = ~;€f1k\~/g obtained as solution of (3.10) in sequential mRRR using

Algorithm 3.
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We sequentially perform regularized estimation using (3.17) to obtain ék or equiv-
alently (c?k,ﬁk,%g), for k =1,...,r, r < min(r,,q) where r, = rank(X), and (Bk, C/I;k)
We refer to the generic problem in (3.17) together with the tuning process as generalized
constrained unit-rank estimation (G-CURE), i.e., G-CURE(C, 3, ®;Y, X, W, O), where
W = w@Dw®w®T refers to generic weight matrix obtained after dropping subscript
1 from its definition given in (3.16), C = duv? is unit-rank matrix and O to generic
offset term matrix. The solution of generic problem G-CURE is relegated to Section 3.3.
Assuming its solution known, Algorithm 4 and Figure 9 summarizes the proposed com-
putation procedure, i.e., Generalized Sequential Fxtraction via Constrained Unit-rank

FEstimation (GSeCURE).

Algorithm 4 Generalized Sequential Co-sparse Factor Regression (GSeCURE)

Initialize: ,3(0), ®©) and set a desired rank r > 1.
for k<1 to r do
Compute the current offset matrix O®) as in (3.18).

Initialize C,(fo), and set B0 = Bk,l, dO) = P,_,, estimates from previous step.

repeat
Perform the G-CURE(C, 3, ®; Y, X, W;, O®)) analysis via (3.17) (including the
tuning process), and obtain Cj, or equivalently ((jk, Uk, Vi), Bk and @y

until convergence

if d,, =0 then
Set dj, =0 for any £ < h <r;

end if

end for

~

return C=)" | C,, B., d,.

T
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Figure 9: GSeCURE: Generalized Sequential Factor Extraction via Co-Sparse Unit-Rank
Estimation

s G-cure [N
r=1 Y, X, W, = dyuvi, C, = dyigvi By 0,

02 =0 +X C;

G-CURE I
r=2 Gy = dyuyv;, Br 0,
ok =0kl +X (), _,

G-CURE (I
r=k Cx = dyigvy,, Br ,Px

SOLUTION C= 335G, B .$r
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3.3 Computation

3.3.1 Generalized Constrained Unit-rank Estimation (G-

CURE)

Here we provide details of the procedure required to solve the optimization problem for
a unit step of GSeCURE, i.e., G-CURE(-). For the ease of notation, we are dropping

subscript k from G-CURE(-) defined in (3.17) and write the generic problem as

(C,B, ®) = argmin {F(C, 8,®; 0) = £(C, 3, ®;0) + p(C; W)}, s.t. rank(C) < 1,
c,(G.9

(3.19)

where O and W are corresponding offset and weight matrix respectively. The generic
weight matrix W is constructed from (d, &, V) using its definition (3.16). Let unit rank
matrix C = duv® where d € R, u € R? and v € R?. The constraint in equation (3.8)
leads to u"XTXu = n,v'v = 1. In terms of defined parameters, we reformulate the

G-CURE problem (3.19) as

(C,B3,®) = argmin {F(C, 8,;0) = L(C, 8, ®; 0) + p(C; W, )}, (3.20)
c,(.e

st.C=duvh, u"X"Xu=n,viv=1
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The optimization problem (3.20) is non-convex, and joint estimation is intractable. Thus,
we propose an iterative stepwise strategy where estimation proceeds via a C-step, B-step
and ®-step to update unknown parameters C, 3 and ® respectively.

We begin with analysis of the problem in the C-step for updating unknown parameter
C with others held fixed. Given the complicated structure of negative likelihood function
L(+) (3.6), simplification of the corresponding objective function is difficult. Following
She [2012b], we consider a surrogate of the objective function F'(C,3,®,0) (3.20). In

terms of unit-rank matrix variable A € RP*?  the function is given by

G(A;C,5.9,0) =L(A. 5,9:0) + S| — CJ}i + (B'(©), X(A - C)o~)

— (J,[B(6(A, 3)) = B(©)]27") + p(A; W, ), (3.21)

where O(A, B) is defined for parameter (A, 3) according to definition (3.3). It can be

verified that surrogate function G(C;C, 3,®,0) = F(C, 3, ®,0). After some algebra,

G can be simplified as

G(A;C,3,0) =(B'(0) - Y, XAd™!) + %HA — C||% + p(A; W, \) + const,

1
=5lA-C~ XY — u(C,B)}07 7 + p(A; W, A) + const,  (3.22)

where ”const” represents any reminder constant term that does not depend on A. Here

we have used pu(C, 3) = B'(©). One core setup in our algorithm is based on minimizing
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G(A;C,3,P) with respect to A, and with proper scaling of the observed predictor
and control variables, it ensures the monotone descending property of the objective
function (see the proof of Theorem 3.1). The sparsity inducing penalty p(A; W, \) is
defined according to equation (3.15). Now, we focus on minimizing the objective function
G(A;C,8,®,0) under unit-rank constraint of matrix A.

First, let us consider a case of A = 0 through which we intend to solve problem in
(3.9) and (3.10). On dropping the subscript i from optimization problem (3.10), the

generic problem is given by

(C,3,®) = argmin L(O, ®; O) s.t. rank(C) < 1. (3.23)
c,B.9

Unknown parameters (6, ,@, CTD) are updated in a C-step, B-step and ®-step respectively.
The procedure for updating in C-step in (3.23) differs from that of problem in (3.20).
The remaining steps, i.e., B-step and ®-step are similar for the two problems. From

(3.22), the surrogate function for updating C in the C-step is given by
1 ~ ~ _
and the estimate of unit rank matrix A minimizing it is then given by

A =TO(C +XT{Y — u(C,B)}071), (3.24)
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where operator T() (M) refers to the first SVD component of matrix M. This results in
updating C with A in the C-step.

Now, for A # 0, we present an approach to minimize the surrogate function G(-) with
respect to unit-rank matrix A. The problem is non-convex and a closed form solution
is not possible. To overcome, we decompose unit-rank matrix A as u,d,v) where the
vector u, € R?, v, € R? and d, € R. Corresponding to the constraint in problem (3.20),
we set [|[vy]l2 = 1 and || Xu,/y/n||2 = 1. Motivated by Chen et al. [2012], the unit-rank
matrix A is estimated in terms of block variables (d,, u,) and (d,, v,). In the first step,
consider v = d,v,. On substituting A = u,v" in (3.22), for fixed u,, the optimization

problem to estimate unknown parameter v is given by
1
min {G(”) (Viu,,C,B,0) = §Hua\7T — CYY% + p(u,vT; W, )\)} : (3.25)

where C) = C + XT{Y — u(C,3)}®~!. The closed form solution of the unknown
parameter v equals S(CVTu,, adul w®w@w®)) /{14 (1 — a)\}|ug||? (called V-step),
where S(-,\) is soft thresholding operator on -. Using estimate of v and constraint
[Vall2 = 1, we extract and then updated the block variable (dy,v,) as (dg, V,). Using
(dg,V,), unit-rank matrix C is updated as C = u,v™.

In the second step, with v, = v, fixed, we perform estimation in terms of block

variable (d,,u,), for which we consider i = d,u,. On substituting A = uv} in (3.22),

we obtain the surrogate objective function for estimating 1u; for convenience refer it as
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G™(w;v,, C,B,®). The optimization problem to estimate the unknown parameter i

(called U-step) is given by,

u

1
i {G<“><u;va, C.B.9) = Lav] — CO + plavl: W, A)} . (3.26)

where CW = C 4+ X™{Y — u(C,3)}®'. Like the V-step, the solution for unknown
parameter 11 equals S(CWv,, aAvIw®w@Dw) /{1 4+ (1 — a)A}||va|? (called U-step).
We extract and then update the block variables (d,,u,) as (c?a,ﬁa) using constraint
1Xug/v/nll2 = 1.

Thus, the C-step involves performing a U-step and V-step to estimate the con-
stituents of unit-rank matrix A. At the end tth iteration, let unit-rank matrix
C = CO = u®d®yOT  control variable coefficient matrix 8 = 3% and dispersion

) and estimate

parameter ® = ®®. In V-step of (¢ + 1)th iteration, we set u, = u'
block variable (dg,v,) as (dg, V). Now, assign (d,, v,) to (d“*V, v+D) using which
define CH) = JEHDuOyEDT - Similarly, in U-step of (¢ 4 1)th iteration, we set
Vo = Vo = v and estimate block variable (dg, u,) as (a?a, u,). Also, assign (cia, u,)
to (d®), ) and obtain CEHY = gDy EDT,

In the B-step, when C and ® are held fixed, it can be seen that solving (3.20) with
respect to 3 reduces to a set of univariate GLM problems. In the presence of non-

Gaussian outcomes, the corresponding GLM problems can be solved using an iterative

algorithm which could be very time consuming. Alternatively, we take a majorization
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approach to get an one-step update of 3, similar to the previous method of updating C.

Define surrogate function

H(@; C, 5, 8) =£(C,a, 4, 0) + Sl — B2 + (B'(0), X(a — B)2 )

—(J,[B(O(C,)) — B(0)]@™") + const. (3.27)
Then minimizing H with respect to « is the same as
min o~ B - ZTY — u(C. B0 3,

which is a simple least squares problem. So when C = CtY, 8 = 30 and & = d®),

the minimizer
a=p" = gY L Z7{Y — p(C), g0)e0, (3.28)

Once C and B are updated, we can then update ® by maximizing the log-likelihood
function. With solutions for updating parameters (C, 3, ®) through a C-step, B-step
and ®-step respectively, we present the G-CURE in Algorithm 5.

