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Spectral Properties of the Hata Tree

Antoni Brzoska, Ph.D.

University of Connecticut, 2017

ABSTRACT

The Hata tree is the unique self-similar set in the complex plane determined by the
contractions ¢g(2) = cz and ¢1(z) = (1—|c|?)z+]c|?, where ¢ is a complex number such
that |c|,|1 — ¢| € (0,1). There are four main results in the paper. First, by applying
linear algebra and spectral theory it is possible to construct a dynamical system that
can compute the eigenvalues of the probabilistic Laplacian on graph approximations
to the Hata tree. Conclusions are made about the spectrum of the Laplacian on
the limiting graphs. Second, the Sabot theory (c.f. [29]) is applied to construct a
simpler dynamical system to compute the eigenvalues of a class of normalized graph
Laplacians (including the probabilistic Laplacian) on these approximating graphs.
Third, it is possible to reconstruct the Hata tree as the union of two copies of a
mixed affine nested fractal identified at a point. Using techniques from [13], some
results are stated on the spectral asymptotics of the eigenvalue counting function of a
certain class of Laplacians (not including the probabilistic Laplacian) on this mixed
affine nested fractal. In the final part, a spectral analysis is performed on graph
approximations to the Basilica Julia set of the polynomial 2% — 1. In [5], the authors
give a dynamical system that can be used to construct finite approximations and

classify the different possible infinite blow-ups. In this paper, the techniques from the



first part are used to construct a dynamical system that can compute the eigenvalues
of Laplacian operators on these finite graph approximations. In addition, it is shown
that the spectrum of the Laplacian on blow-ups satisfying certain conditions is pure

point.
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Chapter 1

Introduction

By the work of Kigami (c.f. [19]), one can construct Laplacian operators on a certain
class of self similar sets known as post critically finite (p.c.f.) self similar sets. There
is a proper definition for a post critical set, described by Hata in [I4], but roughly it
can be thought of as the set of boundary points. A self similar set is p.c.f. if its post
critical set is finite. The operator itself is constructed by taking graph Laplacians
on a sequence of appropriate graph approximations to the fractal and then carefully
defining the limiting operator. This construction was first outlined by Kigami in [17].
Other well written introductions to these ideas can also be found in [33, 34].

In the 1980’s, the physicists Rammal and Toulouse noticed certain relations be-
tween the eigenvalues of Laplacians on graph approximations to the Sierpinski gasket
[26, 27]. In 1992, Fukushima and Shima computed the spectrum of the Laplacian
on the limiting set [10]. The work relies upon formally establishing spectral similar-
ity relations between Laplacians on successive graph approximations. Through these

relations one obtains a quadratic polynomial that establishes a direct relationship



between the eigenvalues of the Laplacian operators. In general, this technique of re-
lating eigenvalues of graph Laplacians on successive graph approximations is known
as spectral decimation. In 1993, Shima gave a list of conditions on p.c.f. fractals
that would guarantee that spectral decimation works [32]. In [35], Malozemov and
Teplyaev show that this technique can be used on self-similar lattices known as M-
point model graphs.

Unfortunately, the technique of spectral decimation only works for a limited class
of self similar sets. In [29], Sabot generalized the technique of spectral decimation to
a certain class of self-similar lattices. In particular, for this class of lattices, the eigen-
values can be related via a dynamical system that is not necessarily one dimensional.
Sabot also makes some conclusions about the limiting distribution of the eigenvalues.
In [16], Jordan applied the theory of Sabot to construct a three dimensonal dynamical
system to compute the spectrum of the Laplacian on a fractal known as the penta-
gasket. In [I5], Jordan directly constructs a one dimensional dynamical system to
compute the eigenvalues of Laplacian operators on a certain sequence of self-similar
lattices for which spectral decimation does not work. At the present moment, there do
not exist many other examples of self-similar sets for which spectral decimation does
not work but for which some sort of dynamical system to compute the eigenvalues of
the Laplacian has been constructed.

One such self-similar set is the Hata tree. Let ¢¢(z) = ¢z and ¢1(2) = (1 —
|c|?)Z + |¢|? be defined on the complex plane, where ¢ is a complex number such that
lel, [1—c| € (0,1). Let C(C) ={X : X € C, X # @, X compact}. Define the function
®(X) on C(C), where ®(X) = U;—016:(X). The Hata tree is defined to be the unique
fixed point of ®. lLe., it is the unique set K satisfying K = ®(K) = ¢o(K) U ¢1(K).



Hata tree
By the theory in [19], it is known that the Hata tree is a p.c.f self-similar fractal.
The post critical set is {0, 1, ¢} and in a sense is the boundary of the fractal.
Define ®,, by
O, (X)=Po---0d(X).

n times
Let Ko ={t:0<t<1}U{tc:0 <t < 1}. Since ® is a contractive map, the
sets K,, = ®,,(Ky) will converge to K in the Hausdorff metric. One can work with
alternate approximations to the Hata tree. Let Vo = {0,1, ¢} and V,, = ®,(V;). There
exists a natural graph structure on these sets of points. One can build a Laplacian on
K by constructing graph Laplacians on the V,, and taking limits in the appropriate
sense. In this paper, we will be primarily interested in the spectrum of this Laplacian
operator, which will be found by analyzing the spectrum of the approximating graph
Laplacians.

In chapter 2, we work with a sequence of graphs V_,, isomorphic to V,, known as
the blow-ups of the Hata tree. Roughly, these graphs are formed by “gluing” together
copies of the previous level in a manner determined by ¢y and ¢;. In particular, we
work with the blow-ups because it is more convenient to express the eigenfunctions
on these graphs. By applying linear algebra and graph theory, it is possible to find a
recursive system of polynomials whose roots give the eigenvalues of the probabilistic

graph Laplacian at any given level. In particular, we can define polynomials recur-



sively (c.f. Proposition [2.3.3)) and show that the the roots of

— 1 n) (n— 1 n) . (n—
(1= X)g™ g™t = g g™ — g g™V

are the eigenvalues of the level n probabilistic Laplacian. These eigenvalues are Neu-
mann eigenvalues because no conditions are being imposed on the boundary. If one
imposes a zero boundary condition on the three boundary points and restricts the
Laplacian accordingly, then the corresponding (Dirichlet) eigenvalues are the roots
of MgV Tt is possible to define the Neumann and Dirichlet Laplacian operators
on the limiting infinite lattices. In this paper, it is proven that the spectrum of the
limiting Neumann operator is contained in the closure of the union of the set of level

3 eigenvalues with the set

J®) oy,
k=4
where
Bk — —g( l)g( 2) 4 Zla - /\)g( l)g( 2) _ —g( 1) (n—2) _ _gl(L l)gfﬂ 2)]_

3 3 w 6 uw 6

Similarly, one can construct a Dirichlet operator on the infinite blow-up. However,
analyzing the spectrum of this operator is more difficult than the Neumann case and
is left as an open question.

At the end of the chapter, the theory of Dirichlet forms is used to define the
probabilistic Neumann and Dirichlet Laplacian operators on the Hata tree itself. Note
that Kigami’s theory in [19] cannot be used directly, as he considers graph Laplacians
as opposed to probabilistic Laplacians. It is then proven that the rescaled limit of the

spectrum of the approximating Dirichlet operators is the spectrum of the Dirichlet



Laplacian on the Hata tree. Here the scaling factor is F,y1/(2""! + 1), where F,.;
is the n 4 1st Fibonacci number. The proof depends on the uniform convergence of
the approximating Green’s functions.

In chapter 3, we define a class of normalized Laplacian operators on the blow-
ups. In fact, with the appropriate choice of parameters we recover the probabilistic
Laplacian. The theory in [29] is then adapted to our situation. In particular, we
construct a dynamical system of two recursive sequences to compute the eigenvalues

of these Laplacians. In particular, we specify polynomials by, c_1, co,e_1, ey and for

n > 0 define
2
. Cp—1€,
Cnt1 = Cn— 9 n—1 e?—e? | 9
- . J J— _
Cp—1 T Cn—1 (Cn + (bo — co) — ijo Citl e, e ) €n—1
o Cpn—1€n—1€n
€pn+1 = — 5 1 2.2 ) ) .
- . J J— —
21+ cno1(n+ (bo — co) — > im0 €t P ) —e2
Now define
n—1 2 2
es — es
J Jj—1 2 2
D, = c,_; (cn + (bp — o) — E ej+1—) Cp — Cp1€ — Cp€r_o.
=0 €i—-1€;

D,, will be a rational function, and for n > 2 the zeros of the numerator and de-
nominator correspond to the Neumann and Dirichlet eigenvalues of the normalized
Laplacian operator, respectively. It is also possible to apply the Sabot theory to
make conclusions about the limiting distribution of eigenvalues, depending on the
normalized Laplacian operator in question.

In [20], the authors give some results on the spectral asymptotics of the eigenvalue

counting function of p.c.f. self-similar fractals, including the Hata tree. In chapter



4, we provide an alternate version of these results. The Laplacians considered here
are the same Laplacians considered in [20], which differ slightly from the probabilis-
tic/normalized Laplacians considered in the previous chapters. Recall that to obtain
a graph approximation to the Hata tree, one can take two copies of the graph approx-
imations on the previous level and “glue” them together at the appropriate point.
However, it is possible to obtain the same approximation by looking at the previous
approximation and appending edges in the appropriate places. By defining a notion
of mixed affine nested fractals, it is possible to decompose the Hata tree as the union
of two copies of a mixed affine nested fractal identified at the appropriate point.
By adapting techniques from [13], it is possible to make some conclusions about the
spectral asymptotics of this mixed affine nested fractal.

In chapter 5, we prove some miscellaneous results. In particular, by altering the
construction of the mixed affine nested fractals considered in chapter 4, we obtain
graph approximations with enough symmetry that the theory in [23] applies. For
these graph approximations, the Sabot theory [29] also applies and for one specific
case the theory is worked out. A spectral analysis is performed on a family of Cayley
graph-like fractals. Finally, an example is given where by adding an extra contraction
to the iterated function system of the Hata tree, it is possible to perform a tiling of
the complex plane.

The results in chapter 6 are independent of the results of the previous chapters,
and more background is given in the introduction of that chapter. In [5], the authors
define a sequence of graph approximations {I',,}5°, to the Basilica Julia set of 2% — 1.
In the chapter, we consider a related sequence of graphs {G,}32 . Essentially there
are three main results. The methods of chapter 2 are used to construct a dynamical

system (see Theorem [6.2.3) to compute the eigenvalues of Laplacian operators on



these graphs. It is shown in Theorem that there is a gap in the limiting dis-
tribution of eigenvalues. Finally, certain infinite blow-ups satisfying the conditions
in Assumption [l] are analyzed. In Theorem [6.5.4] it is shown that the spectrum
of Laplacian operators is pure point and that the corresponding eigenfunctions are

finitely supported.



Chapter 2

Computation of Eigenvalues

2.1 Graph Laplacians

Let G = (V, E) denote a graph, where V' is the set of vertices and E is the set of
edges. An edge is a two-element subset of V. If two vertices x and y share an edge,
we denote this by x ~ y. We say that a graph G is connected if for any pairs of
vertices x and x’ there exists a sequence of vertices © = xg, 1, .., ,+1 = =’ such that
x; ~ 211 for i =0, ..,n. In what follows, all graphs are connected.

Suppose G has n vertices, indexed by ¢ = 1,...,n. The adjacency matrix of the
graph, A, is defined as the matrix whose (i,j) entry is 1 if vertices i and j are
connected by an edge and 0 otherwise. The degree matrix of G is defined as the
diagonal matrix whose (i,7) entry equals the degree of vertex i. Let us denote the
degree of a vertex x by d,.

There exist various versions of graph Laplacians. The standard Laplacian is de-

fined to be L = D — A. The normalized Laplacian is defined to be N = D~Y/2L.D~1/2,



The probabilistic Laplacian is defined to be P = D7'L. It is a fact that N and P are
unitarily equivalent via conjugation by D2, P = D=Y/2N D'/? hence have the same
eigenvalues.

In chapters 2 and 3, we will analyze the eigenvalues and eigenvectors of the proba-
bilistic Laplacian on approximating graphs to the Hata tree. Given the previous fact
and the fact that the normalized Laplacian is symmetric, it will convenient to work
with the normalized Laplacian in some situations.

Given a normalized Laplacian N, we define the characteristic polynomial of N,
D(N), to be the determinant of the matrix N — AI, where [ is the identity matrix.
The characteristic polynomial is a function of A\. By definition, the roots of D(N)
are the eigenvalues of N. Given a vertex 7, we define N; to be the matrix N with the
row and column corresponding to ¢ deleted. Let A be a subset of the set of indices
corresponding to vertices of G. Then let N4 denote the matrix N with the rows and
columns corresponding to the indices in A deleted. The following is a basic result on

the eigenvalues of N.

Proposition 2.1.1. Let N be the Laplacian on a finite graph G. Let o(N) denote

the set of eigenvalues of N. Then o(N) C [0,2].

Proof. Observe that the order of the characteristic polynomial of N must equal the
number of vertices of GG. Let n denote the number of vertices of GG. Let us enumerate
the eigenvalues of N: Ay, Ao, ..., A

We will need the following fact which holds for any function f:

(f(@) = f))* < 2(f*(x) + ()
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Then by the minimax principle and the previous fact

Y@ - )P
TS P,

Here, the supremum is over all functions f on the vertices of G. Observe that the
previous inequality is in fact an equality if f(z) = —f(y) for every edge {z,y} in G.

By the minimax principle,

S @) = 1)
N TS PEd

It is clear that this infimum must be 0. This infimum is attained at any constant
function. Again, since we are only working with connected graphs, the multiplicity

of 0 as an eigenvalue is 1. Therefore, A\; > 0 for j > 0. [

By definition, a graph G is bipartite if the vertex set V' can be written as a disjoint
union of two subsets A and B such that all edges of G' connect one vertex of A with

one vertex of B. Let us call the sets A and B bipartite components.

Proposition 2.1.2. Let G be a graph. Let N be the Laplacian on G. Then G is
bipartite if and only if for every X\ that is an eigenvalue of N, the value 2 — X is also

an eigenvalue of G.

Proof. Suppose G is a bipartite graph with bipartite components A and B. For any

eigenfunction f with eigenvalue A, consider the function g defined by

flz) :xz€A
—f(x) :x€B

g(w) =
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This function is clearly an eigenfunction with eigenvalue 2 — . For the converse,
observe that since 0 must be an eigenvalue, the value 2 must be as well. Let f be a
non-zero eigenfunction corresponding to the eigenvalue 2. By an observation in the
proof of the previous lemma, f(z) = —f(y) for every edge {z,y} in G. This can

happen only if the graph G is bipartite. O]

The following is a useful result in computing the characteristic polynomials of

graph Laplacians.

Proposition 2.1.3. Let G be a tree-like graph with finitely many vertices. Let N be
the Laplacian on G. Fix a vertex j in G and let 31, jo, ..., Ji be its neighboring vertices.

Then

D(N) = (1= VDY) = 3 - D(ty.)

Proof. Let us first look at the case of a vertex j with two neighbors j; and j5. In this

case the characteristic polynomial D(N) can be written as

The removal of the vertex j partitions GG into two connected components. Let A and
B be the pieces of N corresponding to the connected components containing j; and
Ja2, respectively. The pieces a and b correspond to the connections between j and j;

and 7. In particular, a and b are matrices with a single row whose only non-zero

entries are —\/djdjl_l and —\/djde_l, respectively.
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By linearity, we can rewrite the determinant as

The first determinant is a three by three triangular block matrix, with the upper
block matrices begin zero. Its determinant is (1 — A\)D(A)D(B), which by definition
is (1 — A)D(N;). The second determinant is a two by two triangular block matrix,
with 0, a, a’ and A constituting one block. Its determinant will be the product of
the determinants of the diagonal blocks. Taking the upper left block and performing
a determinant expansion first along the row and then the column corresponding to

Jj, we obtain — D(Aj,). The determinant of the lower right block is D(B). By

1
djdj,
definition, D(N;;,) = 7=—D(A;,)D(B). The third matrix can be handled in a similar
7771
manner as the second after rewriting it as a triangular block matrix.
The case where 7 has an arbitrary finite number of neighboring vertices can be

handled in the same way. This result is a simplified version of Theorem 2 in [31],

which generalizes to the case of graphs with loops. O

In a graph G, a vertex is called ultimate if it is of degree 1. A vertex is called
penultimate if one of the vertices with whom it shares an edge is ultimate. The

following result is commonly known as the Edge Principle.

Lemma 2.1.4. Let G be a graph containing an ultimate verter x. Let y be the
corresponding penultimate vertex. Suppose f is an eigenfunction of N with the cor-

responding eigenvalue A # 1. Then f(x) =0 if and only if f(y) = 0.
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Proof. Since f is an eigenfunction, we have (1 — \)f(z) = d;l/Qf(y). The result now

follows. L

Let G be a graph with n vertices. Suppose G is a tree, that is for any pair of
vertices there is a unique sequence of edges that connect the two vertices. Let M be
an n X n matrix whose rows and columns are associated with the vertices of G. In
the literature, M is called a tree pattern matrix if for every pairs of vertices ¢ and j
that share an edge, the (i, j) entry of M is non-zero. The following theorem pertains

to tree pattern matrices [6], [30].

Theorem 2.1.5. Let M be a tree pattern matriz. Let f be an eigenvector of M. If

every entry of f is non-zero, then the corresponding eigenvalue is of multiplicity one.

For a tree pattern matrix M with eigenvalue A, let supp(M, A) denote the support

of the eigenspace in G. The following theorem is likewise found in [30].

Theorem 2.1.6. Let M be a tree pattern matriz with eigenvalue . Then the di-
mension of the eigenspace of M for eigenvalue A equals the number of connected
components of the subgraph of G induced by supp(M, \) minus the number of vertices

of G that are adjacent to supp(M, \) but do not belong to this set.

2.2 Approximating Graphs of the Hata Tree

Let V, denote the post-critical set {0,1,c}. The precise defintion of a post-critical
set is omitted here, but can be found in [19]. In a sense, one can view V; as the
boundary of the Hata tree. Let ® be the function on compact sets in C defined by
O(X) = ¢1(X) U pa(X). Recall that the Hata tree is the unique fixed point of ¢ and
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is denoted by K. We define the nth lattice of approximating points V,, by

Vo=®o---0d(1)).
n times

For iy...i,, € W,, := {0,1}", let us denote by ¢;, ; the map ¢;, o---0¢; . We can
impose a graph structure on these approximating lattices as follows. On Vj, let 0 ~ 1
and 0 ~c. If z,y € V,,, then let z ~ y if:
(i). there exists a 71...i, € W, such that z,y € ¢;, ;. (W), and
(iD). @70, () ~ @5l (y) in Vo
Let Voo = U2, V,,. The closure of V, in the complex plane is K. By the theory in [19)],
it is possible to construct a Laplacian operator on K by defining graph Laplacians on
the approximating lattices V,, and taking limits in the appropriate sense.

We will define another sequence of graphs related to the Hata tree. Fix an infinite
word w = wiwows - - - € W, := {0, 1}, Define the lattice of points V_,, by

Vo, = o (Vo) = FRCEEE Cb_l(vn)'

w1...Wn W, w1

We define the blow-up V_, of the Hata tree by

The map ¢,,.., gives us a one to one correspondence between V,, and V_,. The
map induces a natural graph structure on V_,. In particular, for z,y € V_,, we say
that = ~ y if there exists 4;....i, € W, such that z,y € ¢! _ o ¢, . (Vo) and their

W1 ...Wn

preimages in Vj are connected by an edge. Thus, there is a natural graph isomorphism
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between V_,, and V,,. We denote by (V_,);,. ;, the cell in V_,, corresponding to
oron © Gir.in (Vo). Finally, we define the boundary 0V_, of V_, by identifying the
vertices corresponding to 0, 1, ¢ under the isomorphism.

V_ is called the blow-up because of the way the sets V_,, fit into one another. In
particular, we have V_1 C V_o C ---. It is clear that for any choice of w the graphs
V_, will be isomorphic. However, this is not necessarily the case for the infinite
blow-up. For instance, V_,, will have at most one boundary point.

Due to the graph isomorphism between V_,, and V,,, the corresponding graph
Laplacians have the same matrix representations, and thus the same spectrum. With-
out loss of generality, in the next three sections we work with the graphs induced by

w = 000.... The benefit of working with this blow-up is the ease in which one can

express the eigenfunctions on V_,.

2.3 Neumann Eigenvalues of Graph Laplacians

We will work with the graphs V_,, determined by w = 000.... Let us label the boundary
points of V_,, corresponding to 0,c and 1 by z,, ¢, and w,, respectively. The graph
V_(n41) can be obtained from V_,, as follows: Let V' be a copy of V_,, and identify
the vertex ¢, with the vertex z;, of V! . V_, can naturally be embedded into V_, 1)
and V!, can be identified with V_¢,41)\V_,,. The boundary of V_(,11) is given by
Zpntl = Zn, Cne1 = W, and w,; = w,,. Figure gives a visual depiction of these
graphs.

Let N and P™ denote the normalized and probabilistic Laplacian on V_,. We

call the spectrum of these operators the Neumann eigenvalues, since no condition has
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FiGure 2.3.1: Vj, V_1 and V_5 for w = 000...
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been imposed on the boundary points. The following is immediate from the results

of section 2.11

Proposition 2.3.1. o(N™) C [0,2]. In addition, the eigenvalues of N™ are sym-

metric about 1.

Proof. By Proposition , o(N™) c [0,2]. To prove that the eigenvalues of N
are symmetric about 1, by Proposition it suffices to prove that the graphs V_,
are bipartite.

The graph V; is clearly bipartite. We will prove that V_,, is bipartite by induc-
tion on n. Suppose V_, is bipartite. The union of the bipartite component of V_,
containing ¢, and that of the bipartite component of V' containing z;, is a bipartite
component in V_(,;1). Naturally, its complement in V_, ;) forms the other bipartite

component. O
Here is another basic fact about the spectrum.

Proposition 2.3.2. Let \ be an eigenvalue of N™. Then X is an eigenvalue of
N(n+1)

Proof. Without loss of generality let us work with the probabilistic Laplacian P™.
Let f be an eigenfunction with eigenvalue A. Suppose that f(z,) # 0. Define k,, :=
f(cn)/f(2zn). Let ¢ be the canonical isomorphism from V' to V_,. We extend f to
V_(n41y by setting f(x) = k, f(c(x)) for x € V' This extension is well defined at the
“gluing” point ¢, = z/, since f(z)) = k. f(z,) = f(cn).

For any @ € V_(,41) such that @ # c,, it is clear that (P™*D — XI)f(z) = 0. Tt

remains to verify that (P — AI)f(z) = 0. Recall that 2/, has three neighboring

/

vertices. Let us label the two neighboring vertices in V’ : «/ and u!_,, and the one
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in V_,,: v,—1. This labelling will agree with notation that will be used (and explained)

later. Thus
(PO A1 f(z) = = (fu) + Flhy) + Flon))
1., 1, , 1
= S(5F0) + 55)) + 5 F )

—_

(P™ = M) f(z,) + 2 (P™ = M) f(cu)

S wlINnwlNnw|—
w

n+1) with eigenvalue \.

and the extension of f is an eigenfunction of P!
Now suppose f(z,) = 0. Then we can define a function f’ on V_(,11) such that
f'((z)) = f(x) for x € V' and f'(z) =0 for x € V_,,. In a similar manner one can

check that f’is an eigenfunction on V_(, 1) with eigenvalue A. O]

Let us examine the structure of the graph V_,, more closely for n > 4. The vertex
z, of V_, is the unique vertex of degree 2, with every other vertex having either
degree 1 or 3. This vertex divides the graph into two connected regions. Let us label
the subgraphs of V_,, formed by removing z, and the edges connected to z, by A,
and B,. Without loss of generality, let A,, be the subgraph containing more vertices.
Note that B, is isomorphic to the subgraph A,_; of V_(,_y).