The analysis in G-CURE proceeds via surrogate functions. Hence, it is important to
establish the fact that steps in G-CURE Algorithm 5 lead to the monotone descending
property of original objective function F(C, 3, ®;0) in (3.20). In the tth iteration, let

the current parameter estimate be given by (C®, BY, ®®)). The coefficient matrix is
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Algorithm 5 Generalized Constrained Unit-Rank Estimation: G-CURE

Initialize C, B and ®©. Set ¢ + 0.
repeat
(1) C-step:

V-step (3.25): block variables (d*1), v*+1) are recovered from v using con-
straint defined in (3.20); define C**1) = i+ Oy DT,

U-step (3.26): block variables (d**1, u**1) are recovered from 1 using con-
straint defined in (3.20); define Ct+1) = i+ yt+Dy DT,

(2) B-step: BHHY = B8O 4 ZT{Y — pu(CHD, g0 p"-1,

(3) ®-step: ) = argmaxy L(CHD, B4, @)

t<+t+ 1
until convergence,

e.g., ||[C(t+) 5(t+1)] _ [C(t) B(t)]”F/H[C(t) ﬁ(t)]HF < ¢ with € = 105,
return C, 3, ®.

updated to CD) and CH+D after the V-step and U-step respectively in the (t+1)

t+1)

iteration. The B-step then results in updated parameter B¢ Before we state a

theorem ensuring the monotone descending property of the G-CURE Algorithm 5, we

define some notations. For £ = {aC® + (1 — a)Ct:0 < a < 1},

= max sup [|I(OLED, D), 60|, (3.29)

1=k<q 4 (0,1)

with

104D, BY)) = XT¢(O 4(€4Y, BY), o)X, (3.30)
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and

COLED, D), ¢) = diag[B', (041, BY)))/¢). (3.31)

Similarly, using definitions in (3.30) and (3.31), for £ = {aC#+D + (1 - a)CHD; 0 <

a < 1},

e = max sup |10, D), 60, (3.32)

1=k<q 4 (0,1)

and for fgﬂ) e {aBY +(1—-a)B"V.0<a <1}

3= max sup |[L(©4(CHV, ), o), (3.33)

1<k<q 4e(0,1)

such that I(© ,(Ct+Y), gét+1))7 o) = ZT¢ (O, (CHHD), ng)), #\"Z. Now, we summarize

monotone decreasing property of G-CURE algorithm in the following Theorem.

Theorem 3.1. The sequence {C®, 81 1} produced by Algorithm 5 satisfies,

F(C(t), Ig(t)7 q;(t)) _ F(C(H'l), ,B(t+1)7 q)(t+1))

K1, ~ K = K
> SHICED — GO + 2O — DI + 28D - g0,

where k1 =14+ m(1+ (1 —a)X) =31, ko =1+m(1+ (1 —@)\) — Y, and kK3 = 2 — 73

with parameter n; = max(0,1 — Ly) for constant Ly € [0,1] fized for a threshold rule S
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(see definition 2.1 She [2012a]). Moreover, k1 > 0, Ky > 0 and k3 > 0 can be ensured

by proper scaling of X and Z.

The proof of the Theorem 3.1 is relegated to Appendix Section B.1. According to
Theorem 3.1, k1 > 0, ko > 0 and k3 > 0 ensures the monotone decreasing property of the
algorithm. It should be noted that, in Gaussian responses b} (z) = 1 and ax(¢y,) = o7
resulting in v; < || X]||3/ min(e?); in Bernoulli responses b} (x) = e7/(1 + €*)? < 1/4
and ay(¢r) = 1 resulting in vy, < [|X]|3/4; and in Poisson responses b} (z) = e* and
ar(¢x) = 1 which results in lack of universal bound of ;. Thus, the scaling factor s} for
Gaussian and Bernoulli responses are given by || X||2/ min(oy) and ||X]|2/2, respectively.
To deal with Poisson responses case, we could choose large enough «7 such that monotone
descending property of G-CURE is ensured. In mixed types responses cases, either
choose maximum of scaling factor ] obtained for each type of outcomes or empirically
set large enough value ensuring monotone descending property. For ko > 0, choice
of corresponding scaling parameter x3 is same as that of xj. To ensure k3 > 0, we
perform proper scaling of Z with scaling parameter x5 derived in similar way as that of
k7. Finally, the unknown dispersion parameters are estimated based on maximizing the
log-likelihood, so it is guaranteed to non-increase the objective function.

As we mainly focus on sparse estimation, we fix a = 0.95 and only tune A in all

our numerical studies. In practice, to initialize the G-CURE algorithm, we set B as

(

the model estimate of @ with only control variables, ®© = 1, ujo) =1 for j equals the

row-index of maximum unit in |[X*(Y — p(O)| else ugo) = 0, and obtain (d©,v©®)) as
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the beginning step. A sequence of A ranging from A, t0 Anin i generated to obtain
a solution path. When the model is fitted for a sequence of A values, the warm start
strategy is adopted, i.e., using the solution from previous fit as the initial value for the
next A value. For model selection, we use generalize information criteria [Fan and Tang,
2013]. The details of generating a sequence of A for a solution path and model selection

criteria are relegated to Section 3.3.3 where we have discussed the two issues in detail.

3.3.2 Convergence Analysis of G-CURE

We define the generalized constrained unit rank estimation (G-CURE) problem in (3.20),
and estimated the unknown parameters (d,u,v,3, ®) using Algorithm 5. We equiva-

lently write (3.20) as

(p,9) (p,9)
F(u,d,v,3,2;0) = L(C,3,®;0) + aX Y wij|duv;| + (1 — )XY (dujv;)?,
(i.d) (i.d)

st. d>0,u" X" Xu=n,viv=1 (3.34)

Jointly, in terms of the unknown parameters, the problem is non-convex, and a globally
optimal solution is not possible. Thus, using G-CURE Algorithm 5, we obtain a partial
optimal solution; for detail see definition 2.4 in Chapter 2. Using Theorem 3.2, conver-
gence of the estimates of unknown parameters to an accumulation point [Gorski et al.,
2007b] is guaranteed. Before providing details of the theorem, we define a sequence of set

(L} een = (@, ul? v, 80, () for unknown parameters estimates in sth iteration
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of G-CURE algorithm corresponding to the tunning parameter \.

Theorem 3.2. Consider the optimization problem in (3.34) with A >0 and 0 < a < 1.
Assume the weights {w;;} and the data (Y,X) are finite, and the initial value u3 sat-
isfies argming F(v;ul, 8% \) # 0, i.e., cﬁ}\ # 0. Then the sequence {L°}sen gener-
ated by the G-CURE algorithm is uniformly bounded and has at least one accumula-
tion point. Moreover, all accumulation points are coordinatewise minimum points and
have the same objective value, and F(L*; \) converges monotonically to F(L*; \) where

L= (dW, u®, vV, N, ®N) is coordinatewise minimum point.

We acknowledge that our convergence proof mainly follows the framework developed
in proving Theorem 2.3 of Chapter 2; see also Gorski et al. [2007b]. Details of the proof
are relegated to Appendix Section B.2. It is important to note here that Theorem 3.2
is subjected to condition of (79\ # 0, and Proposition 3.3 (for proof see Theorem 2.11 of

Chapter 2) ensures that required condition is met.

Proposition 3.3. Consider solving (3.34) with A > 0 and 0 < a < 1 using the G-CURE
algorithm. If argming F(v;u}, 8% \) # 0, i.e., gg #+ 0, then glvj # 0 and d™ # 0 for
any s > 0. Let (d™,u®,vh g», ®N)Y be the solution of (3.34) with tuning parameter
A If dX) £ 0, then d*2) # 0 for any Ay < A\i. Moreover, if d™) # 0, then setting

VS)\Q = v ensures that c?f\Q # 0 and di;“l #0 for any s > 0.
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3.3.3 Tuning and Rank Selection

For G-CURE analysis using its generic formulation (3.20), we fit the model for a grid of
100 A values equally spaced on the log-scale between [Anax, Amin], t0 cover a spectrum
of sparsity patterns in u and v. Here A\, is taken as a fraction of A\, at which the
model has excessive number of non-zero coefficients (in our numerical studies we set
Amin = Amax X 107%), and M., is the smallest A at which the estimated singular value
becomes zero. She [2012b] proposed the value of Apay to be ||[XT(Y — p(0))]]so-

For a given tunning parameter A\, we obtain estimates of the parameters (C, (3,
®) using G-CURE Algorithm 5. Let us specify the estimated values corresponding to
tunning parameter \ as (@(”, B(A), </IS(A)). In G-CURE setup, the estimated natural
parameter matrix @ = @(G(A), ,/3\()\)) defined according to definition (3.3). Once the
solution path is obtained, we need to choose the optimal solution along the path. For
small-scale problems, A\ can be chosen by cross validation [Stone, 1974]. Alternatively,
various information criteria have been widely used due to their computational efficiency.

In our numerical studies, we use generalize information criterion(GIC) [Fan and Tang,

2013] because of its superior performance in sparse learning, defined as

GIC(A) = D(f,; Y)/(ng) + {loglog(ng) log(pg)/(ng) }df (A)
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such that deviance measuring model fit is given by

D(py;Y) = 2{L(k\;Y) — L(Y;Y)}. (3.35)

Here L(p,;Y) is the negative log-likelihood of a multivariate GLM with canonical link
function, calculated using mean structure given by p, = B,(@(’\)) and response matrix
Y. Similarly, £(Y;Y) is the negative log-likelihood of the corresponding saturated
model. df () is the model degrees of freedom, which is estimated by Ci\f()\) =q(p.+1)+

I #£0) + 9, 1@ # 0) — 1 with I(-) being the indicator function.