Furthermore, the subgraph A, essentially consists of two copies of B,,_; and one
copy of A, _1 joined together at the vertex z,_1. Let us specify three other vertices of
A,: u,, the vertex that was connected to z,; w,, the boundary vertex corresponding
to the point 1 on the Hata tree; and v,,, the corresponding penultimate vertex. Figure
depicts these subgraphs and vertices in the case n = 3.

Let A™ be the matrix N™ containing only the rows and columns corresponding
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FI1cURE 2.3.2: The graph V_3
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to the vertices in A,. Let ¢ := D(A™) denote the characteristic polynomial of
AM™ | Let Agn) be the matrix A™ but with the rows and columns corresponding to
the vertices indexed by elements of a set S removed. Denote by gé") = D(A(S")) the
characteristic polynomial of A(Sn). The following polynomials for n = 2 can be easily
computed. For brevity of notation, instead of writing us, we simply write u to denote

the vertex uy of Ay. The same is done for vy and ws.

9P(0) = (L= NP = (1= N+ (1)
BP0 = (1= N = 201 A
PO) = (1=t = S0 =N+
920 = (1= = 2(1- )
B = (1= = 5(1- )
92,00 = (1= 2

The same polynomials for n = 3 are computed. Again, for brevity of notation,

instead of writing uz we simply write u. The same is done for v3 and ws.
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22 170 20 22

9PN = (1= = =0T+ (=0T = (1= A+ a1 =)
GP) = (1= )" = 21— 0 (1= A — 21— )

GPO) = (1= NP = D= NP4 22 (1= A = (1= A (1A
G0 = (L= X = 20— A+ (1= 2 = (1= A°
GO = (1= A = 21— W)+ 22012 = (1A

90,00 = (1= 0 = (1= P+ (1 - N

It was previously observed that the eigenvalues of the normalized and probabilistic
Laplacians on V_,, are the same, with their eigenvectors related to one another via a
transformation. In particular, the above polynomials are the same when computed
using the probabilistic Laplacian as opposed to the normalized Laplacian.

One can exploit this recurrence in the construction of V_,,, in addition to Propo-
sition 2.1.3] to find a recurrence in the characteristic polynomials of the Laplacian on
Vo,

Proposition 2.3.3. Let ¢), ¢, ¢, ¢%), ¢%). 9 for j = 2,3 be defined as above.
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Forn >4, let

n n— n— n— 1 n— n— n— 1 n— n— n— 1 n— n— n—
g™ = (1= Ng" TR = ST g TP g = g g g — ST g gl
n n— n— n— 1 (ne n— n— 1 (e n— n— 1 (e n— n—
g = (1= Mg gD g 592 Vg2 gln=?) — 59( Do =2 gl — 59( Do glnl?
g = (1= Ngr Vgl %g%_l)g("_”gﬁu"_?) - %g&”_l)gin_Z)gfu”_Q) - égfu"_l)g("_mg%_z)

n n— n— n— 1 (n- n— n— 1 (ne n— n— 1 (n- n— n—
gl = (1= Ng Vg gl = gl Ve TP gl = ol el Vel - Sol T g gl

(n=1) (n=2) (n=2) 1 (n-1) (n-2) (n-2) 1

n n— n— n— 1 n— n— n—
g'f)u? = (1 - )\)ng g Guw Guvw 9 Jw 79'511) 1>g’l(L 2)91(0 2) - 795}10 1)9( 2)91()111 2
9 9 9
il = (1= Ngiu Vg 2 gl - %gﬂ;”g("”)g(ﬁ_” - 3952_1)95"_2)9%_2) - égi’z@_l)g("—mgﬁ’if)

Then D(N™) = (1 — \)gMgn=1 — %g&n)g(”_l) - %g(")gﬁnﬂ).

Proof. That D(N™) = (1 — \)gWgr= — %g&")g("_l) - %g(")gff"_l) holds follows
by application of Proposition to the vertex z, and its neighbors in V_,. The
removal of vertex z, divides V_,, into the two subgraphs A, and A,,_1, whose vertices
u, and u,_1 each share an edge with z,. By definition, the characteristic polynomials
corresponding to these subgraphs are ¢ and ¢, respectively.

The six recurrence equations above follow by application of Proposition to
the vertex z, and its neighbors on the graph A,,. Let us examine the equation for ¢,
the other cases being similar. The removal of the vertex z,_; from A, divides this
graph into three subgraphs. One subgraph is isomorphic to A,,_;. The vertex u, 1
in this subgraph shares an edge with z,_; and is of degree 3. The second subgraph
is isomorphic to A,,_5. The vertex u,_s in this subgraph shares an edge with z, 1
and is also of degree 3. The third is isomorphic to A,_» but with the vertex w,,_o

removed. The vertex v,_o shares an edge with z, and is of degree 3. O]

Proposition 2.3.4. Let n > 4. The eigenvalues in o(N™) not in o(N™) are a
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subset of the roots of the polynomial

W = 2gm gt 4 2SI = N)g g — gl — 2l Ve

3 v 6 6
Furthermore, each such eigenvalue is an eigenvalue of multiplicity one. The remaining

roots of h™ are eigenvalues of o(N™1).

Proof. As noted previously, we may simply work with the probabilistic Laplacian
P=Y_ Fix a number )\ such that A\ ¢ o(P™ V). Let f be the function on the

vertices of V_(,_1) such that

1 z=c,1

(P — A f(x) =
0 : otherwise

Let f’ be the function on the vertices of V' (n-1) such that

(P = AD) f'(x) =
0 : otherwise

By simple linear algebra, we know that f(c,_1) has to equal the diagonal entry of
the matrix (P~ —XI)~! corresponding to ¢,_;. This entry is D(Pc(,::l))/D(P(”_l)),
where it is understood we evaluate this ratio of characteristic polynomials at A. Simi-
larly, f’(z!,_;) must equal —D(PZ(ZL:U)/D(P(”_I)). Since A ¢ o(P™ V), we know that
D(P™1) 0 at .

In a sense, f and f’ are “almost” eigenfunctions of P~V with eigenvalue A. But
by combining these two functions to be a function on V_,,, we may get an eigenfunction
of P™. Recall that the graph V_, is the union of V_(n—1) and Vf’(nfl) with the

points ¢,—; and z,,_; identified. Define f” on V_, such that f” = 3f on V_,_1) and
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f" = %f’ on Vi(nfl). Clearly, for any vertex x not equal to ¢,—; = z,_;, we have

(P™ — XI)f"(x) = 0. The only question is the vertex z/,_, itself. Recall that z/_,
!/

has two neighboring vertices in V' _,y: wj,_, and u;,_, and one neighboring vertex

in V_—1): Up—2. Thus

(P™ = A f"(z2) =

~~

() + (W) + £ (00 2)

(F"(Wlyn) + £ (0 2))) + 31" (0n2)
F(Whor) + /(W) + Fons)

PO = XD f'(2, 1) + (P = ML) f(en1)

—~
N —

O =Wl w| =

/N

—~

= —14+1=0.

Soif f” is well defined at z,, that is 3f(c,—1) = 2 f'(2p-1), or 3 f(cn—1) = 5 f'(2,_1), We
get that f” is an eigenvector of P(™ with eigenvalue A. More precisely, this condition
is needed

2 1
SD(PLD)/D(PUY) = 2 D(PY ) /D(PC ),

Cn—1

The result follows since by Proposition [2.1.3

1y 21 o

S (n—2)
69 uw 6gu

D(PIV) = D(NIZY) = (1= Mg Vgl — g,

Cn—1 Cn—1

By construction, the corresponding eigenvector is unique up to a constant. Thus, the
corresponding eigenvalue is of multiplicity one.

Finally, let us consider the polynomial A™. Its roots are either eigenvalues of
o(P™1) or not. If not, then one can follow the exact same construction above and

show that this root must be an eigenvalue of o(P™). O
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We will now prove some nice corollaries about the eigenfunctions corresponding

to “new eigenvalues”.

Corollary 2.3.5. Let \ be a root of h™ that’s not an eigenvalue of N~V . Let g be

the corresponding eigenfunction of N™. Then g(z!,_,) # 0.

Proof. Suppose g(z,_;) = 0. Take the restriction of g to V', ;). Recall that the
removal of 2/, divides V' (n—1) into two connected components. After appropriately

rescaling ¢ on one of these connected components, we can ensure that
(NOD = AD)g(z, 1) = 0.

Since (N1 — A)g(z) = 0 holds for all other x € V! (_1)» by definition g is an

eigenfunction of N~V This contradicts our assumption. m

Corollary 2.3.6. Let \ be a root of h™ that’s not an eigenvalue of NV . Let

g and ¢ be the corresponding eigenfunction of N™ and P™, respectively. Then

9(zn-1) = =V2g(c, 1) and g'(zu-1) = =4'(c], ).

Proof. Consider the eigenfunction f” of P™ corresponding to A constructed in the
proof of Proposition m Let g(x) = d;l/zf”(x) and ¢’ = f”. ¢ is an eigenfunction
of N corresponding to A. Let us denote by R;; the (i,j) entry of the matrix

(N=1) — XI)~!. By symmetry, R;; = R;,;. By the work in the proof, we can deduce

that
3 (n—1)
g(Zn—1> = ERznfl,cnfl/D<N )7
4( ) = —2Re . /D(NOD),

2



26
After a little algebra, the result follows. O

By Proposition [2.3.2] we know that eigenvalues carry over from one level to the

next. Thus by Proposition [2.3.4] we can immediately deduce the following.
Theorem 2.3.7. Letn > 4. Then o(N™) = o(N®) U J,_,(R®)~1{0}.

The rest of the section is devoted to making conclusions about the eigenvalues

and eigenfunctions of the Neumann Laplacians.

Proposition 2.3.8. The multiplicity of 1 as an eigenvalue of N™ is 2"~ + 1 for

n > 3.

Proof. Let us work with the graph Laplacian P™. Define a maximal path to be a
sequence of vertices in V_,,, {vy, ..., v, } such that:

(i). vy, is connected to v,41 for 1 <n <m —1;

(ii). vy and v, are vertices of degree 1;

(iii). m is odd.

One can construct a function on V_,, with this path under consideration. Assign to
the vertices of a path the values of the sequence {1,0,—1,0,1,0,—1,...}, and a 0 to
all vertices not on this path. Let us call such a function a path function. Such a
function may be an eigenfunction of P with eigenvalue 1.

Let £ > 4 be arbitrary. Take a basis of eigenfunctions on V_;. Let s, be the
penultimate vertex connected to ¢, and let £, be the other ultimate vertex connected
to s,. Take gi to be a path function on {ty, sx, cx}. It is easy to check that gy is in
fact an eigenfunction. Without loss of generality let g be in our basis.

Recall that V_11) = V_, U V’,. Those eigenfunctions in our basis that are non-

zero at the vertex ¢; = z;, will not be eigenfunctions on V_11) (after extending by
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zero). However, we can modify them to be eigenfunctions by adding some multiple
of g that makes the function vanish at ¢, and then extending by zero into V',. g
itself can be made into an eigenfunction on V' (k1) 10 the following manner. There
is a unique sequence of vertices in V', of length 5, where z, is the middle vertex,
and the first and last vertices are of degree one. Let hj be a path function on this
sequence. hj in fact is an eigenfunction. After potentially scaling hj by —1 so that
g and hj, coincide at ¢, = 2, and we can extend g to V_(;41) by setting g; equal to
hi, on V',.

Take a basis of eigenfunctions on V' . Without loss of generality suppose hj, is in
this basis. Each basis element that is zero at z; can be made into an eigenfunction
on V_41) after extending by zero. For a basis that attains a non-zero value, one can
extend the function into V_j by setting the function equal to the multiple of g; that
coincides with the function at ¢; = z;. The resulting function is an eigenfunction on
V_(kt1)-

Now take the union of the modified bases on V_j and V’,. This set is not nec-
essarily a basis of the eigenspace on V_(;41), but it certainly spans the set. Le., any
eigenfunction of A = 1 on V_41) can be decomposed as a linear combination eigen-
functions from this union. This tells us that the support of the eigenspace of P*+1)
is the union of the supports of modified basis functions on V_;, and V_(41). Thus, we
are now in a position to apply Theorem [2.1.6]

Let my, denote the multiplicity of 1 as an eigenvalue of P*). Let «y, denote the
number of connected components of V_;, induced by supp(P*, 1). Let 3 denote the

number of vertices of V_; adjacent to supp(P*), 1) but that do not belong to the set.
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Since the vertex c, = 2, is in supp(P*), 1), we have that

Q1 = 20, — 1, By = 20k,

and thus

Mpp1 = Qg1 — Brpr = 2(ap — Br) — 1 =2my, — 1.
We obtain the result by solving this recurrence. O]

Proposition 2.3.9. Let n > 3. Let \ be an eigenvalue of N*) that is not an eigen-
value of N =V If the corresponding eigenfunction on V_j does not attain a zero,

then X is an eigenvalue of multiplicity one of N™ forn > k.

Proof. Let fi be the eigenfunction on V_;. By the method in Proposition [2.3.2] we
can extend the eigenfunction to V_,, essentially by placing scaled copies of f; on the

appropriate subgraphs isomorphic to V_;. Thus, these extensions can never attain a

zero. By Theorem [2.1.5] A must be an eigenvalue of multiplicity one of N, O

We end this section with a conjecture about the eigenfunctions of P™ and a nice

consequence of the conjecture.

Conjecture 2.3.10. Let f, be an eigenfunction of P™ corresponding to X # 1. Then

fn does not attain a zero on V_,.

One idea for a proof is as follows. Let A be a “new” eigenvalue of P and f,
the corresponding eigenfunction. If one supposed that f, did in fact attain a zero at
some vertex, then one could use the Edge Principle (Lemma to deduce that
fn is zero at least on some subgraph of V_,,. It would be enough to show that f,

is identically zero on V,,_; or V!_,, as that would imply that the restriction to the
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complement, if non-zero, is an eigenfunction of P®~1. Thus, f,, needs to be non-zero

everywhere, as well as on its extensions to V_,, for m > n.

Proposition 2.3.11. Suppose Conjecture[2.3.10 holds. Let n > 4. Then the 2" +1
eigenvalues of N™ can be decomposed as follows:

(i). the eigenvalue 1 of multiplicity 2"~ ' + 1,

(ii). 2" — 2771 eigenvalues of multiplicity one that are eigenvalues of N1,

(i4i). 2" — 2" eigenvalues of multiplicity one that are not eigenvalues of N1,

Proof. By Proposition [2.3.8 we have (i). By the conjecture and Proposition [2.3.9]
we obtain (ii) by counting the eigenvalues of N~ not equal to one. By Proposition

and a counting argument, we obtain (iii). O

2.4 Dirichlet Eigenvalues of Graph Laplacians

Let PO(") and NO(") denote the matrices P™ and N but with the rows and columns
corresponding to the boundary removed. This matrix operation corresponds to im-
posing a zero boundary condition on the boundary. Therefore, we call the eigenvalues
of these operators the Dirichlet eigenvalues. It is easy to see that the eigenvalues of

Po(n) and Nén) must coincide. Let V°, denote V_,, with the boundary points removed.

Proposition 2.4.1. Let n > 3. Then the eigenvalues of Nén) are the roots of h(()") =

n n—1
5.

Proof. Né") is a reducible matrix. Its two irreducible components correspond to A,
with w,, removed and B,, = A,,_; with w,,_; removed. By definition, the characteristic

polynomials of these components are gl(un) and gf,)n_l), respectively. O
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As for the Neumann case, it is possible to count the multiplicity of the eigenvalue
one. One finds that the multiplicity of 1 as an eigenvalue of Pén) is three less than the
multplicity of 1 as an eigenvalue of P . Roughly, this corresponds to the removal of

the three boundary points.

Proposition 2.4.2. Let n > 3. Then the multiplicity of 1 as an eigenvalue of Po(n)

is 2" — 2.

Proof. Take a basis % of eigenfunctions for the eigenspace of A = 1 of P™. By
Proposition there must be 2”71 4 1 such eigenfunctions. There are unique paths
of length three in V_,, containing w,, and ¢,, respectively, and a unique path of length
five containing z,. Let us take corresponding path functions f!, f2, f3, and note that
they must be eigenfunctions. Without loss of generality suppose they are in our basis.

For each of the remaining basis elements, let us modify them by adding some
linear combination of f!, f2, f3 that makes function vanish at {w,,cp,2,}. Thus,
B\{fL, f2, f3} is a linearly independent set and any eigenfunction on V° can be
written as a linear combination of functions from this set. Thus, B\{f}, f2, f3} is a

basis for the eigenfunctions on V° . O

2.5 The Laplacian on the Infinite Blow-up

Let L?(V_.,) denote the set of functions on the infinite lattice V_, for which || f||2 :=

\/ervﬂ,@ d2f2(z) < oco. We can define a Laplacian operator P> on L?(V_,) in a

pointwise manner

PO f(a) = = SO0 () — £(0))

T~y
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Recall that the lattices V_,, are nested, that is, V), C V_1 C V_5 C ---. The Laplacian

operators P™ on V_,, can thus be extended to operators on L?(V_.,) in the natural

way:
o0 gy = 4 & Dewer-, (F@) = f) cz € Vo
0 e ¢ Vo,

Here d, denotes the degree of x in V_,,.

For an operator T on L*(V_.,), we define its spectrum o(T) to be the set of
complex numbers A such that the operator 7" — A\l does not have a bounded inverse.
In particular, it is clear that all eigenvalues must be in the spectrum. However,
not all points in the spectrum are necessarily eigenvalues. Let ||T|| := sup{||Tf||2 :
|f]l2 < 1} . It is not hard to see that ||P"™|| = 2 for all n or that {P™ f} converges
pointwise to P f as n — oo for any f € L?(V_.). Furthermore, the sequence
of operators P(™ converges strongly to P(). That is, |[P™f — P)f||, — 0 as
n — oo for any function f € L*(V_). To see this, find N such that for n > N
we have >° i, .\ dif*(r) < e Note that we have the crude operator bound
|[P™ — P(>®)|| < 4. Then for n > N, ||P™ f — P f|| < 4¢. The strong convergence

allows us to deduce the following.
Theorem 2.5.1. The spectrum of P satisfies o(P)) C cl(o(N®)UlJpz, (R*)~1{0}).

Proof. By Theorem [2.3.7], for n > 4 we know that

o(P™) = o(N®)) U O(h(k))‘l{o}.

k=4

By the strong convergence of P™ to P(™) we know that every \ € U(P(OO)) is a limit
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of eigenvalues \, € o(P™) (c.f. [36]). Thus
o(P) C ¢ yuJm")Hoy). O
k=4

By our previous work, we know that the spectrum of P™ consists of eigenvalues.
Note that for each nonzero eigenvalue, the corresponding eigenfunction on V_,, is
extended to the infinite lattice by zero. Therefore, the dimensions of the corresponding
eigenspaces on V_,, equals the dimension of the eigenspace on V_,. For the eigenvalue
zero, the dimension of its eigenspace is infinite. The eigenspace consists of all functions
constant on V_,,, with no conditions outside of V_,,. However, deducing if something
is an eigenvalue of P(>) is not as simple. In the rest of the section, we will make some

conclusions about the elements in o(P(>)).
Proposition 2.5.2. A =1 is an eigenvalue of P™) of infinite multiplicity.

Proof. Let us consider path eigenfunctions, as defined in Proposition [2.3.8] Take any
path eigenfunction (say f) on V_, that does not take a non-zero value at ¢, and w,
and extend by zero to the infinite lattice. It is clear that P(™) f = f holds pointwise.
It is also clear that the L? norm of f must be finite. So f is a proper eigenfunction of
P(®)_ By Proposition , the multiplicity of 1 as an eigenvalue of P is 2"~1 + 1
for n > 3. Taking n — oo, we deduce that 1 is an eigenvalue of P(>) of infinite

multiplicity. O]

Proposition 2.5.3. Suppose A € o(P™) such that the corresponding eigenvector f,
satisfies: (i) fn(zn) # 0 and (i) fu(c,) =0 or fu,(w,) =0. Then X is an eigenvalue
of P>
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Proof. First, suppose both f,(¢,) =0 and f,(w,) = 0. Then by extending f,, by zero
to V_oo, we obtain an eigenfunction of P>,

Second, suppose f,(c,) # 0 but f,(w,) = 0. Let k, = f.(cn)/fu(2n). We will
define an extension f,41 of f, on V_,11y. In particular, set fr1(x) = kyfo(i(2))

for x € V’

—_n?

where ¢ is the canonical isomorphism between V_,, and V' . Thus,
fror1(cni1) = fulwn) = 0 and fr11(wng1) = knfo(w,) = 0. So by the first case, we
are done.

Finally, suppose f,(c,) = 0 but f,(w,) # 0. Extend f, to V', by zero. Call the
extension f,11. Then f,11(chr1) = fu(w,) # 0 and fri1(w,e1) = 0. By the second

case, we are done. O

For a bounded self-adjoint operator T" on a Hilbert space X, we can decompose
its spectrum o(7") into two disjoint pieces: the discrete spectrum ogiser(7) and the
essential spectrum oeg(7). By definition, A is in the discrete spectrum if it is an
isolated eigenvalue of finite multiplicity. That is, the dimension of the set {x € X :
Tx = Az} is finite and non-zero and there is an interval around A that contains no
eigenvalues apart from A. The essential spectrum is defined to be the complement of
the discrete spectrum.

The following result is due to Weyl [37].

Theorem 2.5.4. Let T be a bounded self-adjoint operator on a Hilbert space X.

A € o(T) if and only if there exists a sequence {xy} in X such that ||zx|| = 1 and
lim || Tz, — Azg|| = 0.
k—o0

Furthermore, X is in the essential spectrum if there is a sequence satisfying this con-
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dition, but such that it contains no strongly convergent subsequence.
We will use the previous theorem in the following result.

Proposition 2.5.5. Suppose \ € J(P(”)) such that the corresponding eigenvector f,

is not zero at z,,c, and w,. Then X is an eigenvalue of P if and only if

(W) Fu(z)] 2 > | falea)/ fu(za)l- (2.5.1)

If Equation is not satisfied, then X\ belongs to the essential spectrum of P,

Proof. Let A € o(P™)) and let f,, be a corresponding eigenfunction that is non-zero
at Zn,, Cn, and w,,. By Proposition [2.3.2] we can extend this eigenfunction to V_,,

n > ng. Let us label the extended eigenfunction by f,,. Define f., so that f., coincides

with f, on V_,. It is clear that P f., = Af... By Corollaries [2.3.5\and [2.3.6} f,, is

non-zero at 2, _; and ¢, ;. Thus, the support of f,, contains at least five vertices,
the support of f,,+1 cotains at least nine vertices, and in general the support of f,
contains at least 277702 + 1 vertices.

Without loss of generality let us scale the eigenfunction f,, so that f,,(z,,) = 1.
Let ¢ = fn,(cn,) and w = f,,(wp,). Recall that the extension algorithm of the
eigenfunction f, on V_, is given by scaling f, by k, = f(c,)/f(z,) = f(cn) and
placing this scaled copied on V’ under the natural isomorphism between V_,, and
V’ .. In the blow-up of the Hata tree that we are considering, z, is a fixed point (i.e.
zp is the same point for all n). So f,(z,) = 1. Also by construction, w,4; = w),
and c¢,11 = w,. Then clearly f,i1(chi1) = fo(w,) and froi1(wpi1) = knfo(w,) =

fn(cn) fu(wy). After cleaning up the recurrence relations, we get that for n > ng + 1

fn(wn) — anfnoquan—nO.
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Here, the F}’s are the Fibonacci numbers; Fy = 0, Fy = 1 and F; = F;_; + Ij;_5. Note

that F; = - (18) — L (1=¥5)/  Thus, asymptotically log| f,(w,)| behaves like
J

s\ 2 VAN
1 + \/S n—no+1 1 + \/g n—ng
log|w| + log|c|.
2 2
The above expression, and thus |f,,(w,)|, converges to oo if and only if |w|_1+2¢g < e
In this case, the L? norm of f,, cannot be finite. If \w\*Hzﬁ = |c|, then | f,(w,)| will

tend to one and the L? norm of f., likewise cannot be finite. Finally, we consider

V5

the case when |w|~ 2" > |¢[. In this case, |fn(w,)| decays to zero. Let K de-

note the maximum attained by f,,. The maximum of f,, 1 on V' (

~ (notk—1) 18 then

K froik-1(Cnosx—1). Thus, the square of the L? norm of f,, is bounded above by

KA Vo) + K2 ) fnlen)P V| = K227 4 1) + K2 ) f(en)? (27 + 1),

m=ng m=ng

Note that the summation is finite, since log| f,, (¢, )?(2™ + 1)] is equal to

145\ 1++v6\ ™"
2( +2\/_) (log|w\+( +2\/_> log|c|) + log(2™*! + 1).

The first term in the expression above dominates and converges to —00. So fy, (¢ )*(2™ 1 +

1) decays to zero exponentially and the summation of these terms is finite.

S

We now will prove the second statement in the proposition. So suppose |w|~ 52 <

lc|. Let us extend each function f, to V_,, by zero. Note that the resulting function
will not be an eigenfunction of P, In particular, (P(‘”) — M) fn = gn, where g, is
identically zero except at the vertices ¢,, w, and the four adjacent vertices outside of

V_,. Let us denote by z,,y, the two vertices adjacent to w, outside of V_,. Recall
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that v,, is the vertex in V_,, attached to w,,. Then

1 1

gfn($n> - _fn(yn)

(PO AL fuwn) = (1= A fuln) = 5 ulvn) '
1
g/n(0n)

= (1= N falwn) = 3l
= (U= Nfaln) = faloa) + 3 Falo0)

= (P(n) — )\])fn(wn) + %fn(vn)
2

2 —1
= gfn(vn) = 5(1 —A)7 falwn).

In a similar way, we can check that (P — XI)f,(z,) = (P — XI)f,(y.) =

—% fn(wy). After analyzing ¢, and the vertices connected to it, we can deduce that

lgnllz = (2 +4(1 = ) 7*)(falen)® + fu(wn)?).

Let C,, = ||fall2. Since \w\’lzﬁ

< |e|, we know that C,, — oo as n — oo. So
|| fn/Cnll2 = 1 but f,,/C,, converges weakly to the zero function on V_... So {f./Cy}
contains no strongly convergent subsequence. By Theorem [2.5.4] to deduce that A is
in the essential spectrum of P(>) it suffices to prove that ||g,/Cy||2 — 0 as n — co.

Let £ > 0 be the smallest non-zero value that |f,,| attains on V_,,. Note that
k = K|fn(wn,)| for some k&' > 0. The |f,,+1| attains a non-zero minimum of
K| fro (Wno )| fro (Cno)| = K| frg+1(Wnos1)| on V2, . In general, |f,| attains a non-zero
minimum of &' f,,(w,)| on V_’(n_l). As there are at least 27701 41 vertices in Vi(n_l)
where f,, is non-zero, we deduce that

02 2 (2n7n0+1 + 1)(k/)2fn(wn)2-

n
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Thus

(2441 = N)2)(fulen)? + fulwn)?)
(2rmott + 1) (K)2 f (wn)?
2+4(1 — )\)72 ( 1 fn_l(wn_1)2 )

WP 2t 1T @t ) f ()

A

gn/Cull? <

The first term tends to zero. For the second term, note that either |f,(w,)| tends
to one or |f,(w,)| is an increasing sequence that converges to co. In either case, the

second term tends to zero as n — oo. O

Corollary 2.5.6. Suppose f, does not attain a zero on V_, and Equation [2.5.1] is

satsified. Then X\ is an eigenvalue of multiplicity one.

Proof. By Proposition [2.3.9] the extensions f, to V_,, in the proof are unique, up to

a constant. Thus, f. is unique up to a constant. O

Corollary 2.5.7. Suppose Conjecture [2.3.10| holds. Then

o(P)) = cl(ao(N®) U G(h<k>)1{0}).

k=4
Proof. By Theorem [2.5.1) we know
o(P)) C c(a(N®)u | J(r")"{0}).
k=4

Let A € o(N®) U Jpe,(h®)=1{0}. If X # 1, by the proposition and the conjecture

we know \ € o(P()). By Proposition [2.5.2, A = 1 is an eigenvalue of P>, Thus,

s(N®Y U G(h<k>>—1{0} C o(P).
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Distribution of Eigenvalues (Level 4)

‘1 ! ! | ! ! | | !

Meumann

09| Dirichlet

0.8

07r

DE —_— e : -

0ar T

Cumulative Distribution

0 - I I | I I | | I |
0 02 04 06 08 1 12 14 16 18 Z

eigenvalue
FI1GURE 2.5.1: Distribution of Neumann and Dirichlet eigenvalues of level 4 graph
Laplacian
Since the spectrum must be closed, the closure of the left hand side must also be in

the spectrum of P, This gives the reverse containment. O]

In a similar manner, one can construct a Dirichlet operator on the infinite lat-
tice from the operators Po(n) on the graph approximations V_,,. However, finding the
precise spectrum of the Dirichlet operator is more challenging than it is for the Neu-
mann case because in this case there are eigenvalues of the approximating operator

P{™ that are not eigenvalues of P\"V.
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FIGURE 2.5.2: Distribution of Neumann and Dirichlet eigenvalues of level 9 graph
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2.6 The Laplacian on the Hata Tree

In this section, let P™ denote the probabilistic Laplacian on the lattice V,. It is
possible to associate with the sequence of Laplacians P™ a sequence of Dirichlet

forms.

Definition 2.6.1. Let V' be a finite set. Let ¢(V) denote the set of real-valued
functions on V. A symmetric bilinear form on ¢(V'), £ is called a Dirichlet form on
V' if it satisfies:

(1) E(f, f) = 0 for any f € (V).

(2) £(f, f) =0 if and only if f is constant on V.

(3) For any f € ((V), E(f, f) > E(f, f), where f is defined by

1 flz)>1
fx) =14 flp) 0< flx)<1
0 f(x) <0

Let £ be the Dirichlet form on £(V},) defined by

E™(f,9) = (f(x) = FW)(g(x) — g(v)).

r~y

There is a natural relationship between E™ and P(™. Let u, be the discrete measure
on V,, that assigns each vertex a weight equal to the degree of the vertex. Then the

following relation holds

E™(f,9) = (f,P™g),.,
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where (-, -),, is an inner product on ¢(V},) satisfying

) = Y F@)g(@) ().

Z‘EVTL

We call EM(f, f), or more simply E™(f), the energy of the function f.

We define the resistance between two points x and y on V,, by

(=) = fy)P

cfel(V,), EM(f) > o}.

Proposition 2.6.2. Let z,y € V, such that x ~ y. Then R™(x,y) = 1 and
R®)(2,y) = Fy_p or Fy_ny1 for k > n, where {F,,}2°_, is the Fibonacci sequence

of numbers such that Fy =1, Fy =1 and for m > 1,
Fpn=Fu 1+ Fuo.

Proof. That R™(x,y) = 1 is clear. For k > n, observe that the removal of the
vertices x and y divides the graph V} into three regions. Let Ay, By and Cj be the
regions that have z, y, and both vertices, respectively, as “boundary” points. Define
a function f; on Vi such that f, =1 on A,U{z}, fr = 0 on B, U{y} and is linear on
Ck. In particular, on C} we linearly interpolate on the vertices that lie on the edge
between x and y. Note that if there M + 1 such vertices (or M edges) the energy of
fi on this piece is 1/M. For any subgraph attached to these vertices, we can define
the function to be identically equal to the value assigned to the vertex. Thus, the
only positive contribution to the energy will come from the edge between x and y.

So it suffices to understand how the edge between x and y evolves in graph ap-
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proximations. In either V,, .1 or V.o, this edge is replaced by a vertex of degree two
with edges connecting to x and y, respectively. (In section 4.2, certain binary func-
tions are defined on the edges of the graph approximation. These binary functions
can be used to determine when edges are “appended”. In particular, if the edge in
V,, is assigned a one or zero, then the edge is appended in V,, 1 or V,, o, respectively.)
The subsequent subgraphs are isomorphic to copies of the previous joined together
in the obvious manner. Thus the number of edges in one subgraph is equal to the
sum of those in the previous two. We can define the sequence {F,,}°_, as above to
help us count the number of edges. Depending on the edge, F» = 2 will correspond
to either V,, 1 or V,, 5. For fixed k, we will have either Fj_, or Fj_, .1 edges in the

subgraph of interest. O

By the proposition, determining the resistance between two vertices of V,, is the

same as counting the number of edges on the shortest path connecting the vertices.

Corollary 2.6.3. The resistance metric R,, coincides with the natural graph distance

on V,.

1+
2

1S

Remark 2.6.4. The sequence {F,,}>°_, is the Fibonacci sequence. Let 1) =

It is well known that
1

V5

We may define a related metric R on the Hata tree by induction. Let ¢ = ¢~! =

Fm (¢m+1 . (_¢)—(m+1)>.

‘/52_1 and set R(0,1) = 1, R(0,¢) = ¢. This defines R on V. We extend to V,, by

setting

R(¢0<x)> ¢O(y)) = SOR(ZE’ y)> R(¢1(x)> ¢1(y)) = @R(xﬁl/)'
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This is a well-defined geodesic metric on V, because

R(0,[e[*) + R(|c[*, 1) = ¢* + ¢ = 1 = R(0, 1).

Evidently R(z,y) is uniformly continuous for V, x Vo — R so it extends to a met-
ric on the closure of K x K. Distance between vertices on some graph approximations

are shown in Figure [2.6.1}

Lemma 2.6.5. Let 0 < k <n. Then

ﬂ_ n—k

< 4t
F, =
Proof.
Q I _ wk—i—l - (_¢)_(k+1) R
E, Yl — (—gp) (ot D) ¥

¢k+1 14+ (_1)k¢2(k’+l) ok
1/}n+1 1+ (_1)n¢2(n+1)
- (_1)k(p2(k+1) _ (_1)ngp2(n+1)
1+ (_1)ns02(n+1)

R (=D* = (1)
1+ (_]_)nSO?(n—l—l)

S 4()0n+k+17

where the last last inequality follows because 0 < ¢? < %, which implies that (—1)* —

(_1)71()02(71—19) <2and 1+ (_1)n(p2(n+1) > % n

Proposition 2.6.6. Let x,y € V. Then #HR(")(x,y) converges to R(x,y) as
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n — oo. Furthermore,

R™ (z,y)

— R(x,y)| < (4V5)p" "
Fn+1

for any pair of vertices x,y € Vi, and n > k.

Proof. First, note that R™ (0,1) = F,41 by the previous proposition. Thus, scal-
ing by ﬁ ensures that the resistance between the vertices 0 and 1 is always one.

Next, R™(0,¢) = F, and it is known that

Fn
n

F+1—>90=R(0,c)asn—>oo. If

x ~yin Vi, R(z,y) = ©* or . The corresponding approximate resistances are

1 _ P Fr_k41 : k+1 k :
o RM™(z,y) = Ty and o which converge to ¢ and " respectively as
n — 00.

In Proposition m, it is made clear that R(")(:v,y) is either F),_ or Fj,_jq for

)

maX<|<p(n+1)—(n—k) . SD(m—&-l)—(m—k)| + 4S02n+1—k + 4§02m+1—k’

n > k. Then if x ~ y in V}, and m > n > k, we have

Fn—k: Fm—k
Fn+1 Fm+1

Fn—k-‘rl Fm—k-i—l

Fn+1 Fm+1

Y

R™(z,y) R(m)(:v,y)‘ - max(

Fn—i—l Fm+1

VAN

’@(n+1)_(n_k+1) . S0(m-i-1)—(m—k-i—1)| + 4902n+2—k + 4902m+2—k)

IN

max (1()S02n+lk7 10¢2n+2k)

IA

10802n+17k.

We obtain the inequlity in the second line by applying Lemma [2.6.5 and the triangle
inequality. The inequality in the third line again is obtained by applying the triangle
inequality and noting that m > n.

So now let us consider the case when z,y € V; but z is not necessarily connected
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to y. There exists a minimal sequence of vertices and joining edges that connect x
and y. The number of such edges is bounded above by the graph diameter, which in
V,, is the number of edges in the minimal sequence connecting ¢ and 1. This number

is R™(c,0) + R™(0,1) = Fy + Fop1 = Fopo, and Fryp < 29" Soif m >n > k,

R® R(m)
‘ (z,y) (xay)' < 10F, 400 1k < (44/5) " 2",
Fn+1 Fm+1

However, knowing that %ﬁi’y) — R(z,y) for x ~ y in Vj, then

' R™(z,y)

~ R, y>\ < (4v/B)pm2t
Fn+1

just by sending m — oo. O

Denote the set F by
F={f €l(Va) : sup EN (flvs flv.) < o0},
where £ = F, {E™_ We can define a Dirichlet form £ on F where
E(f.f) = lim E(flv,.. flv.)

for f € F. The following is standard.

Lemma 2.6.7. Let f € (V). Then

[f(y) = F(2)] < VR(y, 2)E(], ]).

Since V, is a dense subset of K, we can embed F into the set of continuous
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functions on K. In order to define a Laplacian operator, we need to construct a

Dirichlet form on an appropriate L? space.

Definition 2.6.8. Let X be a locally compact separable measure space. Let p be a
regular Borel measure on X such that x(O) > 0 for all open sets O C X. Let F be a
dense subset of L?(X, u) and let £ be a non-negative symmetric bilinear form on F.
Then (&, F) is called a Dirichlet form on L*(X, ) if:

(1) For a > 0, let E(u,v) = E(u,v) + alu,v),, where (u,v), = [, uvdyu. Then
(F,&,) is a Hilbert space.

(2) & satisfies the Markov property.

We will also need to define a measure on K in order to define our Laplacian. Let
v, denote the probability measure on K with support in V,, that assigns each vertex
equal weight. We define the measure v to be the weak limit of the v,,’s. In particular,
for A C K,
v(A) = lim v, (A).

n—o0

Proposition 2.6.9. (€, F) is a local reqular Dirichlet form on L*(K,v). In addition,

sup [f(y) — f(2)] < (L + @)V E(S, ).

y,2€K

The proof is standard (c.f. Proposition 4.3.4) and is omitted. Given a Dirichlet

form (€, F), by the machinery of functional analysis we can define a Laplacian on K.

Definition 2.6.10. Define the Laplacian A with respect to the measure v to be the

unique operator satisfying

£(f7g) = <f7 AQ)V'
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The natural inclusion map from (F,€ + || - ||2) to L*(K,v) is a compact operator
(c.f. Lemma 4.3.5). Thus, A is a compact operator whose spectrum consists of

eigenvalues. Let

Fo=1{f€F, fln, =0}

In a similar manner, (€, Fy) is a local regular Dirichlet form on L*(K,v). Let A
be the Laplacian associated to this Dirichlet form. By the following the proof of
Proposition 3.4.8 in [19], it can be deduced that A is invertible and Gy = Ay is a
compact operator on L?(K,v) characterized by E(f, Gog) = (f,g), for any f € Fy
and g € L*(K,v).

In order to prove that the spectrum of A™ converges to that of A, we need the
notion of a Green’s function. The matrix representation of P can be decomposed

as

S(n)  n)
pn) — :

Um o)

where S™ : (V) — £(Vp), T™ = 6(V,\Vo) — Vo), U™ = £(Vy) — £(V,\Vp) and
V) o(V\Vy) — €(Vi,\Vo). By Lemma 3.5.1 in [19], the matrix V™ is invertible.
Let D™ be the diagonal matrix with entries equal to the degrees of the vertices in
Vi\Vo. Let G = (D™WV™)=1  Observe that for a function f on V, such that

flve = 0 we have

EW(f,6Mg) = (£,VGMg),, = (f, DWVI(DWVE)g) = (f, g),

where the last inner product is the standard one. Thus, G is the Green’s function

corresponding to P,
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Computing G™ directly is a lot of work computationally. Furthermore, it is not
of much help in trying to define Gy. However, there is an alternative approach.

For f € ¢(V,,), we say that h € ¢(V,,), m > n, is the m-harmonic extension of f if
hly, = f and h minimizes {E™) (g, g) : g|v, = f}. h € F is said to be the harmonic
extension of f if h minimizes {£(g, g) : g|v, = f}. For a finite word w, let K, denote
the set ¢y, (K).

Let G = GW. Define Vy(z,y) = > wyevivve Gra¥p(2)¥g(y), where ¢,(z) is the
function on K that attains a one at p € V1\Vj, a zero at the other vertices of V; and
is harmonically extended onto K. Let w be a finite word. Define the |w|+ 1 harmonic

function
o ((¢w) (@), (Pu) ' (y) : ifz,y € K,

0 : otherwise

Uy (z,y) =

Set Wi(y) = ¥y(w,y). For n > 1, we construct a function g (y) from ¥j(y) in
the following manner. First, note that the removal of 0 and |c|> from K breaks it
into four pieces, and thus V,, can be decomposed accordingly. By restricting ¥y to V7,
extending harmonically to V,,, restricting to each component component and extend-
ing harmonically back onto K, we obtain four functions. Denote these four functions
bY Pn, Gn, n and s,. Scale them by the appropriate resistance (R™ (¢0(0), ¢o(1)),
R™(¢(0), ¢o(c)), R™(¢1(0), $1(1)) and R™ (¢1(0), $1(c)), respectively) and add the
functions together. This sum will not be zero on Vj, so we make an adjustment. Let
t, be the function that attains the aforementioned values on V{, is extended harmon-

ically onto V,,, and finally onto K. Let W§ be the result after subtracting ¢,. By our
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construction and Proposition [2.6.2} for any f € ¢(V},) such that f|y, = 0 we have
ED(f,95) = BEW(f,%§,,). (2.6.1)

In addition, W§, is zero on Vp. Set Uy (2, y) = \Ifgn(y)

For n > |w| + 1, define

qf@v”_‘w|_1((¢w>_l(x)7 (¢w)_1(y)) Dif T,y € Kw

0 : otherwise

Uon(z,y) =

Note that in the case where n = |w| + 1, ¥,,,, = ¥,,. For f € F, let f, denote

the function that is equal to f on V,, and extended harmonically onto K.

Lemma 2.6.11. Let f € Fy. Then

Jro+1(x) = flw(x) @ if r e K,

0 . otherwise

B (f 0 =

Furthermore, if n > |w| + 1,

fluw1(®) = fl)(z) : ifr € K,

0 . otherwise

EW(f,W,,) =

Proof. Note that the second statement follows from the first by Equation|2.6.1] Thus,

it suffices to prove the first statement. For f € F,

EV(f,95) =EV(f — fo,¥5) = > mp)(f(p) = fo@)V,L' Ti(q)

p,q€Vi\Vo
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= > (f0) = folp)) () = fil) = folw).

peVi\Wo

Therefore, if w € Wy_1, x € K,, and z = F'(z), then

E®(f sy = > EW(foF, VioF,)=EY(foF, V)

veEWE_1

= ((f o Fu)i(2) = (f o Fu)o(2)) = fu(x) = fea(z). O

Fix w € W,,_;. For 1 <k <n —1, let w[k| = wyws...wg. Suppose z € K,,. Then

by the previous lemma we know

E(n)(fa‘l’x,n) = fi(z) = fo(x)
(f ‘I’wu 2 = fa(x) = fi(z)

(f \I;w[n 2], n) = fao1(T) = faa(z)

Set

In(y) =

D PRCH

Fr1 k=0 weWy

and let g,(z,y) = ¢%(y). Putting everything together, we have

EN(f,g2) = fulw) = fol2),

for f € Fy. Thus, g, (z,y) coincides with the corresponding entry of G™ for z,y € V,.

Recall that removing 0 and |c|? divides K into four connected componenets. By re-
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stricting ¥y to V}, extending harmonically to K, restricting to each of the components
and then extending harmonically back onto K, we obtain four functions. Denote the
four functions by p, ¢, r and s. Let ¥y _ be the function obtained after scaling p,
g, v, and s by R(¢o(0),¢o(1)), R(¢o(0),do(c)), R(¢1(0),¢1(1)) and R(¢1(0), ¢1(c)),
adding the functions together, and adjusting the sum by a function ¢ that is equal to

the sum on 1} and extended harmonically onto K. For a finite word w, define

Vo oo((Fu) (), (Fu) 7 (y) 2,y € Ky

0 : otherwise

\Ilw,oo (x7 y) -

Proposition 2.6.12. For z,y € K, let

g(z,y) = lim g,(z,y).
n—oo

This limit exists. Moreover, the convergence is uniform and

g(z,y) = Y Vi ().

’LUEWOO

Proof. By Proposition W it is clear that #H‘Ifgm converges to Wy - and that

Fn1+1 e, converges to Wy  pointwise for a finite word w. Thus, if nhj& gn(x,y) ex-

ists, it must be >y VT (y).

We will now estimate ||ﬁ@gn — Ui |l By the triangle inequality,

R(n)((b%(ojl, 20D _ R(60(0), d0()1gnl1

+R(¢0(0), do(€))l[gn = qlloo-

' ‘ R™(¢0(0), ¢o(c))

Fro qn—R<¢o<0>,¢o<c>>qH g‘

o0
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Let C' = max ¥§(y). Then ||¢,||~c < C. By Proposition [2.6.6}

z,yeVy

R™(¢0(0), ¢o(c))

F, — R(¢0(0), po(c))| < (4v/5)" 2
nt1

and

gn — oo < 2C(4V5)" 2.

Putting everything together,

' ' R™ (0(0), ¢o(c))

W00, — i) n(ca] | < €L+ 2RG(0) ) 4VE)"

[e. 9]

We can derive similar inequalities for p,, r, and s,. For t,, observe that

||tn_t”oo <

)
BB, Rign(0) n(Dr|| +

n+1

) :
R<2ﬂmwmn—Rwam¢a@mH4

OG0 g R(¢y(0), ¢1(c))s

Fn+ 1

B O R(6,(0), 1 (1)r

Fnia

In a similar manner,

+

o0 o0

Thus,

1
= vy, — %’“H < 8C(1 4 2¢)(4v5)" 2.
n+1

o

1
HF \I’i,n _ \I'ZooH < 8C(1+ 2()0‘111‘4-1)(4\/3)%071—2—‘71}"
n+1

o0

Finally, using the fact that ¥  (y) will be non-trivial for at most one w € W, we



23

get
1 n—1 n—1 1
v — v < v — e
X ww- S| < [EX (5 rmm-vw.0))|
k=0 weW, WEWas 00 k=0 weW, 00
H X 3 v
k=n weWy oo
n—1 00
S Z8C(1+2Q0k+1)(4\/3)§0n_2_k—l—cz@k—i_l
k=0 k=n
The right hand side converges to zero as n — 0. [

The following proposition will show that g(z,y) is the kernel of Gy.