3.4 Theoretical Properties

3.4.1 Asymptotic Results

We model dependency of responses Y € R"*? using control variables Z € R™*P= and

predictors X € R™*P and for this assume that there exists a regression model given by

Y = B'(©0") +E, (3.36)

where matrix E € R"*? is a sub-exponential random error matrix [Xu, 2016], and
B'(-) (see (3.5)) is a function operator defined on the natural parameter matrix ©* =

XC* + ZB" for unknown predictor and control variable coefficient matrix C* € RP*?



112

and B € RP=*7 respectively. We consider the following standard assumptions on the

design matrices (X, Z) and the random error matrix E.

Al (1/0)XTX 25 Ty, (1/n)Z"Z %> Ty and (1/n)XTZ =% 0 as n — oo, where T';

and I'y are fixed, positive definite matrix.

A2. The elements of error matrix E, ie., ey, ¢ = 1,...,n,k = 1,...,q, are inde-
pendent and identically distributed (i.i.d.) with E(e;) = 0, and defined using

sub-exponential parameter (o2,b) [Xu, 2016].

Now consider the sparse factor structure in the true coefficient matrix C*. Let
r* = rank(C*) < min(p, q) be rank of the true model. Let us assume that there exists a

decomposition of the low-rank coefficient matrix C* given by

C* = U'D*V*T, st. U U* =1., VIV* =1, (3.37)

where I denotes the r* x r* identity matrix, U* = [u},...,u’] € RP*™ and V* =
[vi,...,vi] € R are the singular vector matrices, and D* = diag{d},...,d*.} is a
diagonal matrix of singular values dj, ..., d’ . > 0. Both U* and V* are assumed to be

sparse matrices. We write C; = djujv;t and C* = 22:1 C;. Without much loss of

generality, we assume that all the non-zero singular values are distinct.
A3. di>...>d. > 0.

Then each Cj is fully identifiable, and each triplet (d},uj,v}) is identifiable up to
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the signs of the two vectors, i.e., ujvit = (—u})(—v;'). Additionally, we make an

assumption on double derivative of by () given by
A4.

0. < A i i T (0:)] > .
R bx(0a)l <7, and - min bﬂé [0k (0ik)| =

Now, to simplify the problem setup for facilitating our asymptotic analysis, we let
each singular value dj be absorbed to each pair (uj,v}) in the decomposition (3.37).
Specially, for each vj vector, k = 1,...,7%, there must exist at least one entry that is

nonzero, i.e., vy, # 0 for some 1 < £ < g. Accordingly, we reparameterize Cj, as

* . x_xT *
C.=uyv, , s.t. vy = L.

Here, with some abuse of notation, (uj, v}) are re-defined, and they are re-scaled versions
of their original counterparts in order to absorb the singular value, i.e., the new pair
satisfies

(wi Tu) (v vi) = dj.

Consequently, we parameterize the coefficient matrix C* as

Cr=UVv*T, s.t. UTTU* and V*TV* are both diagonal matrices, (3.38)

* *
'U[kk:l,k::l,...,r .
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Now all the elements in U* and V* are uniquely defined and fully identifiable. For & > r*,
it is obvious that C; = 0 and its corresponding singular vectors become unidentifiable;
as such, we can set u; = 0 and still choose v} to be a nonzero vector with a unit entry.

Now, consider our proposed G-CURE approach. Corresponding to the new param-
eterization (3.38), using generic optimization problem (3.20), the objective function in

the kth step of G-CURE can be written as

p q p q

FV (v, B,0) = L(C,B,0;01) + ar Y Y " winluwy| + (1 — )\ DD (wiwy)?,

i=1 j=1 i=1 j=1

(3.39)

where u € R?, v € R?with v, =1, C=uv' and 0, = 0, O, = O+ 3, XUV},
where (U, v, B, CT>) = arg min F,E”)(u, v,3,®). For simplicity assume that O = 0.
Here w;jr, = wirwji, where wy, = |uy|™ and wjp = |vj5|”7 with some v > 0. The
regularization parameter )\fc") is a function of the sample size, but 0 < o < 1 is considered
as a fixed constant. For the purpose of proof, we assume that ¢ = I.

We define some notations. Suppose Z is an arbitrary matrix, and A and B are subsets
of the collection of row and column indices of Z, respectively. We let Z 45 denote a sub-
matrix of Z whose rows and columns are chosen from Z according to the index sets A
and B, respectively. For simplicity, we write Z44 = Z 4 when Z is a square matrix,
Zus = Zg (Zy) when A (B) consists of all the row (column) indies, and Zy = Zy4

when Z is a vector. For kth column of matrix Z given by z,, we represent element in
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set A by notation zj4.

Theorem 3.4. (Existence of Local Minimum). Suppose A1-A4 are satisfied, and sup-
pose that )x,(:)/\/ﬁ — X > 0 as n — oo along with fived dispersion parameter ® = 1.

Then there is a local minimizer (ﬁk,Gk,B) of F,gn)(u, v, 3,®), such that

i 8 = uill = O,(n™12), |9 = vill = Op(n™"2), and ||B — B°|| = O,(n~"/2) for

k=1,...,r%.
ii. |di| = O,(n=Y2) where dy = (1/n)(QFXTX0,)(VIV,), for k=7 +1,...,r.

Proof of the theorem is relegated to Appendix Section (B.3).

3.5 Simulation

3.5.1 Simulation Setting

We have considered several simulation settings which include cases with similar or mixed

type of multivariate response variables. The underling distribution in the former case

mainly covers response variables from either Gaussian, binomial or Poisson family of

distributions, and in latter case their combinations. Simulated examples in mixed type

case have a) Gaussian/Bernoulli and b) Gaussian/Poisson outcome variables. In all

the cases, the true rank of C* € RP*? is r* = 3 with D* = s x diag(dy, ds, d,+) where
*

df = sxd; fori =1,..,7r". Weset d, =6, dy = 5, d3 = 3, and vary s to specify

signal strength in different cases. In our simulation, Model I refers to a low dimensional
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example with p = 30, ¢ = ¢1 + ¢ + g3 and n = 200 where {q1, ¢2, g3} are number of
{Gaussian, binomial, Poisson} outcome variables. Simulated models with all Gaussian
responses have ¢; = 30, all Bernoulli responses have ¢, = 30, all Poisson responses have
g3 = 30, Gaussian/Bernoulli responses have ¢; = 15,¢, = 15, and Gaussian/Poisson
responses have (¢; = 15,¢3 = 15).

For the similar response case, uj is generated as u; = u/|ax||, where
u; = [unif(A4,,8),rep(0,p — 8)]T, @y = [rep(0,5), unif(A,,9),rep(0,p — 14)]T,
and uz = [rep(0,11),unif(A,,9),rep(0,p — 20)]T; v} is generated as vi =
Vi/|[Vell, where v; = [unif(A,,5),rep(0,q — 5)]T, vo = [rep(0,5), unif(A,,5),
rep(0,q — 10)]T, and vz = [rep(0,10), unif(A4,,5),rep(0,q — 15)]T.  To de-
pict usefulness of joint learning using GSeCURE in the mixed type response
case, we generate v using vy = [V, V]t for kK = 1,2,3, where v, =
[unif(A,, 5),rep(0,q/2 — 5)], Vo = [rep(0, 3), T14, —U15, unif(A,, 3), rep(0, ¢/2 — 8)], and
V3 = [U11, —T12, 1ep(0,4), Uo7, —Tag, unif( A, 2), rep(0, ¢ — 10)]. The notation unif(.A,b)
denotes a vector of length b whose entries are i.i.d. uniformly distributed on set A; we
use A, = £1, A, = [-1,-0.3] U [0.3,1]. Notation rep(a,b) denotes a vector of length
b, whose entries are all equal to a. Control variable Z = 1,, has only an intercept term
with coefficient B = [rep(0.5, ¢)]*.

Model II is a high-dimensional model with ¢ = 30 and p = 300. Model parameter uj,
is generated by appending uj from Model I with zeros such that p = 300. Generation

of v; remains unchanged. The predictor matrix X € R"*? is generated such that latent
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factors in XU*/4/n are orthogonal; for details of generation mechanism, see Section
2.6.1 of Chapter 2. With specific signal strength s for a simulated example, the natural
parameter matrix is then constructed as 8" = [0}, ] = Z3" + XC*. The response matrix
Y is then generated by model (3.1) with dispersion parameter for all Gaussian responses
set to be error variance o2 obtained at SNR = 0.5; for the definition of SNR see Section
2.6.1 of Chapter 2. In addition, GSeCURE can efficiently handle missing entries in
response matrix Y, and to demonstrate that we have considered examples with 20%

missing entries in Y.

3.5.2 Methods and Evaluation Criteria

We compare the performance of the GSeCURE algorithm in terms of estimation, predic-
tion and sparsity recovery to that of several other modeling strategies for a given type
of multivariate responses, i.e., Gaussian, non-Gaussian, mixed. A simple procedure is to
model responses marginally, i.e., each column in the response matrix Y is fitted with a
univariate generalized linear model uGLM. We have used its penalized version available
in glmnet R package with elastic-net penalty. A recent unpublished manuscript by Chen
et al. [2017] for mized-response reduced-rank regression (mRRR) model propose a joint
estimation approach to recover rank r coefficient matrix via a) nuclear norm and b) rank
penalty on C, denoted by mRRR.n and mRRR.r, respectively. Also, one can sequentially
perform 7 unit-rank constrained mRRR.r analysis to obtain rank-r coefficient matrix,

referred to as mRRR.rs. Another possible approach in mixed type responses cases is to
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use the GSeCURE algorithm to obtain model estimates for each type separately, and
then combine the results obtained to get estimate of coefficient matrix, referred to as
GSeCURE.s. To depict effectiveness of the GSeCURE algorithm in the case with miss-
ing entries in response matrix Y, we use the available version of mRRR.n, mRRR.r,
mRRR.rs and GSeCURE.s dealing with missing entries. uGLM is not applicable for
such scenario, but a possible approach is to obtain marginal model estimate only on the
basis of available observations in columns of Y. The missing entries in Y are randomly
selected, and we consider missing proportions M% = {0%;20%}. The experiment was
replicated 100 times under each setup.