Proposition 2.6.13. For f € L*(K,v),

(@ﬁwzﬂjmm%wmm,

is well-defined for ally € K and G, f € C(K)NFy. Moreover, G, : L*(K,v) — C(K)
is a compact operator. Also

E(u, G, f) :/ uf dv

K
for any u € Fy.

Proof. As the uniform limit of uniformly continuous functions, g(x,y) is continuous.
Thus, it is clear that G, f is well-defined and contained in C'(K). The fact that
G, : [*(K,v) = C(K) is a compact operator can be deduced by a standard argument

using Ascoli-Arzela’s theorem.
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Let
(G f)() = / 0n(@,9) £ () vl dy).

K
Like G, , G is a well-defined compact operator from L*(K,v) to C(K). By con-

struction, we know that £ (u, g%) = u(z). So

e ¥ f@let) = 1) S uto)

zeVy €V,

Thus, we can deduce

EM(u, GV f) = / wf dv,.

K

Taking the limit as n — oo we obtain

E(u, G, f) = /Kufdz/.

This is due to the previous proposition and the fact that v is the weak limit of the

vp,'s. Since G,(,Z)f is zero on Vj, so is G, f. Thus, G, f € Fy. O

Remark 2.6.14. Recall that the operator Gy is characterized by E(f, Gog) = (f, 9).-

Comparing with the above proposition, Go and G, must coincide.

By the spectral theorem, if A\ is an eigenvalue of Pén), then \7! is an eigenvalue
of G™. Observe that G is an extension of G from (V) to L*(K,v,). An
eigenvector of G can be made into an eigenvector of Gl(ffl) by taking the harmonic
extension onto K. Due to the scaling of energies and measures, the corresponding

eigenvalue is scaled by (2" +1)/F, ;.

Fn+1

Proposition 2.6.15. Let K C R™ be compact. The limit of
the Hausdorff metric is () N K.
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Proof. By Proposition , the kernel of GZ(,Z) converges uniformly to that of G,.
Thus, it can be deduced that the operator G(VZ) converges in norm to that of G,. By
standard functional analysis (c.f. [36]), since the operators are all bounded, U(GZ(JZ) )
converges to o(G,) in the Hausdorff metric.

Let K C RT be compact. Let K~' = {z~! : z € K}, which must also be compact.

It is clear that U(G,(,Z)) N K~ must converge in the Hausdorff metric to o(G,) N K 1.

Fn n .
Recall by the discussion preceding the proposition that A € 2n+1—:1_10(Pé )) if and
n FTL n .
only if A7t € O'(Gl(,n)). Thus, 2n+1—110(Pé )) N K must converge in the Hausdorff
metric to o(Ag) N K. O

Naturally, one would like to have a similar result for the Neumann Laplacian.
However, this is left as an open problem. One possible strategy is to somehow define
a Neumann’s Green’s function for the approximating operators and the Neumann

Laplacian itself and to show that there is convergence in norm.



FIGURE 2.6.1: Values of R between vertices of V,,, n =10,1,2,3
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Chapter 3

The Sabot Theory

3.1 Density of States

In [29], the author computes the spectrum of Laplacian operators on self-similar
lattices that satisfy certain symmetries. Although the graphs V_, do not satisfy
these symmetry conditions, by carefully checking certain features it is possible to
apply the theory.

First, we slightly modify the graphs V_,, determined by some infinite word w €
{0, 1}, In this chapter, we will assume that the graph V; is complete. Le., we assume
the existence of an extra edge between wg and cy. The graphs V_,, are constructed in
the same manner as in Section and we will use the same notation.

We begin by constructing a set of symmetric operators and measures on the V_,,.
Let A = A be a linear symmetric operator on Vj. Its matrix representation is given

by:
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Let the first, second and third rows correspond to ¢y, 2o and wy, respectively.
For i = 0,1, let A; be a copy of A on the cell (V_y),. If z ¢ (V_1);, then we let
A;f(x) = 0 for any function f on V_;. We define the operator A on V_; as the sum

of these two operators, i.e.,

AN =34,

i=0,1

In matrix form,

AL —

O O=%m 0
coason
Q
[LRESTE RSN
>
QR QOO
00O O

The first three and last three rows correspond to the two copies of A, and the third
row in particular corresponds to the gluing point (¢; = 2] if w; = 0 and 2z, = ¢} if
w; = 1. However, this is immaterial in the matrix representation.)

In general, let A;, ; be a copy of A on the cell (V_,);,. ;.. As before, if = ¢
(V_n)iy.in, we let A;, ;i f(xz) =0 for any function f on V_,,. We define the operator
A™ on V_, by

A — Z Ay

wGWn
In a similar manner, we can construct a sequence of measures on V_,,. Let 3 be

the measure on V). We define the measure 3, on V_, by

ﬁn: Z by

’LUGWn

where (3, is a copy of 5 on (V_,),.

The sequence A™ and b, form an inductive sequence because for n > p, if



29

supp(f) C int(V_,) U (OV_, N OV_,), then

AW f = AP f and /fdﬂn:/fdbp.

It is clear we can extend the measures 3, to a measure B, on V_. . To construct the
operator A(®) first observe that we can can define A on a compactly supported
function f to equal A®) f for some p such that supp(f) C V_,. It is then possible to
extend the definition to an arbitrary function on V_

Let (-,-) denote the usual scalar product on RV-". Let Hfr”) be the operator on
L3(V_,, 3,) defined by

(AP f, gy = /H f9dB. Vf,geR-".

The operator HEL") is semi-negative, self-adjoint, and can be viewed as a discrete
difference operator with Neumann boundary condition on dV_,, since no conditions
are imposed on the boundary points. We denote by H ™ the self-adjoint operator
on R (V=n) defined as the restriction of H ) to R(V=n) = {f € RY-"_ f|or ., = O}
Since the domain consists of functions that vanish at the boundary, H™ is said to
have a Dirichlet boundary condition.

There exists K > 0 such that (Af, f) < K [ f2db for all f € R*". By definition,
the same inequality must hold true for A™, b, and f € RY-". So the sequence of

operators H J(r")

is uniformly bounded for the operator norm on L*(V_,,b,) and can
be extended into a semi-negative, self-adjoint operator HJ(FOO) on Dy, = LA(V_oo, bso).

Define H'™ as the restriction of HJ(FOO) to D~ = {f € DL, flov... = 0}. We must
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have

(A f,g) = — / HE) fgdf Vf,g e DE.

Note that if OV_,, = () then the operators HJ(FOO) and H are equal and we simply
write H (),

The goal of the theory is to analyze the spectrum of HE_LOO). This is done by
analyzing the eigenvalues of Hj([n). Denote by

)\ + +
0 — )\n71 > >\7’l,2 Z cet Z An7|v_n‘.

the eigenvalues of HJ(:L). Denote by

O=A1>A 2> 2 )\7:,|int(V_n)|'

)

the eigenvalues of H"™. Let v;7 and v, be the counting measures of the Neumann

and Dirichlet spectrum, respectively. L.e., we have

Definition 3.1.1. If the limit

exists and does not depend on the choice of the boundary condition then it is called

the density of states and denoted by pu.

If A\, is an eigenvalue of both HJ(:L) and H (_n), then we say that is is a Neumann-

Dirichlet (ND) eigenvalue. Let v denote the corresponding counting measure.
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Definition 3.1.2. If the limit

.1
lim —u VP
n—oo 21

exists then it is called the density of states of ND eigenvalues and denoted by pVP.

We now make two remarks. The first is that 2% is an appropriate normalization
factor since the number of Neumann and Dirichlet eigenvalues from level to level
roughly doubles. The second is that the existence of the density of states must be

established. Once we check the appropriate things, by the theory in [29] we will have

existence.

3.2 The Maps T and R

Let V be a finite set and V' C V a subset.

Definition 3.2.1. Let @ be a linear symmetric operator on V. Let Qv+ denote the
operator with the rows and columns corresponding to V\V’ removed. We define the

trace of @ onto V'’ the V' x V/ matrix Q|y, where

Qlv = ((Q_I)V\v')_l-

The following is well known.

Proposition 3.2.2. If Q) has the following block decomposition on V'

Qv B
Q= :
BT Qv
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then

Qlv = Qv — BQy' BT

Le., the trace of QQ onto V' is given by taking the Schur complement of the above block

matriz.

In order to be in a position to use the Sabot theory, we must check that the trace
of an operator A™ onto OV_,, can be found by iteration of a rational map. Let Sym,

denote the space of 3 x 3 matrices. We define

T: Syms — Sym,

Q = (@)lav.,.

Here, QW denotes the operator on V_; constructed in the same way as A, In matrix

notation, we have

adf a® 4 F)
<db e) —> (du) b1 e(l)) ,
fec F ) )
where

a(l) =c— a—fQ b(l) =pb— ad? d(l) —e— adf 6(1) _ d(—ae + df)
a? + ab — d?’ a? + ab — d?’ a? + ab — d?’ a? + ab — d?
S —a*c+ cd® + f(—2de + bf) + a(=bc + * + f?) 0 = f(—ae + df)
N —a? —ab + d2 ' a2 4ab—d?

It is possible to compute the trace of Q™ onto V_, by iterating n times the map 7.

Let us denote by a™, b ™ d™ e M the entries in T(Q).
Proposition 3.2.3. (Q™)|5 . = T™(Q).

Proof. The case n = 1 follows by definition. Suppose the statement is true for n = k.



63

The matrix Q*+Y has the following block decomposition:

c 0 0 0 0 0
0 b 0 0 0|A
0 0 ¢c+b 0 0
QY 00 0 ¢ 0 B
00 0 0 ¢|o0
AT 0 |clo
0 BT 0|D

The upper left block corresponds to the boundaries of V_j and V’, and row three in
particular corresponds to ¢ = z;,. We now take the trace onto these five points, which
in matrix terms corresponds to taking the Schur complement. Let S = oV_, U9dV’,.

Then by linearity

OO
[N e=le]

)—AO*AT

0
Qls = <0
0 0 0| (g:8)-BD BT
00c
The non-zero blocks in each bracketed term correspond to the trace of the copy of

A® on V_; and V’, onto V_; and OV, respectively. By the induction step, these

terms equal T%(Q), up to a permutation of the rows. Thus,

Q)| 0 0 0
Qls = +
0 0 0 THQ)
) B F) 0 o 000 0 0
o®) ) 1) 00 00 b&) d&) &
= B gk o0 oo | | 000 dL €
f<0 d0 al oo 00 d®) k) f)
0 0 0 00 00 e f) k)
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a® gk fk)
If we take the trace of Q|s onto OV_ (1), then by definition this is T( ( d(k; bEk> eék; > ) =
FOMOC

ad

T]H'l((dbjcf)). O
fec

With this proposition established, the next goal is to construct the analogue of T'

on a Grassmann algebra. We begin by first defining the Grassmann algebra.

Definition 3.2.4. Identify V; with {1,2,3}. Let £ and E be two copies of C" with

canonical basis (1)zev, and (1)zev,- The Grassman algebra A(E @ E) is defined by

ANE®FE) =at_(E® E)".

where A denotes the exterior product.

Denote by A the subalgebra generated by monomials containing the same number

of variables n and n, i.e.,

A= @) B N B,

A canonical basis for A is
{7y Ao ANy Ay Ao Ayt < vve <y g < -0 < i, 1 < k < 3}

We can define a scalar product (-,-) on A that makes this basis orthonormal. To
simplify notation, from now on we write n;n; for n; A n;.

If @ € Symg, we denote by nQn the element of A:

nQn = Z Qi3 TiM;-

i,j€F
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We will be interested in terms of the form

e}

1
exp(1Qn) = Zy(z@,jﬁim)k
k=0 " iy

— Z Z det((Q>’Ll<<’Lk>ﬁlln_]1 e ﬁlkn]k

k=0 i1 <-<iy, TSIk
g1 <k

If Y is in A, we denote by iy the interior product by Y, i.e., the linear operator

iy : A — A defined by
(iy(X), 2y =(X,YZ) VX, Z € A.

If V' is a subset of Vj, we denote by Ay~ the subalgebra generated by the variables

(M) wev’s (Nz)zev. We define the linear operator Ry, 1+ by

Ry_yvi: A — Ay

X = (X).

ZHIEVO\V/ NaNa

The following is Proposition 2.2 in [29].

Proposition 3.2.5. Let () € Sym;. Then

det(Q) = (Ry,—v(exp(Qn), [ Mana),

zeV’
det(QV/) = <RV0—>V’ (exp(ﬁQn>’ 1>7

and
Ry, v (exp(7Qn)
det(Qv-)

exp(NQlvm) =
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when det(Qy+) # 0.

We are now in a position to define a map R : A — A that corresponds to T'. Let A;
be the counterpart to A for the set V_;. Let s;,7 = 0, 1 denote the canonical injections
from V4 into (V_1);. These maps naturally induce the morphism s; : A — A; defined

on the generators by (7z, 1) = (7s,(2), Nsi(z))- We define the map 7 by

T A — A

X = 80<X)81<X).
By previous definitions, the map 7 satisfies

exp(nQMn) = 7(exp(7Qn)).

We define the map R by

R = RV_1—>8V_1 OoT.

Proposition 3.2.6. (i). The map R is a homogeneous polynomial of degree 2.

(ii). The following relation holds

R™(exp(nQn)) = det(Q™ |iyv_.) ) exp(RT"Qn). (3.2.1)

Proof. (i). 7 is a homogeneous polynomial of degree 2 in the coefficients of X and

is a linear map.

(ii). By Proposition we know

Q) = Q" ov.,. (3.2.2)
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It suffices to prove that

R(exp(iQn) = i, e 7ens (€XD(7Q ). (3.2.3)

because equation is a direct consequence of equations|3.2.2|and [3.2.3]and Propo-

sition 13.2.9l
We prove equation by induction. Suppose equation [3.2.3| holds for n. Then by

the induction step

R™(exp(Qn)) = i1, s, (exp(7Q"")7)).

Observe that

T(R"(exp(Qm)) = (iLcp,, nene (xP(GQN)) (i1, Ly (exp(7Q 7))

- ineim(V_n)uinc(VLn) NN (eXp<ﬁQ(n+1)n)) .

Each term in the expression above will be indexed by x € 0V_,UdV’, . By identifying

this set with V_; and applying the map Ry , v ,, we prove the induction step. [J

As in [29], it is possible to embed Symy into a certain projective space. Denote
by P(A) the projetive space associated with A where 7 : A — P(A) is the canonical
projection. Denote by L? the closure in P(A) of elements of the form 7(exp(7Qn))

for () € Sym;.
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The map R on 7~ }(IL3) U {0} is given by

R(Z1 + ammy + bijanz + ciisnz + D1 gmmianz + D1 siimisns + Dasiananzns + Dy g smimianaisns) =
(a® + ZD12)1 + (aDy3 + cDyg)iiim + (aD1 g + bD1o)ins + (aDys + Z D1 23)73ms
+(aD1 23 + D1 2Da3)mimiens + (Dig +¢Dy23) D1 smmnans + (D12D1 3 + bD1 2.3) 72727373

+(D1,3D12,3 + Da3D1.2,3) T 7212373

where Dy 9 = ab—d?, D5 = ac— f2, Dy 5 = bc—e?, Dyo3 = abc—ae? —cd?—bf?+def.

By Proposition we know the map 7T is a well defined map on Sym;. We
also know by Proposition [3.2.6] that 7=1(L%) U {0} is invariant by R. At this point,
the rest of the theory in [29] naturally follows. First, one can express the counting
measures of the eigenvalues of Hin) in terms of R. This will be pursued in the next
section. More significantly, by Theorem 3.1 in [29] we know that the density of states
must exist and that there exists an expression for the density. We refer to the text

for the notation.

Theorem 3.2.7. (i). The density of states is given by the following formula

1
p=5-AGod).

(7). The density of Neumann-Dirichlet eigenvalues is given by

P =37 poc(m(6(0))6n

We make one small remark about the Green function G. The map G : A —
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R U {—o0} is defined by

G(z) = lim — In||R"(z)]|.

n—o0

where N is the degree of the map R. In our situation, we take N = 2.

There is one more major result that comes as a natural consequence. Theorem
4.1 in [29], known as the Dichotomy Theorem, tells us that depending on the zeros of
R, we either have NP = y for any choice of (4, b) or VP = 0 for a generic choice of
(A,b). This is interesting, because this tells us that for most situations we either have
that the N D eigenvalues either contribute to all of the density of states or essentially

do not exist.

3.3 Application

Let A = (é ) 2) be an operator on Vj. By setting the term in A corresponding to
e

the edge between w, and ¢ equal to zero, the corresponding operators A™ can be
viewed as linear symmetric operators on the original graphs V_,,, as defined in section
. Let 8 := (B4, B, Bc) € R denote a measure on V;, where 3, corresponds to the
vertex with diagonal entry z.
Ifweseta=c=1,b=2andd=e=—-1inAand 5, =0, =f.=11in S (i.e. we

have the uniform measure), then the operators Hin)

that correspond to A™ coincide
with the probabilistic Laplacians P and Pén).

We will outline a dynamical system that can be used to compute the eigenvalues
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of H". The map T can be written as

ad’ ae? ade
o - - . 3.1
rab— " @tab—d " a2+ab—d2) (333)

T(a,b,c,d,e) = (c, b

Let ag = a — B\, by = b — B\, co = ¢ — BN, dy = d, eg = e. In general, let

(an+17 bn+17 Cn+1, dn+17 enJrl) = T(O,n, bn; Cn, dnu en)- Let
D(a,b,c,d,e) = abc — ae* — cd®

denote the determinant of the matrix A. D(ay, by, ¢, dn, €,) will be a rational function
of A. By Proposition[3.2.6] the zeros of this rational function will be the eigenvalues of
HJ(r”) and the singularities in the denominator will be eigenvalues of H ™ of course,
it is possible that a certain value for A will be both a zero of the numerator and
denominator. Such a A will be a ND eigenvalue. Thus, removable singularities will
correspond to ND eigenvalues.

So far, we have established a five dimensional system to compute eigenvalues. It is
possible to perform a dimension reduction by observing that a,,1 = ¢, and d,, 11 = e,,.

Define ¢_; = ag and e_; = dy. Then

2
(b c e )_ b _ Cn—16€5_1 C, — Cnfle% _ Cn—1€n—1€n
e e G B WA v e v e e |

is a dynamical system with only three recursive sequences, and by analyzing the roots

and singularities of

2

2
D, = Cn—lbncn — Cp—1€, — Cp€y_9,

we get the eigenvalues of Hi").
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It is possible to perform another dimension reduction. In equation [3.3.1] the

expressions for 0,1 and c¢,.1 are similar. By some algebra,

an(ei - di)

a2 + apb, — d?

n

bn+1 — Cp41 = bn —Cp+

Using the equivalent expression for e, and the fact that d,, = e,,_1, we have that

2 .2
b b — €n €n—1
n+1 — Un — (cn+1 - Cn) —€pt1———
€n—1€n

By writing b, as a telescoping sum, we can deduce that

bnsr = bo+ > (bjs1 — b))
=0

n n 62 62
_ Jj -1
= b+ E (CJ'H _Cj) - E :ej+1—
- ; €;—1€;
Jj=0 Jj=0
n 2
e; — e
J Jj—1
= Cpg1 + (bo — o) — E €j+1
- €j—1€;

Thus, the sequence b, can be eliminated from our dynamical system.

2
Cp—16€,

2 2
2 n—1 %% 2
Cpoq + Cn71(0n + (bo — co) — Zj:ﬂ €j+1 m) — G

Cn+1 = Cp—

Cn—1€n—16n

Cnp1 =~ — P . — (3.3.2)
i+ cnoa (e + (bo — co) — -0 S ) —ens

is a set of two recursive sequences encoding the dynamical system. The expression

n—1 62 i 62
J Jj—1 2 2
D, =c¢, 1 (cn + (bg — o) — E €j+1 ﬁ) Cn — Cn—1€;, — Cn€o_o) (3.3.3)
J—1¢5

J=0
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)

can be analyzed just as before to find the eigenvalues of Hj(f . We summarize our

results with the following theorem.

Theorem 3.3.1. Let by =b— N,c.1 =a— Ncg=c— N e_1 =d and eg = e. For
n > 1, define the polynomials ¢, and e, by the equations in|3.3.2| Then the zeros of
D,, in Fquation are the Neumann eigenvalues (the eigenvalues of HJ(:Z)). The
singularities are the Dirichlet eigenvalues (the eigenvalues of H(_n)). The removable

singularities are the Neumann-Dirichlet eigenvalues.



Chapter 4

Spectral Asymptotics

4.1 Mixed Affine Nested Fractals

For [ > 1, an [-similitude is a map v : C" — C" such that
U(x) = 171U (x) + 0.

where U is a unitary map and xy € C". Let {t1,...,%,,} be a finite family of maps

where 1); is an [;-similitude. For B C R", define
\IJ(B) = U?;lwi(B)a

and let

U, (B)=Yo..0oU(B).

n times

73
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The map ¥ on the set of compact subsets of R™ has a unique fixed point S. This set
is a self-similar set that satisfies S = ¥(S5).

Since each 1; is a contraction, it has a unique fixed point. Let F’ be the set of
fixed points of the mappings 1;, 1 <7 < m. A point x € F” is called an essential fixed
point if there exist 7, j € {1,...,m},i # j and y € F” such that ¢;(x) = 1;(y). Let Fy

denote the set of essential fixed points. Now define

Yiy.i(B) =1, 0.0 (B), BCR"

The set (F);y.4, = Vi,..i, (Fo) is called an n-cell. Let E denote the simplex formed
from the vertices in Fy. The set (S);,. ., = ¥ 4, (E) is called an n-complex. The

lattice of fixed points Fj, is defined by

Fn - \IIn(F(])a

and the set F' can be recovered from the essential fixed points by setting

S = (U Fr).

We can now define the affine nested fractal.

Definition 4.1.1. The set S is an affine nested fractal if {11, ..., ¥, } satisfy:

(A1) (Connectivity) For any 1-cells C' and C’, there is a sequence {C; : i = 0,...,n}
of 1-cells such that Co =C, C,, =C"and C;_1NC; #0,i =1,...,n.

(A2) (Symmetry) If z,y € Fy, then reflection in the hyperplane H,, = {z : |z — 2| =

|z — y|} maps F, to itself.
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(A3) (Nesting) If {iy, ..., i}, {Jj1, .., Jn} are distinct sequences, then

Vi i (B) NV 50 (E) = iy, (Fo) N Yj, i, (Fo).

(A4)(Open set condition) There is a non-empty, bounded, open set O such that the
1;(0) are disjoint and U ,1;(O) C O.

Observe that this definition is identical to the definition of the classical nested
fractal, except that similitudes are allowed to have different scale factors.
We can construct a composite of affine nested fractals as follows. Let A be a finite

set. For each a € A, let

Pt ={Y¢i=1,...,mu}.

denote a set of m, similitudes in R™ that determines an affine nested fractal. Let us
assume that the set of fixed points for each 1 is the same. As before, let us denote
the set of fixed points by Fj. Let [ denote the scaling factor of ¢{. Let S, C R"

denote the unique compact set that satisfies
Sa = U295 (Sa)-

By the open set condition, this set will have Hausdorff dimension the unique « such

that

Mgq

d =1

j=1
In order to construct mixed fractals we also need an address space. The address
of each branch in the tree is used to specify a set in our mixed fractal through the

applications of the sets of similitudes determined by the address. Let I,, = Up_ N*
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and let I = Uil be the space of arbitrary length sequences. Let i denote a sequence
in I. Write i,j for the concatenation of two sequences i and j. Let [i], denote the
sequence of length n such that i = [i],, k for some sequence k. Write j <i, ifi=jk
for some k. Let |i| denote the length of a sequence. Let i(m) denote the mth term of
i.