Model estimation is compared in terms of error in coefficient matrix Er(é) =
IC — C*||#/(pq), and error in dispersion parameter Er(®) = ||® — ®*||»/q. Error in the
natural parameter © estimate is shown using Er(Y) = H@—HH r/(nq) to depict prediction
accuracy. In the mixed type response case especially, prediction performance for Gaus-
sian responses and non-Gaussian responses are shown by Er,(Y) = ||§g —0,|lr/(nq1)
and Er,4(Y) = y|5ng —0,4]|r/{n(q¢ — q1)} respectively, where {6, 0,,} and its estimate
{59, éng} are the natural parameter matrices corresponding to their respective outcomes.
The sparsity recovery in decomposition of the coefficient matrix is characterized by the
false positive rate (FPR) and the false negative rate (FNR), calculated from comparing
the sparsity pattern of (G, vi) to that of (uj,vy) for k =1,...,r. Estimated ranks are
reported in metric r. The rank estimation performance is compared using amount of

signal left in (r* 4+ 1)th to rth component via R% = 100(>_" )/, d?).

i=r*+1 "1 =1 "
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3.5.3 Simulation Results

We have compared various model fitting strategies and reported their performances in
Table 8 — Table 17. Boxplots in figures 10 — 12 compare model prediction Er(Y) and
estimation Er(é) performance for Model I and Model II in the case of similar type
responses. A similar comparison is made in Figure 13 and 14 for mixed type response
case. In similar type response cases, except in Bernoulli multivariate outcomes Model
I1, we observe that GSeCURE shows better results in terms of a) estimation accuracy
by low value of Er(a), b) prediction in term of low value of Er(Y), c) efficient sparsity
recovery by low value of FPR and FNR, and d) consistent rank selection r. Bernoulli
outcomes multivariate models have less information/signal strength in comparison with
other models, thus they require more instances of observed data to have enough signal. In
high-dimensional setting with p > n, due lack of enough signal strength efficient recovery
is not possible sequentially, thus resulting in such under performance of GSeCURE.

In the mixed type response model, we again see superior performance of GSeCURE
in comparison to other models. It should be noted that joint modeling of multivari-
ate mixed outcomes through GSeCURE learns better model estimates in comparison
with GSeCURE.s in which separate model estimation is performed for each type. Thus,
GSeCURE efficiently induces learning across each type of outcome. To understand im-
portance of joint/induced learning, it should be noted that with only Bernoulli outcomes

in Model II, GSeCURE do not perform well; see Figure 11. But, in the same high di-

mensional setting Model II with Gaussian/Bernoulli outcomes, we observed significantly
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better performance due to induced learning; see Figure 14. GSeCURE can efficiently
handle missing entries in response matrix Y, and results corresponding to 20% missing
cases are also shown in Table 8 — Table 17. In such a setting, performance in all models
deteriorates, but GSeCURE still shows superior performance in comparison with other

methods.

Table 8: Simulation: results of Model I with Gaussian responses at signal strength s =
1.

Er(C) Er(Y) Er(®) FPR FNR R% r
M% = 0
GSeCURE | 7.42 (1.85)  1.82 (0.42)  0.01 (0.01) 0.15 (0.35) _ 0.00 (0.00) _0.00 (0.00) 3.0 (0.00)
mRRR.r | 1877 (2.28)  4.08 (0.51)  0.02 (0.01)  100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.rs | 18.73 (2.27)  4.07 (0.50)  0.02 (0.01) 100.00 (0.00)  0.00 (0.00) 0.00 (0.00) 3.0 (0.00)
mRRR.n | 51.25 (9.00) 850 (1.20)  0.03 (0.01) 100.00 (0.00) 0.00 (0.00) 0.14 (0.08) 6.98 (1.15)
uGLM 57.21 (7.68)  10.61 (1.28) 0.02 (0.01) 100.00 (0.00) 0.0 (0.00) 2.80 (0.39) 26.39 (1.01)
M% = 20
GSeCURE | 9.73 (2.50)  2.37 (0.57)  0.01 (0.01) 0.26 (0.47)  0.00 (0.00)  0.00 (0.00)  3.00 (0.00)
mRRR.r | 23.65 (3.09)  5.10 (0.61)  0.04 (0.01) 100.00 (0.00) 0.00 (0.00) 0.00 (0.00) 3.0 (0.00)
mRRR.rs | 24.03 (3.12)  5.22 (0.62)  0.04 (0.01) 100.00 (0.00)  0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.n | 75.51 (14.60) 12.56 (2.08) 0.03 (0.01) 100.00 (0.00) 0.00 (0.00) 0.07 (0.05) 5.56 (0.86)
uGLM 73.12 (10.45) 13.59 (1.70) 0.02 (0.01) 100.00 (0.00) 0.00 (0.00) 3.57 (0.50) 26.72 (1.29)

Table 9: Simulation: results of Model I with Bernoulli responses at signal strength s =
1.5.

Er(C) Er(Y) FPR FNR R% r
M% =0
GScCURE | 97.10 (30.14)  24.64 (7.14) _ 3.56 (4.69) __ 0.00 (0.00) _0.00 (0.00) _ 3.00 (0.00)
mRRR.r | 168.16 (23.22) 38.93 (5.25)  100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.rs | 158.77 (22.52)  36.40 (5.73)  100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.n | 421.75 (44.15)  100.22 (11.76)  100.00 (0.00) 0.0 (0.00) 2.47 (0.53)  12.24 (0.69)
wGLM 435.11 (44.42) 89.88 (8.47)  100.00 (0.00) 0.00 (0.00) 7.83 (0.81) 26.63 (1.28)
M% = 20
GSeCURE | 128.13 (41.55)  33.99 (12.04)  2.90 (3.92)  0.38 (0.80) 0.00 (0.00) 3.0 (0.00)
mRRR.r | 218.30 (32.69) 50.95 (8.67)  100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.rs | 203.52 (31.03)  46.07 (7.23)  100.00 (0.00)  0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.n | 488.20 (56.24) 116.63 (15.23)  100.00 (0.00) 0.0 (0.00) 3.27 (1.03) 12.31 (1.59)
uGLM 541.65 (56.19) 112.66 (11.67) 100.00 (0.00) 0.00 (0.00) 9.66 (1.05) 26.37 (1.35)
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Table 10: Simulation: results of Model I with Poisson responses at signal strength s =

0.5.

Er(C) Er(Y) FPR FNR R% r
M% =0
GScCURE | 3.81 (142) 0.3 (0.27) 4.03 (4.82) _ 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.r | 2643 (5.42)  4.35 (0.60) 100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.rs | 22.62 (4.29)  3.91 (0.59) 100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.n | 35.27 (4.91)  5.95 (0.68) 100.00 (0.00) 0.00 (0.00) 1.01 (0.69) 9.42 (2.80)
wGLM 22,58 (1.96)  4.36 (0.29) 100.00 (0.00) 0.0 (0.00) 4.32 (0.53)  26.46 (0.99)
M% = 20
GSeCURE | 4.87 (1.79)  1.16 (0.32) 2.65 (3.50)  0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.r 37.21 (9.53) 7.58 (3.13)  100.00 (0.00)  0.00 (0.00)  0.00 (0.00) 3.00 (0.00)
mRRR.rs | 34.44 (11.49) 7.04 (3.40)  100.00 (0.00) 0.00 (0.00) 0.0 (0.00) 3.0 (0.00)
mRRR.n | 44.28 (5.30)  7.72 (0.81)  100.00 (0.00)  0.00 (0.00) 1.39 (1.12)  9.43 (3.19)
uGLM 20.07 (2.81)  5.61 (0.38) 100.00 (0.00) 0.00 (0.00) 5.47 (0.74)  26.42 (1.34)
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Table 13: Simulation: results of Model II with Gaussian responses at signal strength s

=1.
Er(C) Er(Y) Er(®) FPR FNR R% r
M% =0
GSeCURE | 1.66 (0.75)  3.13 (L.11) 0.01 (0.01) 0.15 (0.16) __0.00 (0.00) __0.00 (0.00) _3.00 (0.00)
mRRR.r | 51.47 (8.00) 93.29 (37.14)  3.16 (1.98) 44.28 (16.46) 54.61 (16.17) 0.00 (0.00) 1.33 (0.49)
mRRR.rs | 51.32 (8.05) 93.05 (37.49)  3.16 (1.98) 44.28 (16.46) 54.61 (16.17) 0.00 (0.00)  1.33 (0.49)
mRRR. | 56.13 (6.86) 84.58 (31.50)  2.28 (1.76)  100.00 (0.00)  0.00 (0.00) 0.0 (0.00)  3.00 (0.00)
uGLM 15.22 (1.96)  23.72 (2.48)  0.07 (0.02) 93.12 (2.74)  0.00 (0.00)  5.53 (0.84) 27.09 (1.48)
M% = 20
GSeCURE | 2.70 (1.36)  5.07 (2.22) 0.02 (0.02) 0.18 (0.14)  0.60 (1.08)  0.00 (0.00) 3.00 (0.00)
mRRR.r | 59.77 (6.88) 122.32 (8.86)  2.53 (0.57) 33.26 (0.00)  65.31 (0.00)  0.00 (0.00) 1.0 (0.00)
mRRR.rs | 59.78 (6.86) 122.40 (8.88)  2.53 (0.57) 33.26 (0.00)  65.31 (0.00)  0.00 (0.00)  1.00 (0.00)
mRRR.n | 69.97 (5.59) 168.54 (44.35) 4.12 (1.96) 86.00 (23.28) 15.63 (21.55) 0.00 (0.00)  2.54 (0.66)
uGLM 10.83 (2.34)  31.27 (2.93)  0.10 (0.02) 92.23 (2.39)  0.00 (0.00)  7.14 (0.88) 26.72 (1.54)

Table 14: Simulation: results of Model II with Bernoulli responses at signal strength s

=4.
Er(C) Er(Y) FPR FNR R% r
M% =0
GSeCURE | 804.17 (116.01) 2074.80 (300.35) 3.37 (1.27) __ 12.78 (5.44) 0.00 (0.00) 3.0 (0.00)
mRRR.r | 769.12 (26.96)  955.13 (89.64)  100.00 (0.00) 0.00 (0.00)  0.00 (0.00)  3.00 (0.00)
mRRR.rs | 924.91 (40.01)  1404.81 (146.10)  100.00 (0.00) 0.00 (0.00)  0.00 (0.00) 3.0 (0.00)
mRRR.n | 995.20 (15.02)  2202.81 (164.83) 100.00 (0.00) 0.0 (0.00)  7.35 (0.94)  17.81 (0.83)
uGLM 700.03 (53.30) 1698.70 (155.62)  92.27 (2.58) 0.00 (0.00) 7.32 (0.80) 27.13 (1.39)
M% = 20
GSeCURE | 851.71 (93.51)  2212.68 (275.50) 271 (1.26) 1578 (8.04) 0.00 (0.00)  3.00 (0.00)
mRRR.r | 797.04 (26.78)  1063.74 (95.86)  100.00 (0.00) 0.00 (0.00)  0.00 (0.00)  3.00 (0.00)
mRRR.rs | 915.63 (35.68)  1420.78 (152.93)  100.00 (0.00)  0.00 (0.00)  0.00 (0.00)  3.00 (0.00)
mRRRan | 1019.74 (16.01)  2312.97 (174.42)  100.00 (0.00) 0.0 (0.00)  7.61 (1.55)  16.43 (1.46)
uGLM 804.86 (52.99)  1968.41 (177.74) 88.28 (2.80)  0.00 (0.00)  10.00 (1.20) 27.09 (1.44)

Table 15: Simulation: results of Model II with Poisson responses at signal strength s =

0.5 .

Er(C) Er(Y) FPR FNR R% r
M% = 0
GSeCURE | 2.00 (1.34)  4.33 (3.38) _ 0.95 (0.97) 2.26 (2.63) 0.00 (0.00) _ 3.00 (0.00)
mRRR.r 13.89 (1.18)  14.61 (1.94) 93.03 (28.16) 14.97 (17.67)  0.00 (0.00)  2.71 (0.77)
mRRR.rs | 11.57 (1.11)  11.49 (4.08) 84.71 (18.06) 14.97 (17.67) 0.00 (0.00)  2.71 (0.77)
mRRR.n | 13.08 (0.48) 12.95 (0.99)  100.00 (0.00)  0.00 (0.00) 3.73 (1.97)  5.69 (1.35)
uGLM 6.06 (0.58)  10.38 (0.69) 91.50 (2.58)  0.00 (0.00) 8.69 (1.38)  26.71 (1.74)
M% = 20
GSeCURE | 2.46 (1.49)  5.11 (3.56)  1.37 (1.27) 3.14 (2.84) 0.00 (0.00)  3.00 (0.00)
mRRR.1 14.60 (1.16) 18.26 (1.19) 86.77 (31.15)  21.77 (18.14)  0.00 (0.00)  2.35 (0.60)
mRRR.rs | 12.47 (1.07) 14.92 (3.95) 77.75 (18.54)  21.77 (18.14)  0.00 (0.00)  2.35 (0.60)
mRRR.n | 13.96 (0.49) 16.35 (1.27)  100.00 (0.00)  0.00 (0.00) 3.49 (2.10)  5.27 (1.08)
uGLM 7.82 (0.84)  13.54 (0.97) 89.75 (3.23)  0.00 (0.00) 11.31 (1.62)  26.68 (1.74)
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Figure 10: Simulation — Similar Responses: Notched boxplots of estimation accuracy

o~

Er(C) and prediction accuracy Er(Y) for either Gaussian (G) or Poisson (P) type of
multivariate responses in Model 1.
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Figure 11: Simulation — Similar Responses: Notched boxplots of estimation accuracy

o~

Er(C) and prediction accuracy Er(Y) for Bernoulli (B) type of multivariate responses

in Model I and Model II. Model I in Figure (a)—(b) and Model 1T in Figure (c¢)—(d).
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Figure 12: Simulation — Similar Responses: Notched boxplots of estimation accuracy

o~

Er(C) and prediction accuracy Er(Y) for either Gaussian (G) or Poisson (P) type of

multivariate responses in Model II.
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Notched boxplots of estimation accu-

racy Er(C) and prediction accuracy Er(Y) for Gaussian/Bernoulli (G/B) and Gaus-
sian/Poisson (G/P) mixed type response cases where figure (a)—(d) corresponds to Model

L.
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Notched boxplots of estimation accu-
racy Er(C) and prediction accuracy Er(Y) for Gaussian/Bernoulli (G/B) and Gaus-
sian/Poisson (G/P) mixed type response cases where figure (a)—(d) corresponds to Model
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Chapter 4

R package secure

We have developed software implementing SeCURE in R package secure, which is avail-
able on the Comprehensive R Archive Network (CRAN). With the aim to understand

its usability, here we have demonstrated the functions and their features.

4.1 SeCURE Implementation

We have implemented sequential co-sparse factor regression in the secure.path function
of the package secure. The approach is described in Chapter 2 of the thesis. With the
aim to enhance computation speed, we have implemented the computationally intensive
part of the function using Rcpp and RcppArmadillo.

The function requires the user to provide the multivariate response matrix Y and
predictor matrix X. As a sub-case of SeCURE when predictor X is not specified, the
function assumes it to be identity matrix and performs biclustering [Lee et al., 2010] on
observed response Y. The desired rank or maximum number of latent factors can be
specified using variable nrank. In a unit step, secure performs constrained unit-rank

estimation(CURE) in which the solution path is obtained corresponding to maximum
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nlambda .

The function takes in a set of control values which we set using the secure.control
function in the package. Controlling parameters passed to the function include; mu,
penalty parameter used in enforcing orthogonality; nu, ncremental rate of mu; MMerr,
tolerance in the majorization mazimization (MM) algorithm for computing initial values
when missing values occur; MMiter, maximum number iterations in the MM algorithm;
outTol, tolerance of convergence of outer loop in CURE; outMaxIter, maximum num-
ber of outer loop iterations in CURE; inMaxIter, maximum number of inner loop iter-
ation in CURE; inTol, tolerance value required for convergence of inner loop in CURE;
lamMaxFac, a multiplier of calculated \,,.;; lamMinFac, a multiplier for determining A,
as a fraction of \,,..; gammaO, power parameter in the adaptive weights; elnetAlpha,
elastic net penalty parameter; spU, maximum proportion of nonzero elements in each
column of estimated U; and spV, maximum proportion of nonzero elements in each
column of V.

We call the function using following command:

secure.path(Y, X = NULL, nrank = 3, nlambda = 100, U0 = NULL, VO = NULL,
DO = NULL, orthXU = FALSE, orthV = FALSE, keepPath = TRUE,

control = list(), ic = c("GIC", "BICP", "AIC")[1])

The function performs model selection using various information criteria ic given by

Generalize Information Criteria (GIC), Bayesian Information Criteria (BIC) and Akaike



134

Information Criteria (AIC). Sparsity is induced using the adaptive elastic net penalty,
defined in equation, (2.10), and (U0, D0, V0) provides input parameters for such con-
struction. The orthogonality constraint is optional which can be chosen using orthXU
and orthV. It should be noted here that the secure.path function does not generate
the entire solution path, rather it terminates at a point where the required proportion
(specified by spU and spV) of nonzero elements in estimates of U and V are met.

The package offers function secure.sim which generates multivariate responses and
predictor data as suited for our function secure.path. The user needs to specify fol-
lowing parameters: U, specified value of U; D, specified value of D; V, specified value of
V; n, sample size; snr, signal to noise ratio; Xsigma, covariance matrix for generating
sample of X; and rho, parameter defining correlated error. The function can be called

using following command:

secure.sim(U, D, V, n, snr, Xsigma, rho = 0)

Another additional function offered by secure is rrr.fit for fitting reduced rank
regression model of rank r. User need to input response matrix Y, predictor matrix X

and rank r. The function can be called using following command:

rrr.fit(Y, X, nrank = nrank)
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4.2 Example

Here we demonstrate a single simulation for model fitting using secure.path. Before

we generate data, we first define model parameters.