Our address space will be a subset T of the space I. Let T,, denote the sequences
in T" of length n. T must satisfy certain properties. We require that Ty = Iy, the
set consisting of the empty sequence. Let U(i),i € T' be an A-valued function that
indicates the type of nested fractal to be used. We require that i € 7' if [i],, € T,, for
each n < |i|, where [i],, € T,, if
(1). [{ln-1 € Tnr,

(ii). There is a j, 1 < j < m(U([i],—1)) such that [i],_1,7 = [i],.
Let E be the complete set formed from the set of fixed points Fy. The empty

sequence in Ty corresponds to this set. For i € T,,, let S; denote
(5 = () = Uiy 0 0wy " (E).
The mixed affine nested fractal is then defined to be defined to be
S =Ny Uier, (9);.
The mth level approximation to S is defined as

Sm = Mp—o Yier, ()i
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We define the mth lattice of fixed points to be

Fo = Uier, ¥i(Fo).

As a composition of affine nested fractals satisfying the open set condition, the set S

does as well. By the results in [24], the Hausdorff dimension of S is

dy(S) = maxdy(S,).

a€A

4.2 Reconstruction of Hata Tree

The Hata tree can be constructed as a mixed affine nested fractal, with the address
space determined in a natural way by binary functions and imposing an orientation
on the edges of the approximating graphs. In order to formulate this construction
more precisely, let us first analyze the approximating graphs.

By self similarity of the Hata tree, it suffices to understand a single edge and how
it evolves in the graph approximations V,,. Without loss of generality let us pick the
edge in Vj that corresponds to the unit interval. In V}, an new edge is “appended”.
That is, a vertex (corresponding to the point |c|?) is placed in the middle of the edge,
dividing our original edge in two, and an ultimate vertex is attached to this middle
vertex via a third edge. For brevity of notation, let us label the edge corresponding
to [0, |c[*] by a and the edge corresponding to [|c|?,1] by b. Since ¢1(K) is graph

isomorphic to K, there is a correspondence between the unit interval and the edge b.
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So in V5, the edge b has another edge appended to it, but edge a remains unchanged.
In V3, a is part of a subgraph isomorphic to V4. So in the next graph approximation,
a has an edge appended to it. Thus, every edge in an approximating graph V,, will
have an edge appended to it eventually.

In order to determine the general manner in which edges are appended, we need
the notion of a binary function and orientation on the edges of the approximating
graphs. On V4, let us assign its two edges the orientation that goes from (the vertex
corresponding to) 0 to 1 and ¢, respectively. We say that 0 is the “stem” vertex and
1 and ¢ are the “leaf” vertices of these edges. If an edge is split in two, we call the
two edges the stem and leaf, respectively. Let edges in future graph approximations
inherit the orientation obtained from ¢ and ¢; in the natural way. Observe that for
a new appended edge, the orientation will always go from a vertex placed on an “old”
edge to the “new” vertex. Informally, this corresponds to how branches grow ”out”
from an actual tree. Figure [4.2.1] gives an illustration.

To construct our binary functions, let us first define the function on V. Let
us assign the edge corresponding to the unit interval a 1, and the other edge a 0.
Inductively, our binary function on V,, will assign an edge a 1 if it also appears in
V,._1. If it is one of two edges that compromised one whole edge in V,,_1, then the tail
and head (with respect to the orientation) are assigned a 0 and 1, respectively. If the
edge is new, then it is assigned a zero. Observe that the binary functions model when
edges will have new edges appended to them, with edges assigned a 1 having an edge
appended to them immediately in the next graph approximation. Edges assigned a
0 must wait until the subsequent approximation. To extend our analogy to an actual
tree, binary functions can be viewed to model the age of sections of the tree. A new

branch is assigned an age of 0, at maturity (one more graph approximation) it is
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assigned an age of 1, and as part of it dies (the tail in this case) it is replaced by new

wood.

Let us define the set of similitudes ¥* = {¢{, 95,145} on C such that

Ui(2) = ez ¥5(2) = (1= cl*)(z = 1) + 13 ¥5(2) = |c]* +ile| (1 — [c]*)=.

Let 9¢ consist of the identity map 5. Although the identity map is not strictly
speaking a similitude, let us ignore this fact for now. 1* and ¢ share two essential
fixed points, Fy = {0,1}. Let E be the unit interval, the simplex formed from the
points in Fy. The goal is to define an address space T and a {a, e} valued function U on
T such that the resulting mixed affine nested fractal is isomorphic to half of the Hata
tree. Specifically, remove the point 0 from the Hata tree and consider the connected
component containing the unit interval. The resulting set will be isomorphic to this
connected component.

We construct our address space T as follows: let Ty consist of the empty sequence
corresponding to E. Let U()) = a, indicating that the set of similitudes )* are to be
applied to . ¢{ and 1§ map E onto itself, and the application of 1§ to £ creates
the new “appended” edge. Let T} consist of the sequences {1}, {2}, {3}; where the
first two sequences correspond to the stem and leaf parts of F, and third sequence
corresponds to the appended edge. In general, for an edge with address i, if another
edge is appended to it, then let i,1 and i,2 be the addresses of the stem and leaf
part of the branches, respectively. Let i, 3 be the address of the new appended edge.
If the edge remains intact in the next graph approximation, let the address of this

same edge in the next graph approximation be i,0. By the previous discussion, we



FIGURE 4.2.1: Binary Functions and Orientations on V,,, n =0,..,3
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can extend the function U:

. a :if [i];,(m) =0 or 2
U([ilm) =
e :if [ij,,(m)=1or 3
We define S to be the set determined by %, ¢, T, and U. The first few approxima-
tions are shown in Figure [£.2.2] Since the identity map in ¢° not being a similitude,

we cannot say yet that S is a mixed affine nested fractal. However, we can conclude

the following.

Proposition 4.2.1. Remowve the point 0 from the Hata tree, and take the the con-
nected component containing the unit interval. Then there exists an isometry between

this connected component and S.

Proof. Let us denote the connected component by C'. Recall from the introduction
that the sets K, coverge to K, the Hata tree, in the Hausdorff metric. Let C,,, = K,,N
C'. First, we must specify the metric with respect to which there is an isomorphism.
Define the distance between any two points in a set to be the Euclidean distance of
the corresponding geodesic within the set.

The graph approximations F;,, of S were constructed to correspond to the evolution
of the unit interval in the graph approximations V,,,. Thus, the corresponding complex
S is homeomorphic to C,, for all m.

By the self-similarity of the Hata tree, the lengths of the edges in V,, scale by
certain constants. One can check that the length scale factors of the similitudes in
1* are the correct constants. Thus, we can conclude that S, is isomorphic to C,, for

all m, and by construction, the isomorphism carries over to the limit. O

As in the proof, let C' denote connected component of the Hata tree (with 0
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removed) containing the unit interval. Let D denote the other connected component.
By the self similarity of the Hata tree, there is clearly a homeomorphism between
these connected components. In fact, if D is scaled by |c| then we have isometry. We
also have a homeomorphism between C,,_; and D,, for m > 1, with isometry if D,,

is scaled by |c|. By these simple observations, we have the following.

Corollary 4.2.2. Let S’ be a copy of S. Identify the point 0 in these two copies. Let
K, denote the nth level approzimation to the Hata tree. Then K, is homeomorphic
SpUS!H | formn > 1. If S" is scaled by |c|, then the homeomorphism extends to an

1sometry.

As noted above, we have not yet established that .S is a mixed affine nested fractal,
due to the fact that the identity map in ¢¢ is not strictly speaking a similitude. We
now proceed to remedy this.

Let 9" = {¢} : j = 1,...,5}, where ¢} = 9§ o )} for j = 1,2,3, ¥§ = ¢f, and
Y% = 3. Let ¥* be the same as above. 1)® and 9® share two essential fixed points, 0
and 1. Let E be the simplex formed from the fixed points, namely the unit interval.
We now construct an address space T and function U® on T*. Let T§ consist of the
empty sequence corresponding to E. Let U¢(()) = b. Tf will consist of the sequences

{j},7 =1,...,5 corresponding to ¢?(6) We now extend U*¢ as such

o a :if [i}(m)=1,3
US([i]m) =
b :if [i]m(m) =2,4,5
Let S¢ denote the mixed affine nested fractal determined by %, ¢ T and U®. It is

not hard to see that S is the same set as Sy, for n > 0. Thus, 5¢ = S.

We will give another method to construct S. Let * and ¢ be the same as above.
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Let TY consist of the empty sequence corresponding to the set E. Let U°()) = a.
Then T7 will consist of the sequences {j} : j = 1,2,3 corresponding to ¢§(E). Let
U¢ = U° for all sequences not equal to ). Now let S° be the corresponding mixed
affine nested fractal. The approximations Sy are equal to Sa,4+1 for n > 1, so S is
equal to S. (The superscripts e and o were chosen to correspond to the even and odd
approximations to S, respectively.)

By the corollary and our previous work, we now have the following.

Theorem 4.2.3. Identify the point 0 of S° and S¢. Then K, is homeomorphic to

SeuUSy forn > 1.

We conclude this section by computing the Hausdorff dimension of S° and S° and

giving some remarks.

The Hausdorff dimension of K, the affine nested fractal determined by %, is

Ma

dy(K,) = inf{a: Z(zg)—a =1}
— inffas (o) + (1= [e?)* + (el(1 = |ef?)* = 1)
= inf{a: el (Je* + (1= [e[)) + (1= |ef)* =1}

= {o:ef*+ (1 —[cf)* =1}

The Haudsorff dimension of Kj, coincides with dy(K,):

mp

dy(K,) = inf{a:) () =1}

j=1
= inf{or: (JeP(1 = [e[*)* + (L= [e)*)™ + (lel(1 = [e[))* + (Je)* + (lel(1 = [e[*)* = 1}

= {a:|c*+ (1 —ef)* =1}
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Thus the Hausdorfl dimension of S° and 5S¢ is:
dir(S°) = dia(S) = {a : el + (1 = [e[2) = 1}.

The last line agrees with Moran’s formula ([19]) for the Hausdorff dimension of the
Hata tree, as one would expect.

In [12], the author defines random affine nested fractals, which according to the
definitions presented here are mixed affine nested fractals such that the function U(i)
is determined by a random process. In [§], the authors work with V-variable Sierpinski
gaskets, which are mixed affine nested fractals built from two classical versions of the
gasket, where U(i) is determined by a tree branching process. In [13], the authors
work with graph-directed fractals. In fact, S° and S€ are graph-directed fractals. The

work done later in this chapter is based on these authors’ work.

4.3 Dirichlet Forms and Laplacians

The goal in this section is to define a Dirichlet form and Laplacian on S° and S°.
This will be done via the standard method of constructing a Dirichlet form on ap-

proximating lattices.

Definition 4.3.1. Let (V') be the set of real valued functions on a set V. A sym-
metric bilinear form £ on ¢(V) is called a Dirichlet form if it satisfies

(1) E(f.f) = 0 for any f € (V).

(2) E(f, f) = 0if and only if f is constant on V.

(3) & satisfies the Markov property. That is, for any f € €(V), E(f, f) > E(f, f),
where f is defined by:
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1 Hif f(p) > 1
fp) =14 flp) :if0< f(p)<1
0 Hif f(p) <0

By standard convention, we write £(f) for £(f, f). Note that one can recover
E(f, g) from E(f) and £(g) by the polarization identity £(f, g) = +(E(f+9)—E(f—g)).
We will alter notation introducted in the previous sections and let V¢ and V¢
denote the nth approximating lattices of fixed points of S° and 5S¢, respectively. For
points y, z € V.7 we say that y ~ z if there is a i € T'? such that (S%); has boundary

points y and z. Let

1

E(f9) =5 D (f~FED0W) —9(2). fgelVy), v=o.e

In order to construct a sequence of compatible Dirichlet forms, we need the notion
of resistance between points. Without loss of generality let us define the resistance
between the two points in Vi = V{7 = {0,1} to be 1. For 9§ € ¥, define p(a, j) to
be the resistance scaling factor. We require that 0 < p(a,j) < 1 for 7 =1,2,3. We
also require that p(a,1) + p(a,2) = 1. In a similar manner, we define p(b, j) to be
the resistance scaling factor for ¢? € . Again, we require that 0 < p(b, j) < 1 for
j=1,..,5and p(b,1)+ p(b,2) + p(b,4) = 1. We define the resistance of the boundary

points of ¢y, (E) to be
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We can then write

ENfg) = ra()'E (forgothy), fogel(VE), z=oe

ieTs

By construction, the sequence of Dirichlet forms {£?} is a compatible sequence on

V¥, That is

En(f, f) =min{& 1(g,9) : 9 € L(Vi1), glve = [}

Let VI = U2 V¥, For a function f € ((VZ), by the compatibility the sequence

{&2(flvn, flvr)} is increasing. Denote by F* the set
F = {f € (V2w €2 flves fIvz) < oo},
We can then define a Dirichlet form £* on F*, where
EX(f, f) = lim EX(flves flve)-

For i € T}, the resistances r,(i) determine a metric on the vertices of V,*. Let us

define the resistance between two points y, 2z in V2 to be:

ra(y, ) = (f{E(f, f) : f(2) =0, f(y) =1, f € F'}) .

Observe that if y, z are the endpoints of (S%);, then r,(y, z) will coincide with r,(i)
(hence the slight abuse of notation). The following is a standard result on resistance

metrics, c.f. [19].
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Lemma 4.3.2. Let f € ((VZ). Then

[f(y) = F)| < Vraly. 2)E2(F, )

Recall that VI is a dense subset of S*. So by the lemma, F* can be embedded
into the set of continuous functions on S%.
In order to define a Laplacian operator, we need to construct a Dirichlet form on

an appropriate L? space. We now precisely define such a Dirichlet form.

Definition 4.3.3. Let X be a locally compact separable measure space. Let u be a
regular Borel measure on X such that u(O) > 0 for all open sets O C X. Let F be a
dense subset of L*(X, 1) and let £ be a non-negative symmetric bilinear form on F.
Then (€, F) is called a Dirichlet form on L*(X, u) if:

(1) For v > 0, let Eq(u,v) = E(u,v) + afu,v),, where (u,v), = [, uvdy. Then
(F, &) is a Hilbert space.

(2) &€ satisfies the Markov property.

We will construct a measure p, on S*. There exist many possibilites, but we
will construct a Bernoulli measure. Without loss of generality let pu,(E) = 1. For
Y§ € ¢, let u(a, j) be the measure scaling factor. We require that 0 < u(a, j) <1 for
j=1,2,3 and u(a,1) + u(a,2) = 1. Define u(b,j) in a similar manner. We require
that u(b,1) + u(b,2) + u(b,4) = 1. We define the measure of (S%)j;, to be

n—1

:uz(mn) = HU(U([IL), [l]n(J + 1))

J=0

We can now prove the following.
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Proposition 4.3.4. (€%, F®) is a local reqular Dirichlet form on L*(S* u;). In

addition, there exists a constant C' such that

sup |u(y) —u(2)| < C\/E*(u,u).

y,zES®

Proof. F* can be embedded into the space of continuous functions on S*. Since S*
is compact, it is clear that F* C L?*(S%, u,). In addition, the Bernoulli measure pi,
satisfies the conditions of Definition [4.3.3

As a limit of compatible Dirichlet forms, by Theorem 2.2.6 in [19], (F*/ ~, ") is
a Hilbert space, where we quotient F* by the set of constant functions. By standard
arguments, it follows that (F*,£?) is a Hilbert space. By the same theorem, we can
conclude that £* satisfies the Markov property. Thus, the two conditions of Definition
[4.3.3] are satisfied.

Recall that r, is a resistance metric on V2. By following the methods of Kigami
[19], this metric can be extended to S*. By construction, r, will have a finite diameter
C. The inequality now follows from Lemma [4.3.2]

For definitions and fundamental results on Dirichlet forms, we refer to [9)]. O

Now that we have constructed the Dirichlet form (€%, F*), we can use the ma-

chinery of functional analysis to define a Laplacian on S*.

Definition 4.3.5. Define the Laplacian A, with respect to the measure p, to be the

unique operator satisfying

E(f,9) = —(Aufs Do

If one knows that A, is a compact operator, then one can conclude that A, has
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a unique spectrum consisting of eigenvalues. To prove this fact, it suffices to prove

that the natural inclusion from F* into L*(F*, u,) is compact.

Lemma 4.3.6. The natural inclusion map from (F*, E* + ||.||2) to L*(F*, u,) is a

compact operator.

Proof. Let U be a bounded set in the Banach space (F*,E*+]|.||2). By the inequality
in the previous proposition, the set U is equicontinuous.
We will prove U is uniformly bounded. Let hf(z) where z € S, and p € V{7,

denote the harmonic function such that A is 1 at p and 0 at the other point in V.

Let f(2) = > peioy /(P)hy(2). By the same inequality

1£(2) = F) < Y hi(2)|f(2) = f(p)| < V/CE*(F, ).

pe{0,1}

Since the space of harmonic functions is finite dimensional, the L? and L° norms are

equivalent. Thus

< S = Flloe + 117112
< 2f = flloo + 1 f1]2

IN

2y CE(f, )+ Il

So, there exists a constant Cy such that for f € U we have || f||oc < Cy. Thus U is
uniformly bounded.
By the Arzela-Ascoli Theorem, U is relatively compact in the space of continuous

functions on S%, and thus in L?(S%, u,). O
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4.4 The Multidimensional Renewal Theorem

In order to prove the spectral asymptotics in the following section, we will require a
version of the renewal theorem. We now proceed to give some notation and state the
theorems presented in [13], [21].

Let M = [m;;] be a matrix of Radon measures on R*. Let F' be the corresponding

matrix of distribution functions Fj;(t) = [}

F5 ().

The indices of the matrix can be referred to as states and are the vertices of a
graph G. The graph has a directed edge between states i and j if the measure m,; is
non-zero.

The operation of convolution of a function a with a measure b is denoted by

b*a(t):a*b(t):/o a(t — $)b(ds).

If @ and b are both measures, then we can take the convolution of the distribution
of a with the measure b. For two matrices of measure A and B, we denote by
C(t) = A B(t) the matrix with entries ¢;; = ), a * by;(t). Let v(4,j) denote the
directed path from i to j. The measure m, ;) is defined by taking the convolution
of the measures associated with each edge in the path.

For a matrix M, write m;; for the ¢th column of M with the ith element removed.
Similarly, we let m,; denote the ith row with the ith element removed. Finally, we let

M;; denote M with the ith rows and columns removed.
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Define the measure v by

o

*k
vy =My + myj * E (M11)™ * my;.
k=0

If F'(c0) has maximum eigenvalue 1 and is irreducible, then v is a probability measure
with support given by U{supp(m,) : 7 is a simple cycle in G}. If the support is
contained in a discrete subgroup of R, we call the measure lattice. Otherwise, it is
called non-lattice. Finally, if v is non-lattice, by the irreducibility then v; is non-

lattice for all 3.

Theorem 4.4.1. Assume that F(t) is a matriz of measures in which F(oo) is irre-
ducible, has mazimum eigenvalue 1, F;;(0—) = 0, foootdFij(t) < oo for all i,7 and
for each j there is at least one i such that F;;(0) < Fjj(oc). Let V(t) = > po F**(t)

denote the matriz renewal measure, then if vy is non-lattice,

lim V(¢t,t + h] = Ah,

t—o00

where

uv?

A pr—
v Mu

and w, v are the unique normalized right and left 1-eigenvectors of F(oco) and M is

the matriz of first moments of F. If vy is lattice, with period T', then

m [‘/;J(t + Tij,t—i- Tij + T)] = AT

li
t—o0

for any 7;; € SUpp(mv(i,j))'

We also need the following result regarding the asymptotic behavior of the solution
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of the renewal equation.

Theorem 4.4.2. Let z(t) be directly Riemann integrable, and let F' be a matriz of

measure satisfying the assumptions of the previous theorem, then the renewal equation
r(t) = z(t) + r=* F(t)
has a unique solution, bounded on finite intervals. If 11 is non-lattice, then
r(t) — /OOO Z(t)dtA, ast — oo.
If vy is lattice with period T, then
n—oo

r(t) = lim [ry(t + 7, +nT)] = Y _ 2(t + kT)A

exists almost surely for every t € [0,T].

4.5 Asymptotics

We begin by defining the Dirichlet and Neumann eigenvalue problems for the Lapla-
cian A, on S*.

The Dirichlet eigenvalues of A, are defined to be the numbers A such that

Arf =S,

where f is the corresponding eigenfunction that satisfies f(x) = 0 for x € Vi This

problem can be reformulated in terms of the Dirichlet forms. Let Fy = {f € F* :
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f(z) =0,f € ViF}. Let E(f, f) = E°(f, f) for f € F§. Then X is a Dirichlet

eigenvalue with eigenfunction f if

forall g € Fy. As A, is compact, we can write the spectrum as an increasing sequence
of eigenvalues: 0 < A\g < A\; < .... We define the corresponding eigenvalue counting
function

Ny (z) = max{i: \; < z}.

The analagous can be done for the Neumann eigenvalues. First, we must define
the Neumann boundary condition. For the sequence of Dirichlet forms &£ there is a
corresponding sequence of discrete Laplacians AW If 2 € V¥, we define the normal
derivative of a function f at z to be

(du), = — lim AM™ f(z).

m—0o0

The existence of this limit is verified in [I8]. A is a Neumann eigenvalue with eigen-
function f if

A"f=Af,

where (df), =0 for z € V. In terms of Dirichlet forms, A is an Neumann eigenvalue

with eigenfunction f if

for all g € F*. As before, the spectrum is a discrete sequence of eigenvalues: 0 =

Ao < A1 < A < ... and we define the corresponding eigenvalue counting function to



be

N®(z) =max{i: \; < z}.
There exists a natural scaling of the Dirichlet form.

Lemma 4.5.1. Let f,g € F*NJF°. Then

E°(fr9) = D roli) ENf o, g o) +ro(2) T E(S 0 U, g 0 U,

7j=13

E(fg) = SorG)y e (fovtgow)+ 3 r()E(fouligout).

j=1,3 j=2,4,5

Proof. Observe that these relations hold for £7 and &3

E(f.g) = Z J) A ER (w0, v 0 ) + 7o (2)NEL(f 0 v, g 0 ),

ES(u,v) = Zre 150uoz/1b,voz/; )+ Z re(J lc‘feuow],vow).

7=13 7=2,4,5
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To simplify notation, we understand that we take the appropriate restrictions. The

same relations hold for £ and & ;. Take the limit as n — oo.

]

The key relations for the eigenvalue counting functions are provided by the fol-

lowing.

Lemma 4.5.2. Let 07 = r,(j)p.(j). Let 2 > 0. Then

N§(052) + ) - N§(092) < N§(2) < N°(2) < N°(052) + Y N°(632

7j=13 7=13
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Furthermore, there exists a finite constant M such that
Ny (z) < N¥(2) < Nj(z) + M.

Proof. Let us prove the first set of inequalities, as the proof for the second set is

similar. Let
Fo = {u: SAVY = Riuoyf € F*for j =1,3; uoyi € F¢ for j =2},
and for u,v € F° define

E2(u,v) = > ro(f) T EN(wo v o ) + 1o(2) TEF (wo i, v o ¥,
j=1,3
We can define F¢ and £°¢ in a similar manner.

It is easy to see that F° C F°. By the previous lemma, we know that £° = £°
when restricted to F° x F°. The form (£°, F°) is a local regular Dirichlet form
on L*(S° u,), and by adapting Lemma it can be shown that the associated
Laplacian operator has spectrum consisting of eigenvalues. Let f be an eigenfunction

of (£°, F°) with eigenvalue A, thus

g"(f, g) = X[, 9),, forall g € FO.