# Simulate data from a sparse factor regression model

p <- 100; q <- 100; n <- 200

xrho <- 0.5; nlambda <- 100

nrank <- 3

U <- matrix(0,ncol=nrank ,nrow=p); V <- matrix(0,ncol=nrank ,nrow=q)
U[,1]<-c(sample(c(1,-1),8,replace=TRUE) ,rep(0,p-8))

U[,2]<-c(rep(0,5) ,sample(c(1,-1),9,replace=TRUE) ,rep(0,p-14))
U[,3]<-c(rep(0,11) ,sample(c(1,-1),9,replace=TRUE) ,rep(0,p-20))
V[,1]<-c(sample(c(1,-1),5,replace=TRUE)*runif(5,0.3,1) ,rep(0,q-5))
V[,2]1<-c(rep(0,5),sample(c(1,-1),5,replace=TRUE)*runif (5,0.3,1) ,rep(0,q-10))
V[,3]<-c(rep(0,10),sample(c(1,-1),5,replace=TRUE) *runif (5,0.3,1) ,rep(0,q9-15))
U[,1:3]<- apply(U[,1:3],2,function(x)x/sqrt(sum(x~2)))

V[,1:3]<- apply(V[,1:3],2,function(x)x/sqrt(sum(x~2)))

D <- diag(c(20,15,10))

C <= U%*%D%*%t (V)

Xsigma <- xrho~abs(outer(1l:p, 1:p,FUN="-"))

We simulate data of sample size n = 200 with q=100 responses and p=100 predictors.
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With simulated model parameters in hand, we generate n samples of response and

predictors using

sim.sample <- secure.sim(U,D,V,n,snr = 0.25,Xsigma,rho=0.3)
Y <- sim.sample$Y;

X <- sim.sample$X;

Now, we are ready for model fitting. Before we fit the model, we define maximum
rank.ini and control. Set maximum rank to be equal to 4, and specify sparsity

proportion to be 0.25 in both U and V.

rank.ini <- 4 # Set maximum rank to be 4.
# Set largest model to about 25% sparsity
# See secure.control for setting other parameters

control <- secure.control(spU=0.25, spV=0.25)

The secure.path function provides flexibility to fit the model with or without or-

thogonality constraint. To fit model in such scenarios we have:

# Fit secure without orthogonality
fit.orthF <- secure.path(Y,X,nrank=rank.ini,nlambda = nlambda,

control=control)

# Fit secure with orthogonality if desired. It takes longer time.
fit.orthT <- secure.path(Y,X,nrank=rank.ini,nlambda = nlambda,

orthXU=TRUE, orthV=TRUE, control=control)

With model estimates in hand, we check orthogonality in both the case using:
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crossprod (X)*%fit.orthF3$U) /n

crossprod (X%*%fit.orthT$U) /n

To demonstrate capability of secure.path in handling missing data in multivariate

responses, we drop 15% entries in response matrix Y, and save in new matrix Ym.

# 15, missing case
miss <- 0.15
t.ind <- sample.int(n*q, size = miss*n*q)

y <- as.vector(Y); yl[t.ind] <- NA; Ym <- matrix(y,n,q)

To fit the model with or without orthogonality constraint in such scenarios, the

functions are given by:

fit.orthF.miss <- secure.path(Ym, X, nrank = rank.ini, nlambda = nlambda,
control = control)
fit.orthT.miss <- secure.path(Ym, X, nrank = rank.ini, nlambda = nlambda,

orthXU=TRUE, orthV=TRUE, control = control)

Let fit be object storing model output. It would be interesting to see how latent

factor loadings estimated VD.

VD <- data.frame(fit$V %), £it$D)

VD$Index <- 1l:nrow(fit$V)

require(ggplot2); require(reshape2)

df <- melt(VD, id=c("Index"))

levels(df$variable) <- c(’First’,’Second’,’Third’)

ggplot(df, aes(Index,value)) + geom_line() + facet_grid(. ~ variable)+

theme_bw()+ylab("Factor loading")+ geom_hline(aes(yintercept=0))
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Figure 15: An example of SeCURE: Loadings of first, second and third latent factors.
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Chapter 5

Discussion

We have developed a sequential estimation procedure to recover an appealing co-sparse
and low-rank factor structure in the multivariate models with outcomes either of con-
tinuous, count, binary types or may be of mixed types. A subclass of the model is
the multivariate linear regression (MLR), and we have proposed SeCURE for model
estimations. To deal with the modeling problem in the generalized setting where multi-
variate responses are either similar/non-Gaussian types or may be mixed types, we have
proposed the greedy algorithm GSeCURE. The models allow each latent factor to be
constructed from a subset of predictors, and may potentially influence only a subset of
responses. In SeCURE, we show that the orthogonality constraints that are required
in joint estimation can be avoided in sequential estimation, and without them, com-
putational efficiency and estimation consistency can both be achieved. Motivated by
SeCURE, in GSeCURE such a constraint is not enforced. Because of complicated objec-
tive function in a unit-step of GSeCURE, to ensure its monotone descending property
the estimation proceeds via a surrogate function suitably defined using scaled predic-
tors. Moreover, both the procedures can efficiently handle missing entries in multivariate
responses.

There are several directions for future research. A priority is to perform a compre-
hensive non-asymptotic analysis to fully understand the finite sample behaviors of the

SeCURE estimators. In our sequential procedure, the residual matrix is used in each
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step to deflate the information found from the previous steps; it would be interesting to
investigate other deflation methods. Also, none of the proposed procedure can handle
missing entries in the predictor matrix, thus the problem requires our attention.

Many multivariate analysis (MA) methods like canonical correlation analysis (CCA),
principal component analysis (PCA), partial least square (PLS), RRR and linear dis-
criminant analysis (LDA) determines the relation between centered multivariate response
and centered multivariate predictor. They do so by finding subspace of both predictor
and response in their respective setting. MA technique like PLS, CCA, PCA, RRR can
be formulated as generalized eigen decomposition (GED) problem; see technical report
by [Borga et al., 1997]. To efficiently solve the GED for high-dimensional data, Borga
proposed to use a gradient-descent algorithm on a Rayleigh quotient. In the high dimen-
sional scenario, we have MA technique sparse version as well, like sparse PCA, sparse
PLS, sparse CCA etc. The challenge with GED lies in the estimation of sparse eigen
vector in rank deficient cases which occurs quite often in high dimension. It is thus
interesting to develop a unified sequential estimation procedure that performs co-sparse
generalized eigen-decomposition [Bahadori et al., 2016].

[De la Torre, 2012] proposed a least square framework referred as weighted reduced
rank regression (WRRR) which brings a wider class of multivariate analysis problem into
a unified model setup. In some cases, MA problem formulation is quite straight forward
while in other cases equivalent GED setup of MA technique is used to establish its
connection with WRRR. The least square formulation yields efficient numerical schemes
to solve MA techniques, and also it opens up the possibility extending the model in
the regularized setting. Thus, to obtain co-sparse generalized eigen-decomposition in
MA problems, it would be interesting to explore the avenues of sequential estimation in

regularized WRRR like SeCURE.
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We have noted that sufficient signal to noise ratio (SNR) is required for efficient
recovery of the unit rank matrix in a unit step of GSeCURE. The sequential approach
through the unit-rank estimation step provides us flexibility in inducing co-sparsity in
singular vectors which are important for performing variable selection in the generalized
setting. Hence, we look for a procedure with the unit-rank estimation step which can
handle problems with low SNR in the generalized setting. A possible approach is to
perform estimation of the unit-rank matrix in a unit step via exclusive extraction strategy
(EEA), as proposed in Chen et al. [2012] for MLR.

Like SeCURE, a unit step in the EEA approach also estimates unit-rank matrix
expressed as the outer product of singular vectors of the coefficient matrix. The two
procedure differs in the type of recovered SVD decomposition of the coefficient matrix.
The EEA approach is an iterative procedure that proceeds via unit-rank matrix estima-
tion step which provides us the flexibility to induce co-sparsity in singular vectors. In a
unit step, the sparse unit-rank matrix estimated is the one which best predict exclusive
layer using observed predictors. The exclusive layer accounts for signal left obtained af-
ter subtracting estimated signal in remaining layers from the given signal, i.e., observed
responses. It would be interesting to apply the strategy in the generalized setting of the
multivariate problems to recover the low-rank and sparse coefficient matrix.

In the generalized setting, when we will be performing the model estimation via EEA
approach, rather than obtaining the exclusive layer, in a unit step the estimated signal
in remaining layers can be incorporated via the offset term matrix. We will face similar
challenge because of complicated likelihood structure as in a unit-step of GSeCURE.
Again, the analysis through surrogate of the objective function based on properly scaled
predictors will lead us to a computationally efficient algorithm for the model parameters

estimation.
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Appendix A

Sequential Co-Sparse Factor

Regression

A.1 Linear Constrained Elastic Regression

Consider a generic form of the linear constrained adaptive elastic net regression,

p A
i {J(B)E%Hy—XBH%Hlij!Bj\+§Zﬁf}, st AB=b, (A1)
eky j=1 j=1

where y € R", X € R™?, A = (a,...,a,) € R"”? b € R w = [wy,..,w,)" are
some predetermined weights, and A\; and Ay are tuning parameters.
This is an equality-constrained convex optimization problem. The augmented La-

grangian function is
Lu(B.<) = J(B) +<"(AB —b) + 5[ AB ~ bl

where c is the Lagrange multiplier, and p > 0 is a penalty parameter. The Bregman

iterative method or the method of multipliers [Bregman, 1967, Boyd et al., 2011, Lin
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et al., 2014a] yield the following iterative steps to solve the problem,

BV =arg i Ly(8,c®)

(s)
—argmin{/(8) + 5148 —b - I3, (A2)

C(s+1) :C(s) o (A,B(S+1) _ b),u

The method converges under very general conditions. As the iteration proceeds, the
residual AB*™ — b converges to zero, yielding optimality.