We can rewrite this using the scaling of the Dirichlet form in the previous lemma:

21:173 To(3)7'E(f o ¥i,go U;L) +70(2)TTE(f o5, g0 ¥s) = A Zj:l,:s Ho(J)(f o Yi.go ,L/}_?>U0 + AMto(2)(f 05, g 0 V5)p. .
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Thus for any hy € F° hy € F€:

So(fow?7h1) = To(j)u0<j))\<fo¢?7h1>#o7j - 1737

EX(f o, ha) = 71o(2)po(2)A(f © 95, ha)p,-

This shows that f o§ is an eigenfunction of (£°, F°) with eigenvalue §7\ for
j=1,3and f o is an eigenfunction of (£¢, F¢) with eigenvalue 65\.

In addition, observe that the function

(fodf)(z) : 2z € (5

0 : otherwise

fi(z) =

is an eigenfunction of (£°, F°) for j = 1,3 and an eigenfunction of (£¢, F¢) for j = 2,
with eigenvalue A. Let N® represent the eigenvalue counting function of (g“,]?x)

Then by the properties described above:

N°(z) = #{k:k<z}

= ) #{0%k 0%k < 02z}
j=1,2,3

= N°(67z) + N°(03z) + N°(052).

Since the domains of (£%, F*) are larger than (€%, F*), by a minimax argument we
know that N* < N*. Thus, we get the right inequality.

Define F¢ = {f : f € F¥, flve = 0} and define EF = &F restricted to F¥ x FE.
By similar reasoning, if f is an eigenfunction of (£3, Fg) with eigenvalue A, then f;

is an eigenfunction of (£7, F*) (z depending on j) with eigenvalue §7). This lets us
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derive the left inequality.

That N* < N follows from a minimax argument since F§ C F*. This gives the
middle inequality.

Finally, the last statement is a standard consequence of Dirichlet-Neumann brack-

eting. Details can be found in [20]. O

We are now in a position to find the asymptotic distribution of the spectrum of

the Laplacians. Define the matrix R, as follows:

> j-13(07)° (65)"
Zj:1,3<0§>5 Zj:2,4,5(9§)5

Rs =

Let ®(s) denote the spectral radius of Rj.

Theorem 4.5.3. Let —ds/2 be the solution to ®(s) = 1. Then

0 < liminf N ()2~%/2 < limsup N¢ (2)2~%/2 < oo,

Z—00 2—00

0 < lim inf N“’(z)z_ds/2 < lim sup N”C(z)z—ds/Q < o0,

Z—00

zZ—00
Proof. R is a primitive matrix. By the Perron-Frobenius Theorem, for s = —d;/2,
. uO .
the matrix R, has an eigenvector with eigenvalue 1. So
Ue

= 3 (09) 7 2, + (03) " u,,

7=13

ue= > (09 uo+ Y (05 "ue

Jj=13 J=2,4,5
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Let 8%(t) = exp(—tds/2)N*(e'), B¥(t) = exp(—tds/2)N§(e'). We can rewrite the

first set of inequalities in Lemma in terms of /3 as

Bo(t) < D (09)7%28°(t — log 07) + (05)~“/26°(t — log 05).

7j=13

By iteration, we get

Bo(8) < D (67) %270 (¢t — log 67)

ieTo

where we define 69 = r,(i)u,(i) and

o : ifU([iJp-1) =a
e : ifU([iJp-1) =0

o(i) =

This inequality will remain true if we replace 7)Y with the set

Note that ifi € E?, then 67 < e™. By repeated multiplication, our eigenvector satisfies

uo =Y (09)" " uyg).

icEg

Hence

Bot) <> (09)"#2 87D (t — log 65).

icEy
Let M = maxlog67. Pick c such that 3*(t) < ¢ for t € [0, M]. Pick an n such that
forie EY

t —log(67) € [0, M].
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Thus

Bot) < > (69770t —log 6)
icEe
< oY
icEo
c
< 07 —ds/2 o(i
~—  min,u, 1;530( i) o)
B Cly
C mingu,

This upper bound is independent of n. Therefore, the inequality holds for all
t > 0. In a similar manner, we can analyze N§(z) to get a lower bound.

Finally, by the last statement of Lemma[4.5.2] we know there exist constants cs, c3
such that

o NG (2) < N°(2) < 3Ny (2).

Putting everything together, we get the first set of inequalities. The second set follows

in a similar manner. O

By the multidimensional renewal theorem of the previous theorem, we can improve

our result. Let M be the matrix of measures

Zj=173(9§)7d8/2510g 09 (ds) (03) %2510 03 (ds)
Zj:1,3(9§)_d5/2510g 0% (ds) Zj:2,4,5 (05)_d5/2610g 05 (ds)

M(ds) =

Recall that the measure vy was defined as

o0

*k
V1 =My + myj * E (M71)™ % my,.
k=0
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In our situation
o

*k
V1 = M1 + Mg * g (mig)™ % mo;.
k=0

Theorem 4.5.4. If vy is non-lattice, then

lim N%(2)z~%/% = ¢4y(x),

Z—00

lim NE(2)z"%/% = ¢5(x),
Z—00

where ¢y, c5 are constants depending on x. If vy is lattice, then

lim N®(z)z~%/% — p*(log 2) = 0,

Z—00

lim NZ(z)z~%/% — p%(log z) = 0,

Z—00

where p7,p35 are periodic functions depending on x.

Proof. Let
e—tds/QNo et
o gle)
e—tds/2Ng(et)

®

_tds/2[N5(et) - Zj:1,3 Ng(ego‘et) — Ng(65¢")]
et/ [Ng(et) - Zj:l,:} Né’(&;fet) - Zj:2,4,5 Nje(e;etﬂ
Let F(t) be the matrix of distributions corresponding to M (ds). We can now deduce

that the renewal equation holds:

r(t) =z(t) +r* F(t).
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The results for N§(z) now follow from Theorem[4.4.2] By Theorem these results
can be extended to the N¥(z). O

We conclude this section by doing some computations with the spectral dimension.

Example 4.5.5. Suppose the following relations hold for the resistance scaling fac-
tors: p(b,j) = pla,2)p(a,j) for j = 1,2,3 and p(b,4) = p(a,1),p(b,5) = p(a,3).
Suppose the analogous relations hold for the measure scaling factors u. The choice
of these factors determine a resistance and measure on S° and S° that coincide with
that constructed in [20].

Thus, 05 = 050¢ for j = 1,2,3 and 0 = 07,05 = 03. By definition, ®(s) =1 when

s = —dg/2. In our situation,
R DR )
> -15007)° (63)°
1
and the corresponding eigenvector is . Thus, we get the equation
1

3

> (09 =1

i=1

This is the analogue to equation 3.5 in [20].



Chapter 5

Miscellaneous

5.1 Spectral Decimation

In this chapter we will work with operators that have the spectral decimation property.
As such, the notion of spectral self-similarity will be introduced. We review some
notation and results in [35], [23].

Let ‘H and H, be Hilbert spaces, and let Jy be an isometry from Hg into H. Let
H and Hj be bounded linear operators on H and Hg respectively. Let ¢y and ¢; be

complex valued functions defined on A C C.

Definition 5.1.1. H is spectrally similar to Hy with functions ¢y and ¢; and isometry
Jo if
Jo(H — 2)" o = (¢o(2)Ho — ¢ (2)) ™" (5.1.1)

on Hy for any z € Ay, where Ay consists of those z € A for which both sides of

relation [B5.1.1] are well defined.

103
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It is possible to decompose H in the following manner. Without loss of generality
let H be a subspace of H and let H; be the orthogonal complement to Hgy. Let Py, P,
be the orthogonal projectors from H onto Hg, H1, respectively.

Define the operators S : Ho — Ho, X : Ho — H1, X : Hi1 — Ho, and Q : H1 —

Hyby S = JiHJy, X = JiHJy, X = J:HJ, and Q = JrHJ,. For i = 1,2, denote

the identity operator on H; by I;. Denote the resolvent set of an operator A by p(A).

Lemma 5.1.2. For z € p(H) N p(Q), relation [5.1.1] holds if and only if
(S —2) = X(Q —2)7'X = ¢o(2)Hy — ¢1(2).
Proof. For z € p(H) N p(Q), the following relation holds
Jo(H—2)"h(S—2)—X(Q—-2)"'X)=1. O
By Corollary 3.4 in [23], it is possible to analytically extend ¢y and ¢; from

Ao N p(Q) to its connected component in p(Q) such that relation holds.

Definition 5.1.3. The set & = &(H,Hy) = {z € C: z ¢ p(Q) or ¢o(z) = 0} is

called the exceptional set for the operators H and Hy. If ¢g(z) # 0 then define

R(z) := ¢1(2)/¢o(2).

As before, let us assume that H and H are finite dimensional self-adjoint spec-
trally similar operators. The following establishes the relation between the eigenpro-

jectors of H and Hy and is proved in [35], [23].

Theorem 5.1.4. Suppose z ¢ &(H, Hy). Then
(1) R(z) € p(Hy) if and only if z € p(H).
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(2) R(z) is an eigenvalues of Hy if and only if z is an eigenvalues of H. Moreover,

there is a one-to-one map

forr f=fo—X(@Q—2)"Xfo

from the eigenspace of Hy corresponding to R(z) onto the eigenspace of H correspond-

mg to z.

In [23], the authors prove that a sequence of graphs with certain symmetries
have the spectral decimation property. That is, the probabilistic Laplacians on two
subsequence graphs are spectrally similar. We proceed to give the key lemma in the
argument (which will be useful later), and then to define these graphs and give the
main result.

For a € &7, let H* and H{ be spectrally similar operators on ¢ and J*

respectively. Also suppose that the polynomials ¢g(z) and ¢;(z) do not depend on «.

Lemma 5.1.5. Suppose that for a family of operators {L*}ocor, {R*}ace we have
that Py =Y .., L Py R and for each oo, PLL* = R*P, = P{", B L* = L°Fg', R* Py =
FP§'R™. Then the operators H =) L*H*R* and Hy = ), L*H{R" are spectrally

similar with functions ¢o(z), ¢1(2).

Definition 5.1.6. An M-point model graph G is a finite connected graph symmetric
with respect to an M point set 0G =V, C V(G) if

(1) there are complete graphs G* of M vertices such that G = UzcsG*® where S is a
finite set and |S| > M > 2;

(2) we have G*NG* = V(G*) NV (G*') for all distinct s, s’ € S, and this intersection

is either empty or has only one point;
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(3) we have |G°* N 0G| <1 for any s € S
(4) any bijection o : G — OG has an extension to a graph automorphism ¢, : G —

G, such that ¢,G* = G for any bijection 7 : S — S.

Definition 5.1.7. If an M-point model graph G is given then we define the cor-
responding self-similar symmetric sequence of finite graphs {G,}5°, inductively as
follows:

(1) Gy is a complete graph of M vertices with 0Gy = V (Gy);

(2) If 0G,, C V(G,) is an M point set, then G,; is obtained by substituting each
G* in G by a copy G? of G,,, so that 0G® = V(G?) is substituted by 0G?%;

(3) 0G4 is defined as OG after this substitution.
The following is the main result.

Theorem 5.1.8. Let A, = Ag, and Ay, = Ag_. be the probabilistic Laplacians on
G, and G4 respectively for a self-similar symmetric sequence of finite graphs. Then
(1) For any n > 0, the operator A,y is spectrally similar to A, with isometry U,
and rational functions ¢o(z) and ¢1(z) which do not depend on n. The exceptional
set & = E(Apy1, An) = E(A1, Ao) also does not depend on n.

(2) Let 9, = UL, _ R™™(& Ua(Ay)), where R™™ is the preimage of order m under
R(z) = ¢1(2)/po(z). Then o(A,) C Dy, where o(-) is the spectrum of an operator.
(8) The operator A, is spectrally self-similar with the isometry Uy, rational functions

0o(z) and 01(z) and the exceptional set &.

A (R) C0(Ax) € F(R)U e,

where Do = U320 Dn and _F (R) is the Julia set of the rational function R.
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5.2 Homogeneous Fractals

In section 4.2, it is possible to construct S by specifying a different address space. The
lattices of approximating points will be different, and by defining graph Laplacians
on these lattices and taking the limit in the appropriate manner, one can build a
different Laplacian on S. In this section, we will show that the probabilstic Laplacian
on specific lattices satisfy the spectral decimation property.

Let j be a length n sequence in {a,b}. Let j(k) denote the kth entry in j. We
define S to be the mixed affine nested fractal determined by repeatedly applying the
set of similtudes ¢4, .., 43" repeatedly and in that order. Let c(a) := 3,¢(b) := 5.
The address space T3 is given by: T3 = {0}, T3 = {1,..,¢(j(1))}, and in general let
ieT if 1 <i(k) <c(j(kmodn)) for 1 <k <m. Let Ui([i]x) = j(k + 1 mod n).
Together, 1%, ¥, T3, and U3 determine S3. In the literature such fractals are known as
homogeneous fractals because each cell in one level undergoes the same transformation
in the next level.

We begin by analyzing S®. F{ is the complete graph with two vertices correspond-
ing to the points 0 and 1. The application of the set of similtudes ¢ results in three
copies of F§ joined by identifying a boundary point in each copy. The unidentified
points in two of the three copies will correspond to the new boundary (the vertices
corresponding to 0 and 1). Thus F}* satisfied the conditions of Definition [5.1.6] In
general, I | can be constructed from F; in a similar manner. Thus, the graphs F}}
are a self-similar symmetric sequence of 2-point model graphs.

Let j be a length m sequence in {a,b}. Fg will be a complete graph with two
vertices. By applying the set of similtudes 3 . pcUM) we end up with c(j(1)) x

- % ¢(j(m)) copies of FJ that are joined in a manner that satisfies Definition m
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.|I|h':|{|.

FIGURE 5.2.1: Graph Approximations of S¢

F.i

m(n+1) €A1l be constructed from FJ in a similar manner, and thus the graphs FJ

form a self-similar sequence of 2-point model graphs. We summarize this result below.

Proposition 5.2.1. Let S7 be a homogeneous fractal. Let m = |j|. Then the graphs

Fi forn >0 form a self-similar symmetric sequence of 2-point model graphs.
Thus, we are able to apply Theorem to these fractals.

Example 5.2.2. Consider S®. The probabilistic Laplacian Pél) on F} can be written

as
1 0 -1 0
P 0 1 -1 0
1 1 1
-3 —3 1 —3
0 0 -1 1

The upper left two by two block corresponds to F}" and the lower right two by two

block corresponds to the interior vertices. By taking the Schur complement of the
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matrix PV — A, we get

1— A 0 2(1=X)
3(1—A)2—1P65)_<_(1_A)+3(1—A)2—1>I’

Thus, ¢§(A) = s, 91\ = —(1 = A) + g5y and Re(A) = =3(1 — 1)? + 3.
In [22], computations are done to find the eigenvalues of the probabilistic Laplacian

on a sequence of approximating lattices related to F.

Example 5.2.3. Consider S°. The probabilistic Laplacian Pb(l) on F? can be written

as

The upper left two by two block corresponds to OF? and the lower right two by two
block corresponds to the interior vertices. By taking the Schur complement of the

matrix Pb(l) — M, we get

N o) p(A) +q(N)
P - —-(1-=AX 1
3r(V) =+ !
here () = 2 — A+ 3N~ V%, g(3) = 3 2A-+ %, and r(3) = § — ZA-+ 42
4X3 + M. In our case, we have ¢3(\) = 3qr((’\;), N = —(1 =) + p(éltf)(k) and

Ry(A) = @5(N)/ ()

For a generic homogeneous fractal S3, we can obtain the decimation polynomial
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Rj for the probabilistic Laplacians on the graphs FJ  from R, and R;, alone. We will

need the following lemma, which is a consequence of Lemma 3.10 in [23].

Lemma 5.2.4. Let P be a probabilistic Laplacian on a graph G. Let G' be another
graph formed by replacing each edge with a copy of FY¥, © = a,b. Let P’ be the
probabilistic Laplacian on G'. Then P' is spectrally similar to P, with ¢y = ¢,
¢1 = ¢7 and R = R,.

Proof. One can index each edge in G by a. For each «, let H§ be a copy of P and
H® a copy of ngl). By the previous examples we know that ngo) is spectrally similar
to PV,

Let L* and R be the inclusion and projection operators between the space J*
associated with the edge a and the space 74 associated with G. We use the same
notation to denote the inclusion and projection between ¢ (associated with the
edge o with an appended edge) and J# (associated with G’). Note that in matrix
notation these operators will have a diagonal block with entries equal to the reciprocal
of the degree of the corresponding vertex. By Lemma [5.1.5] we have that P = Hy =
Y acy LYHG R is spectrally similar to P’ = H =} L*H*R®. O

We are now in a position to prove the following.

Proposition 5.2.5. Let S? be a homogeneous fractal, where m = |j|. Then Pj(m") is

(m(n+1))
Pj

spectrally similar to with decimation polynomial

Proof. By the previous lemma, we know that Pj(k) is spectrall similar to Pj(kﬂ) with

decimation polynomial Rj(+1 mod m)- That is, if A is an eigenvalue of Pj(kﬂ), then
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Rj(k41 mod m)(A) is an eigenvalue of Pj(k). By chaining together the spectral similarities,

we can compose the corresponding decimation polynomials to find R;. O]

5.3 Another Application of Sabot Theory

It is possible to apply the Sabot theory to the approximating lattices of S¢, as the
necessary symmetry conditions are satisfied.

Let G represent the two element group representing the symmetries of the lattices
2. Let Sym® be the set of complex symmetric 2 x 2 matrices invariant under G. The
set C2? can be decomposed into a sum of 2 irreducible representations C? = Wy @ W7,
where W, is the subspace of constant functions and W; its orthogonal complement.

Hence, any @ in Sym® can be written

11 1 _1
2 2 2 2
Q = ug + Uy ,
11 _1 1
2 2 2 2

where 1o, u; € C. We denote the above matrix by @y v, -

The operator Q™) on F¢

a 0 b 0
Q(l) _ 0 a b O
b b 3a b
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a b
in a manner analagous to how FY' is constructed

can be constructed from ) =
b a

from F§.
By taking the trace of Q) onto F§, we get

3a®—2ab? —ab?

Q(1)| . 3a2—b? 3a2—b2
_—
oK —ab? 3a%—2ab?
3a2—b2 3a2—b?

By rewriting in terms of ug and u;, we define the map 7 on Sym® by

3 + 1
Uota (tp + 1) —(u0+u1)).

T(ug, u :< ,
(10, 01) ud + duguy + u?’ 2

We know that the trace of a matrix Q™ onto dQ™ is given by T™(Q).

By the theory in Sabot, we can embed Sym® ~ C? into the Lagrangian space
LY ~ P! x P! by the injection Quou, — ([uo : 1],[us : 1]). Recall that a point in

P! x P! can be represented by

([UO : 'UQ], [u1 : UlD-
Thus, the following map represents the compactification of 7" in Lagrangian space:
g([uo : vo], [ur : v1]) = ([Bugur (urvo+ugy) : uivi+dugusvov: +ugvy), [uevi+uivg : 2vpv1)).

where (g, u1) = T'(ug, u1). Then we have z = ¢/(z) where

|§ |

Letz:Z—TandZ:

4

1
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In homogeneous coordinates in P!, ¢’ is given by
d ([20 : 21]) = [62021 @ 22 + 42p21 + 27].
Denote by § the rational map § : P! x P! — P! given by

§([uo : vol, [ug = v1]) = [ugvr = wgwvo).

Then the following diagram is commutative.

Pl x P! —2 4 Pl x P!

pt 9, pt

So the map ¢’ is birationally equivalent to g. By Proposition 4.6 in [29], the asymptotic
degree dy, of ¢’ is 2, less than N = 3 (the degree of the polynomial R). Thus, we
are in case (i) of Theorem 4.1, i.e., we have u™ = p and for almost all blow-up the
spectrum is pure point with compactly supported eigenfunctions.

In order to describe the density of states, it will be more practical to use an
alternate version of the maps g and R. Let p(a,b) = det(Q(;}f) = 3a* — b®. Define

the map R : C? — C2 by

. 3a® — 2ab®>  —ab?
R((I, b) = p(a, b)( 3a2 — b2 ' 3q2 — bZ) - (3@3 o 2(162’ _ab2)'

Let ¢ be the rational map on P! induced from R:

§([a: b)) = [3a® — 2ab* : —ab?).
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We can rewrite § as §(z) = —32%+2 where 2z = g g represents an alternate compact-
ification of T and R is the lift onto C2. Our goal will be to find the Green current of
g and use it to write down the density of states.

Let ag = a — Bu)\, bo = b and (api1, bpy1) = R(an,bn). We have R(ag, by) = (0,0)

if and only if ag = 0 which occurs when A\ = 5 In P!, a hypersurface is simply the

root of a homogeneous polynomial. Thus

We have
R%(ag, bo) = (a2 (3a2 — 203)(27ad — 36a2b2 + 1062, albi(3a2 — 202)).

Notice that A = ﬁ% will be a root of multiplicity three and the two solutions for A in

G((a — B,N\)/b) = 0 will be roots of multiplicity one of (3ag — 2b3). Thus

a

D) =35

] " [A d((a— BN/ =0].

Y

In general, if N is a “new” root of a,b?, then each of the two solutions for A in

G((a — b,A\)/b) = X will be roots of multiplicity one of 3a? — 2a,b?. In addition, old

roots increase in multiplicity by a factor of three. So

a

(i) =87 [ﬁa

} +3"72 {)\ 1 9((a—BaN)/b) = 0} +---+1[A 29" ((a— BaN\) /D) = 0].



115

So the density of states is given by

1 =1

_ ND _

W= [ _§5é+2 3k+2< E (5,\).
=0 Asghtl -0

k ((a=Ba)/b)
The density of states has total mass 1. Indeed, g has two inverse branches, so the set
{X: " ((a — B,A\)/b) = 0} has cardinality 2*™!. Thus, the total mass is

> 2k+1

+ZW:1

1
3 k=0

5.4 Spectral Analysis on a Family of Cayley Graph-
like Fractals

In this section we perform a spectral analysis on graph approximations to a certain
family of Cayley graph-like fractals. By an example in [32], it is possible to use the
technique of spectral decimation to compute the eigenvalues of the probabilistic Lapla-
cian on graph approximations. However, it is also possible to use techniques from
Chapter 2 to compute multiplicities of eigenvalues and to compute eigenfunctions.

Let {e, .., e,} denote the canonical basis vectors for R™. For i = 1,..,n, define
Vi(x) = e1 + riMi(x — e1),

where M, is the linear transformation that maps e; t0 €j4i—1 modn, 71 = %, and
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0<Ti<%for2§i§n. Fori=n+1,..,2n, define
Yi(x) = —ep + 1 Ni(x + €1),

where N; is the linear transformation that maps —e; t0 —€;4i—1 mod n, Tnt1 = %, and
0<r< % for n+2 < ¢ < 2n. This family of similtudes {¢;}?", determines a unique

self similar set in R". Specifically, define the map ¥ on compact subsets of R" by
U(B) = U i(B).
Denote by S, the fixed point of W. This set is a self-similar in the sense that
Sn = U?L i(Sh).-

In fact, it is easy to check that .S, satisfies the definition of an affine nested fractal.
This self similar set determines a visual representation of a Cayley graph on a free
group of n generators.

The set of contractions {¢;}?", has two essential fixed points: e; and —e;. Let us

denote this set of essential fixed points by V;,. Let

‘/k,n = an(%,n) =Wo-..0 \Ij(vb,n)

n times

The set S, can be recovered from these vertices. In particular,

Sy = (U2, View)-
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By imposing a graph structure on the sets of vertices Vj, ,,, we obtain the appropriate
graph approximations. Write x ~ y to denote that two vertices x and y are connected
by an edge. In particular, the two vertices in 1} can be connected by a single edge. In
general, if x ~ y in Vj,,,, then ¢;(x) ~ ¢;(y) in Viq1,, for 1 <i < 2n. It is not hard to
see that the sequence of graphs Vj ,, satisifed the definition of 2-point model graphs,
as defined in [23]. Thus, we know by the results in [23] that it is possible to build a

sequence of self similar probabilistic Laplacians on the graphs Vj,, for any fixed n.

FIGURE 5.4.1: The graphs V2, k =0,1,2

For the graphs Vj ,, let P denote the corresponding probabilistic Laplacian.
Lemma 5.4.1. PV is spectrally similar to PO

Proof. The graph V;,, is just the complete graph of two vertices. A matrix represen-

tation for P7§0) is
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The graph V; ,, consists of the vertex of degree 2n corresponding to the point 0. It is
connected to {£2r;e;}_;, which are vertices of degree 1. A matrix representation for

Pﬁl) is then

| 1 0O -1 0 0 |
0 1 -1 0 0
N R
0 0o -1 1 0
0
0 0O -1 0 1

Here, the upper left two by two block corresponds to the two boundary vertices V; ,,.
The third row and column corresponds to the point 0. The remaining rows and
columns correspond to {%e;}! ,. In order to establish the spectral similarity relation,

we now compute the Schur complement of Pr(ll) — A onto the two boundary points:

- - —1 -

| INEE
1—X 0 -1 0 --- 0f |-1 1 0 0 0
0 1-2A B -1 0 0 0
-1 0 1] 0 0]
This reduces to
1-Xx 0 1 [c(A) e(N)

where c(\) = (1 — \)?"2/ ((1 — )2t 22 )\)2”_3> is the upper left entry of
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the inverse of the (2n — 1) x (2n — 1) matrix above. After some work, we obtain

1 -1 2 10
() ~(mew-a-n) |

By Lemma 3.3 in [23], PV is spectrally similar to P\”’. The functions ¢, and ¢; are

given by

1

6o(N) = 5-cN), Bi(N) = o-c() = (1- ),

The exceptional set & is given by

/ 1
é":{l,lj: 1——}.
n
In particular, the set Ay for which the spectral similarity relation holds is given by

the complement of &. n

Define
R(N) := ¢1(N)/do(N) = —2nA% + 4n.

Let J(Pr(Lk)) denote the spectrum of PT(Lk), which clearly must consist of eigenvalues.
By the work in [23], we can use this quadratic 1 to relate the eigenvalues of P to

PT(Lk+1). In particular, let
D = Uﬁ@ZOR_m(éD U J(P,(LO))).

By part 2 of Theorem 5.8 in [23], we have
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In this section, we will precisely compute the eigenvalues of PT(Lk) and the corresponding

eigenfunctions.

Lemma 5.4.2. U(P,(Ll)) = {0,1,2}. In particular, 0 and 2 are eigenvalues of multi-

plicity 1, and 1 is an eigenvalue of multiplicity 2n — 1.

Proof. One matrix representation of PV s given by

L= o~
11 0
0

-1 0 1

Here, the first row and column correspond to the vertex 0, and the remaining 2n
rows and columns correspond to the other vertices of degree 1. The characteristic

polynomial of this matrix is given by:
(1 o )\)2n+1 - (1 o )\)anli

By analyzing the roots of the polynomial we obtain our result. O]
Lemma 5.4.3. The multiplicity of 1 as an eigenvalue of PP s

1

—(2n)F +1

~(2n)* +

for k > 1.

Proof. Given a finite graph, we define a path to be a sequence of an odd number of

vertices such that: (i) two consecutive vertices are connected by an edge; (ii) there
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are no repeated vertices in the sequence; and (iii) the first and last vertices in the
sequence are of degree one. We can associate with this path a function. In particular,
to the vertices not on the path we define the eigenfunction to be identically zero,
and for the vertices in the path we associate the values 1,0,—1,0,1,0,—1,... This
function may or may not be an eigenfunction of the probabilistic Laplacian, where
the corresponding eigenvalue is one.

Take a basis of eigenfunctions % on Vj,. There exists a path eigenfunction of
path length three that is non-zero at e;. Call this path eigenfunction f. After adding
some multiple of f, without loss of generality we can suppose that the remaining
basis elements attain a zero at e;. Recall that Vj,, is isomorphic to 2n copies of
Vi.n with the point e; in each copy identified as a single point (corresponding to zero).
Each basis element in 4 that is not f can be made into an eigenfunction on Vi1,
by being placed on some copy of Vj, and then extended by zero. f itself can be
made into an eigenfunction by placing f on every copy of Vj,. The resulting set of
eigenfunctions is not necessarily a basis on Vi1 ,, but it is clear that it generates the
entire eigenspace.

Let xj, denote the multiplicity of 1 as an eigenvalue of pPw.

By our previous
work and Theorem [2.1.6 supp(P**V 1) is the union of supp(P®, 1) on each of the
2n subgraphs in Vj1; , isomorphic to Vj ,,. Since the vertex zero is being counted 2n

times, we can deduce

Tpi1n = 2NTg, — (20 — 1)

for K > 1, where z;, = 2n — 1. By solving this recurrence relation we obtain our

result. O

Lemma 5.4.4. (Extension Algorithm) Let f be an eigenfunction of P with corre-
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sponding eigenvalue . Let Ay =1+ /1 — ﬁ denote the preimages of A under R.

Define f+ on Viy1n by

f(x) 12 € Vin

fla) + £(1) a
fi(z) = (0 =) — (2n —2)(T = ag ) cr= %b where a,b € Vi,
| 201 ;f()\ai)jf((l;)n —9) 1z~ G x g Vi e = 9L where a,b € Vi,

Then fy is an eigenfunction of P with eigenvalue A4 .

Proof. Recall that the graph Vjy;, is isomorphic to 2n copies of Vj, that are all
“glued” together at a single point. Alternatively, the graph Vi, can be constructed
in a local manner. That is, if two vertices @ and b in V},,, are connected by a single
edge, then a vertex c is placed in the middle of the edge and 2n — 2 other vertices

P(k+1)

of degree one are connected to c¢. By definition, an eigenfunction g of must

satisfy

(1= X)g(z) =d;* Y gv),

Yy~
where ) is the corresponding eigenvalue. This definition can be used to determine
the extension algorithm for vertices not in V4 ,. By some computations, this relation

holds for vertices in Vj ,. O

Define the measure ¢, on the real line to be a point mass at x. Define the measure

Hkn DY

HPEn = Z 5/\-

Aeo (P

Note that the total mass of py, equals the total number of eigenvalues of P and

that the mass at any particular value equals its multiplicity as an eigenvalue. By all
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our work, we have the following.

Proposition 5.4.5. Let kK > 1. Then

k—1
Hen = 60 + 52 + Z Z Ck—j,n5x7

J=0 zeR=I({1})

where the constant term ¢, is defined by
1
Cmpn = —(2n)" +1 m > 1.
n

Proof. Recall that the number one is an eigenvalue of P of multiplicity cg_1p.
So by Lemma the two preimages of one under R are eigenvalues of P® of

72), the number one has multiplicity cg_s.

multiplicity cx_1,. As an eigenvalue of Pflk
By applying Lemma twice, the four preimages of one under R? are eigenvalues

of PF) of multiplicity cx_o. By continuing this argument, we can conclude that

Mk 2 60 + 52 + Z Z Ckfj,n(sx-

J=0 zeR—7({1})

By a computation, the mass of the measure on the right hand side is equal to the

total number of eigenvalues of pw. Thus, the two measures are equal. O

5.5 An Example Pertaining to Fractal Tiling

The Hata tree is the unique self-similar set in the complex plane determined by the

contractions ¢o(z) = ¢z and ¢1(z) = (1 — [c[*)Z + |c|*>. In the special case where

_ /51
2

CcC =
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Cumulative Distribution

0 02 0.4 0.6 0.8 1 12 14 16 18 2
Eigenvalue

FIGURE 5.4.2: The distribution p7 1

into the system. Take ¢o(z) = (3 + 37) — |¢|z. The unique fixed point (call it A)
determined by ¢g, ¢1 and ¢5 is the rectangle in C with vertices —% + %z,% — %z’, 1
|l

4) + (2 + )i, By identifying C with R?, it is possible to use the methods

and (3 — 5

in [I] to create a tiling of C. Note that the iterated function system {¢q, ¢1, o} is
overlapping because ¢g(A) N ¢2(A) is non-empty and has a non-empty interior.
It is possible to add a different contraction. Take ¢3(z) = (5+3i) — 32+ (|¢|—1)iz.

The unique fixed point determined by ¢q, ¢; and ¢3 is also A. This iterated function
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Cumulative Distribution
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0 02 0.4 0.6 0.8 1 12 14 186 18 2

Eigenvalue

FIGURE 5.4.3: The distribution 72

system is non-overlapping because pairwise ¢;(A4) N ¢;(A) are non-empty but have

empty interior for 7,5 € {0,1,3},i # j.
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FIGURE 5.4.4: The distribution pu7 3



i

1
57—

B3l

FIGURE 5.5.1: The fixed point of the IFSs {¢g, ¢1, d2} and {¢g, ¢1, P3}
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FIGURE 5.5.2: The fixed point of {¢o, ¢1,p2}. The Hata tree is visible in the figure on
the right.

FIGURE 5.5.3: The fixed point of {¢g, ¢1, ¢3}. The Hata tree is visible in the figure on
the right.



Chapter 6

Theoretical and Numerical
Spectral Analysis of the Basilica
Graphs

6.1 Introduction

The Basilica group is generated by a finite automaton acting on a binary tree in a
self-similar fashion. It was introduced in 2002 by R. Grigorchuk and A. Zuk in [11].
They show that it does not belong to the closure of the set of groups of subexponential
growth under the operations of group extension and direct limit. In [2], L. Bartholdi
and B. Virag further shows that the group is amenable, making the Basilica group the
first example of an amenable but not subexponentially amenable group. In [25] , V.
Nekrashevych described the group as the iterated monodromy group of the polynomial
22 — 1 and gave a natural way to associate it to the Basilica fractal, that is, the Julia

set of 22 — 1.

129
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In [5], the authors study the finite and infinite Schreier graphs of the Basilica
group acting on the binary tree in a self-similar fashion. They show that the infinite
graphs have either one, two or four ends. There is only one isomorphism class of
the 4-ended graphs, and uncountably many isomorphism classes of the 2-ended and
1-ended graphs.

A Schreier graph can be constructed from the action of a group on a set. Let T be
aregular rooted tree. Let G < Aut(T') be a finitely generated group of automorphisms
of T'. By fixing a set of generators S of G, one obtains a sequence {I',},>; of finite
left Schreier graphs of the action of G on T. The vertices of I',, are the vertices of
the nth level of T', and two vertices v, v’ are connected if there is a generator s € S
such that s - v = v'. The action of G on the boundary dT corresponds to an infinite
family of orbital Schrier graphs {T'¢}¢cor. The graphs (I'¢,§) are the limits in the
pointed Gromov-Hausdorff topology of finite Schreier graphs (I',,, &), with &, being
the prefix of £ of length n.

The focus of this chapter will be on spectral computations on the Schreier graphs.
There already exists literature on the topic. In [2§], the authors construct Dirichlet
forms and the corresponding Laplacians on the Basilica Julia set for which the topol-
ogy in the effective resistance metric coincides with the usual topology. This is done
in two different ways, by imposing a self-similar harmonic structure and by imposing
a graph-directed self-similar structure on the fractal. Under the self-similar structure,
it is possible to use the technique of spectral decimation to compute the spectrum
of the Laplacian on approximating graphs. This is not possible under the graph-
directed structure, whose graph approximations coincide with {I';},>1. In [7], the
authors provide numerical techniques to approximate eigenvalues and eigenfunctions

on families of Laplacians on the Julia sets of 22 + c.
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This chapter is divided into four parts. In the first part, we associate to {I';, },>1
a sequence of graphs {G,,},>0. Essentially, I',, can be decomposed into G,, and G,,_.
By studing the latter sequence, we obtain a dynamical system for the characteristic
polynomial of the Laplacian. This can be used to find the characteristic polynomial
of the Laplacian on I, and is given in Theorem [6.2.4] In the second part, we define
a Dirichlet to Neumann map for the Laplacian on ,,. The main result in the third
part is Theorem Essentially, the Dirichlet to Neumann map is used to show that
the limiting distribution of eigenvalues must have a gap. Finally, in the last part,
we consider some infinite blow-ups of the graphs G,. In particular, with the right
assumptions (Assumption (1)) we can deduce that the spectrum of the Laplacian on

the blow-ups is pure point (Theorem [6.5.4)).

6.2 Characteristic Polynomials of Finite Graphs

In the Schreier graphs I',;, the edges are labeled by the generators a, b of the group B
and its vertices are encoded by the set {0, 1}". In particular, the vertex 0" is of degree
four. Its removal will divide I',, into two subgraphs. Let us modify these subgraphs
slightly by attaching to each edge incident to 0" a vertex of degree one. Let us call
the larger subgraph G, and the smaller subgraph H,, and let us call the attached
vertices the corresponding boundary points. By the self-similar construction of the
graphs I',, there is a graph isomorphism between G,, and H, .. Let Gy be Hy, the
complete graph of two vertices. One can recover the graph I',, by identifying the
boundaries of G, and G,,_; as a single point.

By Proposition 3.1 in [5], we can use replacment rules to construct I';, recursively.
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b b

)

FIGURE 6.2.1: Replacement Rule

Gy e a

. b b b b
b b e a . a a
b . b
e a a
b b

(}3

Gy

FIGURE 6.2.2: Approximating Graphs G,, n =0,1,2,3

These same rules can be used to generate the graphs GG,,, and are pictured in Figure
[6.2.1] Let us assign the one edge in Gy the letter b. The graph G,, can be obtained
by applying the replacement rules n times to Gqo. Figure|6.2.2]illustrates the first few
approximating graphs of GG,,.

In this chapter, we will work with a specific Laplacian. We define the graph

Laplacian L™ on (2 := R% by

L(")f(x) = Z Coy(f(x) — f(y)),

Ty

where c,,, is the number of edges between x and y. As no conditions are being imposed
on the boundary, this operator is called the Neumann Laplacian. Let Lé") denote the
restriction to RE"\9Gn  This restriction is the Dirichlet Laplacian on G,,, as a zero

boundary condition is being imposed on 0G,,.
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Let D(L™) and D(L )) denote the characteristic polynomial of L™ and Lén),
respectively. The following theorem will be essential in constructing a dynamical

system to compute these characteristic polynomials.

Theorem 6.2.1. Let G be a finite graph. Fiz a vertex u in G and let C(u) be
the set of cycles in G containing u. Let A denote the adjacency matriz of G, that is,
Ay = 1ifz andy are connected by an edge, and 0 otherwise. Then the characteristic

polynomial of A is

D(A) = AD(A,) = > D(Aw)—2 Y D(Az

vu zeC(u)

where u is some fized vertex of G, d, is the degree of verter x and Az denotes the
submatriz of A with the rows and columns corresponding to the vertices in Z re-

moved. [31]

Remark 6.2.2. For a graph Laplacian L on G,,, defined by

= fla) -

Ty

note that L = D — A, where D is a diagonal matrices containing the degrees of the

vertices of GG. Thus, one can immediately deduce that

D(L)=(A=d)D(L,) =Y D(Lw)—2 > D(Lgz).
VY ZeC(u)
For n > 3, we define six subgraphs of G,,: A,, B,, C,, D,, E, and F,,. We set

A, to be G,. B, and C,, are formed by removing one or both boundary vertices,

respectively. D,, and F,, are formed by removing both boundary vertices plus one
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or both of the adjacent vertices, respectively. Finally, F,, is formed by removing one
boundary vertex and its adjacent vertex. Figure [6.2.3] illustrates these subgraphs.
Denote by a,,b,, c,,d,, e, and f, the characteristic polynomials of the restriction of
L™ to A,,B,,C,, D,, E, and F,, respectively. These polynomials for n = 3 are
displayed below.

as(A) = A7 — 16A° + 932% — 2482* + 3092 — 16072 + 28X
b3(A) = A% — 15A° + 792 — 1820% + 18107 — 621 + 4
e3(A) = A% — 140" 4+ 662% — 1282% + 961 — 16

ds(\) = A% — 1223 44327 — 50 + 12

es(A) = A° — 130" +540% —83)% 4+ 380 — 4

fa(A) = A% — 1027 + 24X — 8
The polynomials for n = 4 are displayed below.

as(A) = A"? — 322" 4437201 — 333617 4 15685A% — 4726407 4 9224875 — 115348)° + 892401* — 39792)% + 892817 — 768\
_ 11 10 9 8 7 6 5 4 3 2

ba(A) = AT — 31210 + 407A% — 2956A% + 13033A7 — 360947° + 629667° — 677120* 4 426322% — 1416027 + 1984\ — 64
__y10 - 9 8 7 6 5 - 4 3 2

ca(A) = A0 = 30A% 4 3782% — 260477 + 10708A° — 269922° + 4137647 — 371847% + 1817672 — 4096\ + 256

da(A) = A7 — 262% + 27907 — 1606A° + 54020° — 108487\* + 127282% — 8112A% + 2368\ — 192
__ 10 9 8 7 6 5 4 3 2

ea(M) = A0 — 272% 4+ 3042% — 186327 + 6812X° — 15330A° 4 211040* — 17000A% + 7216A% — 1280 + 64

Fa(N) = A% — 2207 +196A°% — 9201° + 24720* — 3840A% + 326427 — 1280 + 128

We are now in a position to determine D(L™).

Proposition 6.2.3. For an integer n, let

n—1)/2 :n odd
D RS

(n—2)/2 :n even
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.
B
=]
B
]

Dy E, .

FIGURE 6.2.3: Subgraphs of G,, (removed vertices are indicated)

and

Forn > 5, let

an = (A= )b} _ycn_1 — 2en_2bn_2cn_1 — 2b% _ydn_1 — 207 _,gn,

bp = (A —4)cn_2bn_2¢cn_1 —dn_2bn_2Cn_1 — Cn_2€n_2Cn_1 — 2Cn_2bp_2dn_1 — 2¢n_2bn_2gn,
2 2 2

cp = (A —4)c;, _otn—1 —2dpn_2Cn_2¢n_1 — 2¢, _odn_1 — 2¢, _50n,

dp = (A —=4)dn_2¢n—2¢n-1 — frn-2¢n_—2¢n_1 —dn_2dn_2¢n_1 — 2dn_2¢n_2dn_1 — 2dn_2¢n_29gn,

en = (N —4)dn_2bn_2cn—1 — fn2bn_2cn_1 —dn_2en_2¢n_1 — 2dn_2bn_2dn_1 — 2dn_2bn_29n,

fn = ()\ - 4)di720n71 —2fn—2dn_2¢0n—1 — 2d272dnfl - 2di729n'

Then

D(L™) = a,,

D) = ¢,

Proof. The main point is that G,, can be constructed from two copies of G,,_» and

one copy of G,_;. This is illustrated in Figure [6.2.4. In particular, the graph is
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o%) 0

O O

FIGURE 6.2.4: Construction of G, from G,,_1 and two copies of G,,_o

formed by identifying the two boundary vertices of GG,_; and boundary vertex from
each copy of GG,,_5 into one vertex. One can apply Theorem by decomposing the
characteristic polynomial at this vertex. Note that for n > 4, our Laplacian agrees
with the standard graph Laplacian at this point. Thus, our use of the theorem is
valid. O

Note that this dynamical system can be reduced by a half in complexity. By

Theorem [6.2.1},

by, = (A= 1), — dy,
€n = ()\ - 1)dn - fm

an=\—1b, —e, = (A—1)%c, —2(A = 1)d, + f.

Thus, only three of the six sequences in Proposition|6.2.3|are necessary in determining

the characteristic polynomial (namely the sequences {c,}, {d,} and {f,}).
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Let us define the Laplacian L on T, by
L (@) =D en(f(2) = F)),
o~y

where ¢, is the number of edges between z and y. Recall that the graph I',, can be
recovered by identifying the boundary vertices of GG, and G,,_; into a single point.
Thus, by Theorem we can determine the characteristic polynomial of L(Fn) by
decomposing the characteristic polynomial at the vertex to this identified point. This

characteristic polynomial is given below.

Theorem 6.2.4. Let n > 3. Then the characteristic polynomial of L(Fn) 15

D(L(Fn)) = (AN —=4d)epenir — 2dpcni1 — 2¢0dns1 — 2600011 — 200 Cni1-

6.3 The Dirichlet to Neumann Map

Let G be a finite graph. Let 0G, called the boundary of GG, denote a subset of vertices
of G. Let L be a Laplacian operator on G. Take f € ¢(0G) and consider the following

problem for z € C:

Lu = zuon G\OG (6.3.1)

uloe = f

Note that the case z = 0 is the classical Dirichlet problem.

Proposition 6.3.1. Problem has a unique solution for any initial boundary

condition f if and only if z is not a Dirichlet eigenvalue of L.
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Proof. First, we can decompose L as follows

where S : 0G — 0G, X : G\OG — 0G and U : G\0G — G\0G. Solving problem
is equivalent to finding a function g : G\OG — G\OG that satisfies the following

matrix equation
S X f f
XT U g 2g

Note that there is no constraint on f’. So we can deduce that
XTf4+Ug=2g.

which can be rewritten as

(U—2)g=-X"F.

Thus, if z is not an eigenvalue of U (a Dirichlet eigenvalue of L), the matrix U — z has
full rank and there is a unique solution to problem [6.3.1, If z is in fact an eigenvalue,

then there cannot be a solution to the problem for all f. O

For z € C for which there is a unique solution to problem [6.3.1, we define a
Dirichlet to Neumann map DtN(z) to be an operator on ¢(0G). In particular, for
f € U0G), we define (DtN(z)f)(x) to be the normal derivative of the solution,

denoted by u, at the boundary vertex x. I.e.

(DIN(2)f)(z) == %(m) = Lu(z).



139

Recall that the approximating graphs G,, to the basilica Julia set have a two point
boundary. Denote these points by [, and r,. Let DtN, denote the corresponding
Dirichlet to Neumann map on (,,. It is a linear operator on functions on a two-point

set, and thus has a two-by-two matrix representation. I.e.

DEN,(2) f(l) _ Q. P f(ln) ’

f(ra) Bn  an f(rn)
for some numbers «a,, and [,. The approximating graph G| consists solely of the
boundary vertices, and so Dt Ny must coincide with L. That is oy = 1 and fy = —1.
In general, it is possible to compute DtN,, as follows. Partition the matrix L™,

Xr u,
where S, : 0G,, — 0G,, X, : G,\0G, — 0G,, and U, : G,\0G,, — G,\0G,. Let
f € ¢(0G,,), and let u be the unique solution to the problem in (6.3.1). Then

S, Xn !
LMWy = o/ : (6.3.2)

X' U, ] \g zg

where the appropriate restrictions of u are implicitly made and f’ is unknown. By
definition, we have that DtN, f = f’. By Lemma 3.5.1 in [19], the blocks S,, and U,

are invertible. If z is not an eigenvalue of U, then

g=-U.—2)" X, [
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We also know that

Snf + Xng = [
Putting the two things together, we obtain
(Sp — Xo(U, —2) ' XD f = f.