Following (A.2), the key is to minimize

] 1 - Ao 1) c(®)
Bl = Hgn {§||y — XBII5+ M\ D> w8 + 5”5”3 + 5 llAB=b - WHS :

Jj=1

(A.3)

Here the penalty parameter (*) can be updated along the iterations; letting 1 — oo or in-
crease with small increments can in general improve the speed of convergence [Goldstein
and Osher, 2009]. The above problem can be efficiently minimized by a coordinate de-
scent algorithm. Suppose all the 8;s are fixed except 3}, and denote r; =y — Zk# Xy Ok

The objective function with respect to 3; becomes

] 1) ¢
§||rj —x; 55115 + Mw;| 85| + THajﬁj + Zakﬁk —~b - an + ?BJZ + const.
=y

Then it can be easily verified that

&)/ C)
.S ((y - Zi;ﬁj Bixi)Tx; + ){(5@ +b)Ta; - Zi;ﬁj Biala;}, ij) Ad
By = A2 +X[x; + pl¥aja; ’ (4.4)




144

where S(m, ) = sign(m)(|m| — )4 is the soft-thresholding operator. (A.3) can then
be solved by iteratively updating each 3, j =1,...,p, by (A.4) until convergence. Our

proposed algorithm is presented in Algorithm 6.

Algorithm 6 Bregman Coordinate Descent Algorithm (BCDA)

Initialization: s =0, 8 e R?, ¢© =0, p® =1 and p > 1.

repeat
(1) Use coordinate descent to obtain BE+Y | by iteratively updating Bjs using (A.4)
until convergence.

(2) ) = () — (Aﬁ(sﬂ) —b)u.

(3) bt = pp.

s+ s+ 1
until convergence, i.e., |85 — 8@ /|8 < e
return B(\, \2).

We remark that the problem in (A.1) can also be solved using an alternating direction

method of multipliers [Boyd et al., 2011}, by reformulating the problem as

min {f(8) + g(v)}, st. AB=b,B=17, (A.5)

Bere

where f(8) = 5lly —XB3, and g(v) = M\ YF_, wy ||+ 22 "_17;. We omit the details

but refer the readers to Boyd et al. [2011] for details.
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Appendix B

A Greedy Algorithm for (Generalized

Sparse and Low-rank Recovery

B.1 Proof of Theorem 3.1

Proof: We show that Algorithm 5 admits desirable convergence properties. Let the
parameter in any tth iteration be given by L®) = (d®,u® v ®. 30 @ ®®)). Then unit-
rank matrix C® = dDu®v®T . For the ease of presentation, we will denote the natural

parameter matrix for C® and 8
@(C(t)’ﬁ(t)) = 0(d¥, u®, v, B(t)) =0+ XCW 4 7z8Y. (B.1)

In terms of L®, the surrogate function for the V-step, G (V;u,, C, B, P) defined in
(3.25), is given by G (v; d® u®, v® gY ") = G)(v; L) where v = dv, u, = u®,
®. 8 =8Yand ® = ®®. Then, v = v)d®, Let v+ = 0Dy E+D minimize

surrogate function G (v;L®"). As shown by She [2009], for any &, € R,
GV EED 46 L0) — GO (D L0) > %(1 + (1= a)A) a3l u®]3,

where 1 = max(0,1 — L;) with constant L, € [0,1] is fixed for a threshold rule S (see

definition 2.1 She [2012a]) defined corresponding to penalty function p(-) and 1 — L,
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bounds below dS™'(u; \)/du. The constant L; can be explicitly computed for several
commonly used penalty forms. Define C+) = dt+Du®v(t+DT  Choosing §; = v —

v we get
GUELY) - GOEHLO) > T+ (L - an)|CHY - CVI (B2)

It should be noted that G (v®: L®) = G(C®W;Cc®, 3¥ o®) = p(C®, BY &®) and
GO (). L) = G(Ct+D, c®, 30 d®). Using the obtained result in (B.2) and part

of the proof in Theorem 2.1 of She [2011], we can say that

L+m(1+(1— ))‘)Hé(t—l-l) EelOITE:
2

F(Cc®, M oWy — p(CttD) 30 o)) > i

— SBIOE, B)), (XE - XCW) o (X - XCO)a )
1+ n 14+ (1—a)\), = Y1~
> 1( 2( ) )||C(t+1) . C(t)H?: . 71||C(t+1) _ Cu)”%

where £ € {av® + (1 — a)p™V:0 < a < 1} and ) = q®eIT Aot 4y, we

have
= max sup [L(O4EHY, BD), )]s, (B.3)
1<k<qae(0 1)
with
1(04(E5Y, YY) = XT¢(0,4(EHD, BD), o)X, (B.4)
and

C(OL(EXY, 8D, 61) = diag[B,(0.£(£HV, BY))] /o). (B.5)
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Hence, we obtained that in V-step
~ K1, =
F(CY, 89, 00) — F(CO, 50, 00) > TEED - Oz, (Bo)

where k1 =1+ (1 + (1 — a)X) — 7.

As long as k1 > 0, the monotone descending property of the C-step is guaranteed.
The upper bound of v; can be determined for several distributions. For example, for
Gaussian responses, b} (x) = 1 for any x, and ai(¢) = o7, where o7 is the variance
parameter; therefore, v, < [|X||3/ min(c3), where the minimum is taken over the indices
of all the Gaussian responses. It then suffices to scale X by some x] > ||X||2/ min(oy),
so that after scaling, vy < 1 and k; > 1 — L;. In practice, o, can be taken as some
initial estimator from GLM. For binary responses, b}(z) = €*/(1 + €*)? < 1/4 for any
x and ai(¢r) = 1, so that v, < ||X]|3/4. Then it suffices to have x} = [|X||2/2. For
Poisson responses, however, b}/ (x) = e does not have a universal bound; nevertheless,
in practice we could empirically choose a large enough x] to ensure the descending of
the C-step. In the mixed response setting, ~] can be chosen as the maximum of such
quantities for different distributions.

In (t + 1)th iteration, the parameter after the V-step will be E(Hl) =
(d®) u® vt+) 30 ®)  In terms of updated parameters, the surrogate function
of the U-step, G™(11;v,,C, 3, ®) defined in (3.26), is given by G(“)(ﬁ;i(tﬂ)) where
i=du, v,=vtH) C=CHY B=08" and ® = d®. Then 0® = dDu®. Let ut+V

~(t+1)

minimize surrogate function G (i; L 7). Define C+Y = at+Dy DT - Ag shown by
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She [2009], for any 0, € RP,

G(u)(ﬁ(t+1) + 52; ’I:(t+l)) . G(u)(ﬁ(t+l); ’I:(tJrl)) > %<1 + (1 . O‘)A)H§2Hg||v(t+l)H%'

On setting 8y = dFDu® — DD we have

~(t+1) (t+1)

G (@ Dg®, Ty — g @, Ty > %(1 F(1- Oé))\>‘|é(t+1) — CHD|2,

(B.7)
Here
GO (D, L) — (G, G+ g0 o0y — p(CEHD, g0 o)
GO (@D, L(””) G(CEHD, G+ g )y,
Similar to result (B.6) in V-step, for U-step we have
F(CHD, g0 30y — p(ctd go ¢y > %H@(m) — |2 (B.8)
where ko =1+ (1 + (1 — a)X) — 72 and
2= max sup L@, 8), "), (B.9)

1<k<d ae(0,1)

such that I(© 4 (€™, 8")) is defined according to (B.4) for £/ = ¢{THvHDT with
¢ e {au® + (1 — a)a™;0 < a < 1}. To define I(0,4(cfV, 81Y)), we require
C(O,(E8Y, W), qb,(f)) which is defined in (B.5).

In B-step, B minimize the objective function H(-) (3.27). Similar to (B.2) in V-step,
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we get,
H(@(t). ct+h g® oM — H(,B(Hl)' ct+ 30 q)(t)) > 1”6@) — 5(t+1)||%
Y Y ? ? ’ Y — 2 Y

by the triangular inequality. Similar to result (B.6) in V-step, it follows that for 3-step

we can say that
K3
F(c(tJrl)“g(t)7 q)(t)) _ F(C(t+1),,3(t+1), q)(t)) > ?Hig(tﬂ) _ ﬁ(lt)“%7 (B.10)
where k3 = 2 — 3 and

= max sup ||I(©,(CHD, (+1) , () , B.11

= g sup KOG, 60, (B.11)

where fgﬂ) e {aBY + (1 —a)B"™M;0 < a < 1}. Use (B4), (B.5) to define
I(@.k(C(t“),ng)), gzﬁ,(f)). Therefore, with k3 > 0, the non-increasing property of the
B-step of algorithm is guaranteed. Again, this can be achieved by proper scaling of Z.
Finally, the unknown dispersion parameters are estimated based on maximizing the log-
likelihood, so it is guaranteed to non-increase the objective function. Thus, on adding

results in (B.6), (B.8) and (B.10), the result in Theorem 3.1 easily follows.

B.2 Proof of Theorem 3.2

Proof: In the given scenario, let us denote the parameter set by L = (d,u, v, 3, ®), and

express the objective function interchangeably as F'(d,u,v,3,®;0) = F(d,u,v,3,®) =
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F(L). Define the constrained parameter space for (3.34) as
Q={(du,v,B,®);d>0,u"'X"Xu=n,viv=108¢c R+ &> 0}.

It is easy to see that Q = Qg x Q, x y X Qg X Qg, where Q; = {d;d > 0}, Q, =
{g; u™X"Xu = n}, Q, = {v;v'v = 1}, Q4; B € R**7 and Qp;® > 0. G-CURE
algorithm (5) proceeds via C-step, B3-step and ®-step. The V-step and U-step are two
sub-steps of the C-step in which block variables (d, v) and (d, u) are updated respectively,
keeping other parameters in L fixed. Starting from L° = (d°,u®,v®, 3° &%), we first
update (d,v) for fixed (u = u*,8 = @°,® = @) to obtain (d*t!,u®, vst!, B% @),
and then similarly update block variable (d,u) for fixed (v = vt 3° & = &%) to
obtain (d**!, u**' vt @° ®°). Then subsequent steps update 3 and ® to obtain L.
In the following, we consider the case that A > 0 and 0 < a < 1, and assume the
weights {w;;} and the data (Y, X) are finite, and the initial value (u°, 3%, ®°) satisfies
arg miny, F\(v;u’, 8%, ®° )\) # 0, i.e, dt £ 0. (We have dropped subscript A in the above
notations for convenience.)

G-CURE algorithm is non-increasing which has been shown in Theorem 3.1. It has
been established that a condition under which (1, k2, k3) are non-negative ensures mono-
tone decreasing property of G-CURE, i.e., F(L**!) < F(L*). Moreover, the objective
function in (3.34) is bounded from below, so that the sequence {F'(L*)}sen generated by
Algorithm 5 converges monotonically.

In proving the result, we have considered the case of ® = I and control variable
parameter 3 = 0. It is trivial to extend the result for the general case. Our convergence
proof utilizes the framework developed to prove convergence in Theorem 2.3 of Chapter

2. Using the framework, it is sufficient to prove that sequence {L°}scn is uniformly
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bounded.
Use Theorem 3.1 to write result for ¢ = 0,...,n, and then on addition we get
F(OY) — p(ent+h) (B.12)
> il Gt _ 02, 4 B2 o+ _ G2 B8y g _ g2
>3 I3+ 2 I3+ 280 — O
t=0

(B.13)

For bounded L°, we have F(©) bounded as well, and sequence F(O®) is bounded
below and monotone decreasing (3.1). Hence, for any n, the RHS of (B.13) is upper
bounded. This results in parameters of set L' to be bounded for ¢t = 1,...,n. Using
induction, we can say that the parameters in the set L’ to be bounded when n tends to

infinity.

B.3 Proof of Theorem 3.4

Proof: A unit step of sequential approach aims to extract unit rank matrix C, and
control variable parameter 3. Unit-rank matrix C; can be written C, = u,v, where
u; € RP and vy € R?. To have unique decomposition, let’s assume for an arbitrary

non-zero index ¢, in v we will have vi, = 1. Now define

Q. = {(ukvg,ﬁ) cuy, € RP and v, € RY with vy, = 1,8 € ]szxq} )
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For any kth step, parameters estimate (ék, B) € . We first prove the result for & = 1.

Consider a neighborhood of (C%, 3*) where C} = ujv}’ of radius h > 0,

N(CL, 87, h) ={(u +a/Vn)(vi + b/vn)", 8"+ A/V/n};

st.  |TY%al| < h,ac R, b € RY ||b|| < h, by, =0, [|A| < h.
We claim that for any € > 0, there exists a large enough h such that

" { inf  F"(aj +a/vn,vi +b/Vn, B+ AlVn) >Ff"’<u’;,vm*>} >1-c

[T/2a]|=|[bl|=||.A =h

(B.14)

~

The claim implies that with probability at least 1 — ¢ there exists local minimum (61, B)
in the interior of N(C%, 3%, h), i.e. there exists a local minimizer such that [[u; — uj|| =
O,(n~112), [[%1 = vill = Oy(n~12) and B — 8] = O,(n~72).

Let U, = u! +a/yn, Vi = v +b/yn and B = 8* + A//n. For C; = 4,7, define
natural parameter matrix estimate C:)l = X(Ajl + ZB. Similarly, define corresponding
true natural parameter matrix ©7 = XCj + Z3".

It remains to verify (B.14). Define

U (a, b, A) = F" (u} + a/v/n, vi + b/Vn, B* + A/y/n) — F") (u}, v, B7)
= F"(6,) — F{"(e7)

:Tl +T2—|—T3, <B15)
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where
Ti = —(Y,6, — 0;) + (J,B(6,) - B(6}))

Ty = oA { Wy o (uf +a/vn)(vi + b/vn) |1 — [Wiouivi™[,}, p-  (B.16)

Ty = (1 — o)A {[|(w} +a/v/n) (v +b/Va) |2 — |[uiviT]2 1.

We observe that terms T, and T3 are of O(h); for details see proof of Theorem 2.13 in
Chapter 2. Now, we focus on simplifying 7;. On using second order Taylor expansion

of B(©,) and assumption A4, we get
A * ra*Y A * AT *
(J,B(61) =B(6])) > (B(6]),0: - 67) + 5|61 — 617,
and write

T = —(Y,6: - 1) + (B'(67), 61 - 1) + 50 — &5}

= —T11 + T12> (Bl?)
where

Ty = (E, 0] — 6y)

/

T, = (B'(6) — B'(6"),6: - 0}) + 561 - 1.
Using Theorem 7.1 of Xu [2016], we can say that
T11 ~ Sub — exponential (o, by),

where 02 = |07 — ©,]|202% and b, = b]|©; — O1]|s. On applying tail-bound inequality
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on Ty, for every € > 0, the term is lower bounded by min{o,/—2log(€), —2b, log(€)}.

Hence, T1; is of O(h) as well. On combining the results obtained so far, we get
v{"(a,b, A) > T1y + O(h) + O,(1/v/n).

Now, we shift our focus on simplification of Ti5. In terms of the first order Taylor

expansion of B'(6%) near B'(6*), we write
(B'(07) ~B'(67),6: - ©]) > 2(6] — 07,6, — ©])
which results in
Tia 2 2(6} - €76, - ) + 216 - 613

On replacing the ©* = XC* + Z3*, ©* = XC! + ZB* and ©; = XC; + Z0, we get

(uib" +avi’ + ﬁ)) + 2ZA + X (aib” + aviT)|)2
1 1 m 1 1 F»

Tio > 1<—XC*,17 \/ﬁ

ZA n X
vnooo/n

(B.18)
where C*, = 3"/, C;. Using assumption A1 and the orthogonality constraint defined

in (3.37), the terms in R.H.S of (B.18) can be simplified as

]- * * 1 * *
5 1ZA+ X(uib" +avih|[E = - (IZA[E + X (uib" +avi?)|7),

X abT -

(-XC*,, =(ub" +avi" + —=)) = =Y "a'Tiub"v;,
vn vn =1
Z.A

(—XC*, %) =0
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Thus, we have

1 1 -~
T > 2(5-1ZAIE + o[ X(uib” +avi")[l = Y a™Tiuib"vy).

>1

In the proof of Theorem 2.14 Chapter 2, it has been shown that the term

1 * * r* * *
%HX(ule +avi")|} = a'TubTvy >0,
>1
and of O(h?) under the specified assumptions. The other term 3| Z.A||% is also O(h?).
From this, we conclude that the quadratic terms of a, b and A are of O(h?) and pos-
itive, thus dominate the other terms of order O(h), for sufficiently large h. Hence,
(" (a,b, A) > 0.
Now, we prove result for any kth SVD constituent estimate (U, V). Suppose |[u; —

ui|| = O,(nY2) and ||v; — vi|| = O,(n"Y?), 1 =1,...,k — 1, for some k > 2. Define

N(CL, 87 h) ={(u; +a/v/n)(vi +b/v/n)", B" + A/Vn};

st. [T <h,acR”,beR? bl <h by, =0,|Al <h.
We claim that for any € > 0, there exists a large enough h such that

P { inf F"(u} + a/v/n,vi +b/vn, B° + A//n) > F(u}, vi, g*)} >1—e,

[T1/2a=|[bl|=[A =h

(B.19)

where offset term Oy, = X Zf:_ll C, to be used in defining F, ,gn)()
Let Uy = ul +a/\y/n, v, = vi + b/yn and B8 = 8* + A/V/n. For C;, = GV,

define natural parameter matrix estimate (:)k = Oy + Xak + ZB. Similarly, define
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corresponding true natural parameter matrix ©; = Oy + XCj + Z3". Define

v (a, b, A) = F" (u; + a/v/n,vi +b/v/n, B + A/v/n) — F" (uf, vi, 87
= F"(©y) - F(6;)
= T1 -+ T2 + Tg, <B20)

where T1, Ty, T3 are similar defined as in (B.16), by replacing (Oq, uf, vi, Wy, Aﬁ”)) with

(O, uy, vi, Wy, )\,(C")). Again, we write 17 = T1; + T2, where

Ty = (E, 0 — 0))

/ !/

T, = (B'(6}) - B'(67),6, — ;) + 516, — 61 -

Each of the terms T}, T, and T3 are of O(h) in a similar way as we have for k = 1.

Again using a Taylor expansion of B'(©%) near B'(6*), we can write
(B'(6}) — B'(67), 61 — ) > (6] — 0", 6, — ])
which results in
T > 2((6] 0,6, — 0)) + 56, — O} ).

On replacing the O}, ©* and @k, we get

k-1
O ZA X ab?
Tia > (X)) (Ci— C)) - XC* . == + ——(ujb" + av;" + —))
i=1 vnovn vn

1
+ 5, 1ZA+ X (upb" +avi')[7),
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where C*, = >/, C;. Using assumption A1l and given that G, is v/n consistent for

1 < k, we can say that

1 * * 1 * *
3 1ZA+ X (wb" +avi)li = - (|1ZA|F + X (wpb” + avit) ),

X ab”T T*
(-XCL, (uibT +aviT + ) = = 3 a Tuublyy,
1>k

=1

k—1
(XY (Ci-C)),
i=1

*bT *T ﬁ _Oh
(upb” +avy +\/ﬁ)>— (h).

Thus, we have

*

1 1 J
o > (- | ZA[F + 5 [IX (b +aviT)[[f = > a"TruibTvi + O(h).
>k

The rest of the proof is similar to the case of £ = 1 where result is proved using the

proof of Theorem 2.14 in Chapter 2. This completes the proof.
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