Thus,
DtN, = S, — X, (U, — 2) ' XI. (6.3.3)

We now compute DtN;. We have

Slz 7X1: 7U1:

Applying Equation [6.3.3] we have

2—z 2—z

B 22-2) \ ' ['Tetesa T@oroa
DtNl_(1+(2—2)2—4) __ 2=z 2=z
(2—2)2—-4 (2—2)2—4

Thus,

e (o) s

The goal in the remainder of the section is to construct a dynamical system that

can be used to find DtN,,. Observe that there exists a vertex s,, in G,, such that its
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removal decomposes the graph into three pieces; two of which are isomorphic to G,,_»

and one isomorphic to G,,_;. Figure illustrates this decomposition.

Lemma 6.3.2. Fiz n. For z € C, let u, denote the solution to problem for
some fived f € L(0G,,). Then u,(s,) is a rational function of z with singularities at

the Dirichlet eigenvalues of L™,

Proof. This follows by applying Cramer’s rule to the matrix equation (U, — 2)g =
—-XTf O

Proposition 6.3.3. Pick z so that z is not a Dirichlet eigenvalue of L™, n > 2. Let

u be a function on G, satisfying L™u(z) = zu(x) for v € G,\0G,. Then

B2 (u(ln) + u(ry))
z — 2(Oén_1 + 09 + 671—1)‘

(6.3.4)

U(Sn) =

Proof. By definition, L™u(s,) = > yms, (f(sn) = f(y)). By decomposing the graph
into three pieces, as in the explanation preceding the proposition, one can use the
corresponding Neumann to Dirichlet map on that piece to compute each term in the
sum. For instance, take the subgraph of GG,, isomorphic to G,,_s containing [,,. Let x
be the one neighboring vertex of s, in this subgraph. Then by identifying /,, and s,
with [,,_5 and r,,_s, respectively, we can use DtN,,_5 to compute the term f(s,)—f(x).

The remaining three terms can be handled in the same manner.
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Let P;, P, be operators on R?, where Pj(z,y) = (2,0), Py(z,y) = (0,y). Then

L™u(s,) = PyDtN,_5(2) tlln) + P.DtN,_5(z) ulsn)
u(sy) u(ry)

+P,DtN,_,(2) ulsn) + P.DtN,_1(2) u(sn)

u(sn) u(sn)

By our assumption on u, L™u(s,) = zu(s,). After a computation, we have

(z = 2(ap-1+ an—o + Bn-1))u(sn) = Bua(u(ly) + u(ry,)),

from which we can deduce the result. O

Remark 6.3.4. The right hand side of equation is a rational function of z. By
the previous lemma, it must have singularities at the Dirichlet eigenvalues of L™,

but potentially has other singularities that are removable.

By applying Proposition [6.3.3] it is possible to set up a recursion to compute a,

and f3,.

Proposition 6.3.5. Forn > 3,

2
n—2
Z = 2(an71 + ap—2 + 5n71)7
2

,8 — n—2
" Z— 2(an71 + op—2 + anl) ‘

Qp = Qp_o+

Proof. Fix f € ¢(0G,) such that f(l,) # f(rn) and f(l,) # f(—r,). Let u be the
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corresponding solution to problem [6.3.1. By definition,
u(ly) an B u(ly)
u(ry) Bn u(ry)

However, these normal derivatives can be computed by breaking up the graph at s,
and applying the map DtN,,_o to the two pieces isomorphic to G,_o containing [,

and r,, respectively. In matrix language,

u(ly)
Py DtN,,_»
DtN,, =
u(ry) u(sp)
P,DtN,,_,
u(ry,)

Thus, comparing these two equations, we get

anu(ln) + Bnu(rn) = an—Qu(ln) + /Bn—Qu(Sn)a

Baulln) + anu(rn) = Bnou(sn) + an_ou(ry,).

Thus .
s u(ly) u(ry) u(ln) u(sy) Qs

B u(rn)  u(ly) u(rn) u(sn) Bn—2

After some reduction, if u(l,)? — u(r,)? # 0, that is, if f(I,) # f(rn) or f(l,) #
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f(=ryn), we have

Lou(sn)/(ulln) +u(rs)) Qn—2
Bn 0 ulspn)/(ulln) +u(rn)) | \ Bz

«

S

By Proposition [6.3.3] we can rewrite u(s,) as some combination of u(l,) and u(ry).

Thus,

2
n—2
Z— 2(Odnfl + Qp—9 + 67171)7
2
n—2
n = . O
ﬁ Zz— 2(Oén—l + Qp—2 + Bn—l)

Qp = Qp_o+

The recursion (ay, 8,) can be simplified somewhat. By the recursion, for n > 2

we have «,, — a,,_9 = 3,. Thus,

a; = o+ (az—oq) =0+ F3
ay = oo+ (ag—ag) = s+ by

as; = a3+ (a5 —ag) = (oq + B3) + 35

Thus,
K(n)—1

QAp = On—2K(n) + Z Bn—2j‘ (635)
j=0

Therefore, it suffices to understand how the 3,’s evolve. Let C, = z — 2(a; + ).



145

Then
2
6 — n—2
" Z — 2(051171 + Qp—9 + ﬁnfl)
)
2 =2 +ag+ 3725 B + Bu1)
2
n—2

C.—23 05 B —2Bn1

If we rearrange the last equation, we obtain

n—1 1 2
Zﬁj - _§<;_2 - Cz + 2ﬁn—1>-

Jj=3

Thus,

< — B 16: ., 162,
Bn = jzgﬁj - jzgﬁj = —fn+ Bu-1 — §5n+1 + 5?

With some more rearranging,

2

ﬁn = i
_4ﬁn—1 + 26n—2 +

Bas’
6n—1

This equation defines a third order recursion. Let us write this recursion in the

following manner:

2
(ﬁn—ﬁﬂ, ﬁn—2, ﬁn_1> —> (Bn—Q, B’n—l, n—2 - ) '
—ABp—1 + 2052 + ,32:?

To help us simplify the recursion even more, we define the intermediate variable

2

D, = _46714-2 + 2ﬁn+1 + o,
6n+2
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Observe that

2

Dn+1 = _4ﬁn+3 + 26n+2 + ntl
Bn+3
—432 2
= ﬁn+1 32 + 2Bn+2 + 721+1
—4B10 + 2Bp1 + Bria < n+1 i >
—4B42 + 28541 + 5512

—432
= D—nﬂ+2/8n+2+Dn-

The following “simplified” recursion encodes the same information.

a1 —40;
(ﬁn«kla ﬁn+2> Dn) — <5n+27 D—Hy D——H + 25n+2 + Dn) .

Thus, to deduce the limiting behavior of the (3,,’s, it suffices to understand the behavior

of

2 4 2
F(x,y,2) = (y %,Z +2y — %) (6.3.6)

We conclude the section by providing a neat application of the Dirichlet to Neu-
mann map. On the graphs G,, let lx, and rz, be the unique vertices that share

an edge with the boundary vertices [, and r,, respectively. We define T,, to be an

u(ln> ; u(rn)

operator that maps 0 . This operator is called the transmission
u(lzy) u(ra,)
operator.

Proposition 6.3.6. Forn > 1,

B (a, —1)2 =% a,—1
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Proof. By definition,

Thus,

anu(ly) + Bou(r,) = u(ly) —u(lz,),

Bru(ly) + apu(ry,) = ul(ry) —u(re,),

which can be rewritten as

-1

u(ly) a, —1 1 -6, 0 u(ry)
u(lzy,) B 0 l—a, -1 u(ra,)
After doing a multiplication, we obtain our result. O

6.4 Gap in the Limiting Distribution of Eigenval-
ues

In this section, we will use the Dirichlet to Neumann maps on the graphs G, to
deduce that there is a gap in the limiting distribution of eigenvalues of L. First,

we prove a useful lemma.

Lemma 6.4.1. Let z be an eigenvalue of L™ . Let f be the corresponding eigenfunc-

tion. Suppose that f(l,) # 0 or f(r,) #0. Then z = ay, — P, o1 2 = @y + By
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Proof. Let z be the corresponding eigenvalue. By definition

an Bn | [ () f(ln)

=z

/Bn Qn f(rn) f(?"n)

Thus, z is an eigenvalue of DtN,,. This implies
(o, — Z)2 - /3721 =0,

from which we can immediately deduce the result. O

The following is the main result of the section.

Theorem 6.4.2. In the Hausdorff metric, limsup J(L(”)) has a gap that contains

n—oo

the interval (2.5,2.8).

Proof. First, we will show that 3, — 0 for 2.5 < z < 2.8. Note that the sequence (3,

implicitly depends on z. Since 2.5 < z < 2.8, we can deduce numerically that

—.16129 < By < —.10527, —.78756 < B3 < —.51149, —2.13921 < D; < —1.33148.

Recall from " that F(/B’n+17/8n+27 Dn) = (ﬂn+275n+37 DnJrl) for n > 1. So to

understand how to bound f,, and D,, in general, we need to study the map F' further.
Suppose that

a<xr<b c<y<d, e<z</f

where a, b, c,d, e, f are all negative numbers. Let (2/,v/, 2') = F(x,y, z). Then

/ 2 a? 02 / b2
c<r<d, =<y<—, e+2c—4— <2< f+2d—-4—.
e e

f f
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Note that the bounds for 2’ are not necessarily negative. Let us define a new function
G(a,b,c,d,e, f) = (c,d,?,?,64—20—4@;,]”4-2(1—4?).
Let us pick tuples of negative numbers (aq, by, 1, dy, e1, f1) and (z1,y1, 21) satisfying
< x < by, <y <dy, e <z < fi.
Set (Tpi1, Yni1s 2nt1) = F (X, Yn, 2,) and

(anJrla bn+17 Cn+1, dTLJrl? €n+1, fn+1) = G(ana bn> Cn, dna €n, fn)

for n > 1. (In this proof, we take (an,by,cy,dn,en, fn) to be different from the

sequence of polynomials defined previously.) By construction, it is clear that
a2<x2<b2, Cg<y2<d2, €2<22<f2.

If ey, fo < 0, then we can deduce the same set of inequalities for n = 3. Thus, if

Gy by Cry dyys €0y frn < 0 for all n, then
ap < Tp <bp, G <Y <dn, en <2zp < fu,

for all n. Set (ay, by, c1,dy, er, f1) = (—.16129, —.10527, —.78756, —.51149, —2.13921, —1.33148).

We can deduce numerically that

(Gny by Cry Ay €00y fr) = (0,0,0,0, My, M),
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where M; ~ —3.24073 and M, ~ —2.18943. Furthermore, we can deduce that every
term in the sequence is negative. Thus, we can conclude that 5, — 0.

By Remark [6.3.4} no value in (2.5, 2.8) can be a Dirichlet eigenvalue of L™ as the
dynamical system does not encounter any singularities. So if there is an eigenvalue
z in the interval, the corresponding eigenvector must have a non-trivial boundary
condition. By the previous lemma, we must have that z = «,, — 3, or z = «a,, + S,.
We will show that this cannot happen.

By Equation [6.3.5| and the fact that the 3,’s are negative, for n odd
ap > o+ Z/B3+2j'
5=0

and for n even

o0
Q2> Qo+ Zﬁ4+2j-
=0

Also recall that (8,42 = 32/D,_,. By inspecting the terms e, and f,, we can deduce
numerically that D, < —1.33148. Let C' = —1.33148. Then

00 2 B3\2 (%)22
Y Bavyy 2 ﬁ3+%+<%> 4 CC)
=0
2 4 8
= 534-%4-%4—0—37—1—

By the integral test from calculus,

"B\ /“ AN /°° 78756 \ %"
Ps" o DY) dv < 76525,
Z(O) =) \¢) *= ) \is3ms) % =-70%

j=0
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Cumulative Distribution of Eigenvalues, Level 13
1
I T

Cumulative Distribution

Eigenvalue

FIGURE 6.4.1: Distribution of Eigenvalues, Level 13

One can check that 2.25 < a; < 3. Thus for n odd, «a, > 1.23108. Since, .8387 <
gy < .8947 and —.01953 < B, < —.00518, in a similar manner we can deduce that
a, > .83753 for n even. So, a,, > .83753 for all n.

We now find an upper bound for the a,,’s. Since the 3,’s are all negative, we can
deduce that {as,} and {as,,1} are monotonically decreasing sequences. As noted
before, .8387 < ap < .8947. In a similar manner, we can check that 1.7385 < a3 <
2.2124. So «,, < 2.2124 for n > 2.

Taking the upper and lower bounds for «,, together into consideration, we have
83753 < ay, < 2.2124 for n > 2. Since 3, — 0 as n — oo, by taking n large enough,
it is clear that «, + 3, and «,, — (3, will not be in the interval (2.5,2.8). So for n large

enough, the set o(L™) will have a gap containing the interval (2.5, 2.8). O

In the remainder of the section, we will provide evidence that there exists a gap
in the limiting distribution of eigenvalues of A = (24/2)"L(™. The choice of the
scaling factor is not random. In [28], a conformally invariant resistance form and

Laplacian is constructed on the Basilica Julia set. In particular, the Laplacian has
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self-similar scaling and its scaling factor is 24/2. The number /2 is the resistance
scaling factor and 2 is the measure scaling factor).

Showing that there is a gap in the limit of (21/2)"a,; {0} is not as simple. Due
to the presence of the scaling factor, we cannot use the exact same techniques of
the previous section involving the Dirichlet to Neumann map. As an alternative, we
will provide estimates on the order of the second smallest eigenvalue of A™. It is a
well known fact that the graph Laplacian of a connected eigenvalue has zero as its
smallest eigenvalue, and that its second smallest eigenvalue is positive. Denote by
Mg, the second smallest eigenvalue of L™,

We will first apply classical Cheeger’s inequality (c.f. [4]) to determine an upper
bound for Ag,. In the classical case, Cheeger’s inequality states that the second
smallest eigenvalue of a normalized Laplacian is bounded above by twice a particular
constant (known as Cheeger’s constant). As L™ does not meet the criteria of a
normalized Laplcian, we will prove a variant of the inequality holds in our case.
For two vertex-disjoint subsets A and B of a graph G, let E(A,B) = $|{(a,b) :
there exists an edge connecting a € A and b € B}|. In essence, F(A, B) is a count of

the number of connections between the vertices of A and B. For a subset X C G,

define
|[E(X, X°)

) = X )

where X¢ denotes the complement of X in G and |X| denotes the number of vertices

in the set. The Cheeger constant hg of G is defined to be

he = minxhg(X).
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Proposition 6.4.3.

Aa, < 4dhg,.

Proof. We construct a function ¢, on G, based on the optimal cut which achieves

he, and separates G, into two parts, A, and B,:

A,z A,
gn(x =
_1/|B,| :z€B,

By the minimax principle, we have

A . way Cwy(f(x) - f(y))2
G, = min .

"o 2. f(@)?

Subsituting f into the above equation and noting that c,, < 2, we have:

Ae, < 2E(An, By)(1/|Al+1/]B|)
4E(A,, By)
min(|Ay|, | B,l)

< 4hg,. O

There also exist lower bounds for the second smallest eigenvalue. In [3], these lower
bounds are obtained for a general class of graph Laplacians, to which the Laplacians
L™ belong. Let G be a finite graph of degree n. Let us denote the vertex set V(G) =
{1,2,..,n}. Let C be an irreducible n x n matrix where ¢;; > 0 if and only if ¢ # j and
there is an edge connecting the corresponding vertices. Let Lao(G) = diag{d, ..., 0, }—
C be our Laplacian on G. Finally, let i.(G) = min(ziexﬁx ¢ij/|IX]), where the

minimum is taken over all non-empty subsets X of V(G) satisfying | X| < n/2. This
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quantity is a generalization of the classical Cheeger’s constant. The corresponding

inequality from [3] is stated below.

Proposition 6.4.4. Let \g denote the second smallest eigenvalue of Lo(G). Then

A > (0 —1/02 =i (G)?),

where § = maz{dy, ..., 0,}.

By Propositions [6.4.3] and [6.4.4], we can deduce the following.

Proposition 6.4.5. Forn > 4,

12 2 48
4— /16— < g, < .
\/ (5(—1)n T 9) = = ()T 7 21— 15

Proof. We start with the lower bound and apply Proposition [6.4.4l In the decompo-
sition of L™, we take the ¢’s to be the degrees of the vertices in G,. So § = 4. Note

that the off-diagonal entries of L™ that are non-zero are equal to either 1 or 2. Thus,

(G =min( 3 ay/ix]) zmin( 30 1/1x1) 2 2/16 .

i€EX jEX i€X,j¢X

So it suffices to find |G,|. By decomposing G,, into G,,_; and two copies of G,,_o, we

can deduce the following non-homogeneous recurrence relation that holds for n > 4.

|G| = |Gra| + 2|Grsa| + 3.
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The relation has the solution

1

|G| = 6(5(—1)” +7-2"—9).

Putting everything together, we have

12 ?
Mg, >4— /16— .
Cn = \/ <5(—1)n+7-2n —9>

Now for the upper bound of Ag,, by Proposition it suffices to find an upper

bound for the Cheeger constant hg,. Let us pick the subgraph X, of G, that is
isomorphic to G,,_;. X,, has one boundary vertex ¢, that connects to two vertices in

X¢. Thus
2
min([Cri| — L, Gl = [Got + 1)

ha, < he,(Xn) =
It can be checked that |G,—1| — 1 < |G,| — |Gp-1] + 1 for n > 4. Thus

8 48
e, < - . O
=G| -1 5(—1)14+7.201 15

By the previous proposition, we conclude that Ag, = O(27") and A\g, = Q(47").
In fact, the numerical evidence suggests that asymptotically A, behaves like (2v/2)".

Thus, we make the following conjecture.

Conjecture 6.4.6. The following limit exists and satisfies lim (2v/2)"Ag, > 0.

n—oo

Corollary 6.4.7. There ezists € > 0 such that limsup o(A™) N (0,¢€) = 0.

n—oo



n >\Gn )\Gn/)\Gn+1 (2\/5)”)\Gn
1 |1 1 2.828427
2 |1 2.618034 8

3 | 0.381966 | 1.54142 8.642904
4 10.247801 | 2.985018 15.85929
5 | 0.083015 | 2.448753 15.02733
6 | 0.033901 | 2.803443 17.35728
7 10.012093 | 2.789782 17.51197
8 1 0.004335 | 2.818787 17.75455
9 | 0.001538 | 2.822058 17.81528
10 | 0.000545 | 2.822732 17.85548
11 | 0.000193 | 2.830112 17.8915
12 | 0.000068 17.88085

FIGURE 6.4.2: The eigenvalue A\g,,
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6.5 Infinite Blow-ups

First, we define an infinite blow-up of the graphs G,,.

Definition 6.5.1. Let {k,},en € N be a strictly increasing sequence. For each n,
embed G}, in some isomorphic subgraph of G, . ,. The corresponding infinite blow-up

iS Goo = UnZQGkn.

We define the graph Laplacian L(>) on (2 := {f € R%= : ||f|| < oo}, where
1/2
11l = (e f2(2)) 7 by

L f(a) = 3 eny (&) — 1))

r~y

where ¢,y is the number of edges between z and y.
Recall that [, and r,, denote the left and right boundary points of G,,. Let us call

the long path of G, the minimal sequence of vertices and edges connecting [,, and
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FIGURE 6.5.1: The subgraph G,,(7)

rn. Let us a call a loop in (G, a minimal non-trivial sequence of vertices and edges
that begin and end at the same vertex. Note that all vertices of GG,,, except for the
boundary vertices, belong to some loop. By construction, loops in G,, will have 2™
vertices for some integer m.

Let v be a loop in G,, with at least eight vertices. Let us call the vertex in ~
whose attaching subgraph contains the boundary vertices [,, and r, the 12 o’clock
vertex. Let us call the vertices in the loop a graph distance of 2¥~2 apart the 3, 6
and 9 o’clock vertices, with respect to clockwise orientation on the loop. Removal of
the attaching subgraphs to the 3, 6, 9 and 12 o’clock vertices produces a symmetric
graph which can further be divided into four subgraphs, necessarily isomorphic to
each other. More specifically, they will be isomorphic to some G,,, where m < n. Let
us refer to these subgraphs as G, (7,1), i = 1,2,3,4 and to the union of these four
subgraphs and ~y simply as G, (7). Figure illustrates this notation.

Let D, be the dihedral group of permutations on {1,2,3,4}. For any m € Dy, there
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is a unique distance preserving bijection 7, : G,(7) = Gn(7) such that G,(v,1) is
mapped to G, (7, 7) if (i) = j. In essence, the isometry m,, , permutes the subgraphs
G (7,1) in the same way 7 permutes the numbers {1,2,3,4} corresponding to these
subgraphs. Each m, . induces an isometry Uy, , on E,zw = {f € % : supp(f) C
Gn(v)}. That is, Ur pq f(2) == f(mn4(2)) for z € G, (7).

We now need to make certain assumptions on the infinite blow-ups.
Assumption 1. The infinite blow-up G satisfies:

e Forn > 1, the long path of G, _, is embedded in a loop v, of Gy, .

n—1

o Apart from l, _, and ry,_,, no vertex of the long path can be the 3,6,9 or 12

o’clock vertex of .

e The only vertices of Gy, that connect to vertices outside Gy, are the boundary

vertices of Gy, .

Remark 6.5.2. There are an uncountable number of blow-ups G, satisfying As-
sumption [ Note that G,, can be embedded in some subgraph of G,, satisfying the
conditions above if |m — n| > 4. The number of subsequences {k, },en of the natural

numbers satisfying |k, 11 — k,| > 4 is uncountable.

Lemma 6.5.3. Let (2, = {f €y  :Urp,f = (" fme D} We can

consider this space as a subspace of ¢?. Then (>

’ ' ’ (o0)
ok 1S an invariant subspace of L

and of any L*™) m > n. Any eigenfunction of the restriction L(k”)|gik . is an

eigenfunction of L) and of any L% m > n.

Proof. The result follows by Assumption ], the definition of the Laplacian, and noting

the following fact. Any eigenfunction of L%*n)|, . must attain a zero at the 3,6,9

In
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.
0

FIGURE 6.5.2: A function f in Iy, ~,

and 12 o’clock vertices of v,,. As the eigenfunction is supported in Gy, (7, ), the sum of
the differences of the eigenfunction along all edges incident to these vertices must be

zero (see Figure|6.5.2)). Thus, the eigenvalue equations at these vertices are satisfied

and one has an eigenfunction of L and of any L*m) m > n. O

Recall that the graphs Gy, (7, ,¢) for ¢ = 1,2, 3,4 will be isomorphic to some Gj,,

where j, < k,,.

Theorem 6.5.4. Under Assumption [1]:
(1) O—(L(kn) ’537,@7“,\/”) — 0—<L((:']n)) .

(2) To every Dirichlet eigenvalue of L(()j”) there is a localized eigenfunction of L),

(8) The spectrum of L>) is pure point. The set of eigenvalues of L(>) is

U oL§”) = | .o},

n>0 n>0

where the polynomials ¢, are the characteristic polynomials of L(()n), as defined in

Proposition [6.2.3]
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(4) The set of finitely supported eigenfunctions of L(>) is complete in (2.

Proof. Let P, be the orthogonal projector onto the subspace of functions with sup-
port in Gy, and F,j, be the orthogonal projector onto E?L,kn, that is Py, f = fla,,
and P, [ = % ZWGD“(—1)|”|U7T,kn7%Pknf.

We first prove (1). Let Gy, (7n,1) be identified with some G;,. If f € (* is a

Dirichlet eigenfunction of L(()j”) on G, = Gy, (n, 1), then P, f is an eigenfunction

of L), - (see Figure|6.5.2)). Note that the eigenvalue equations must be satisfied

at the 3,6,9 and 12 o’clock vertices. Conversely, the restriction of an eigenfunction in

Cajon v 10 G, (7, 1) = G}, is a Dirichlet eigenfunction of Léj”). This is also establishes

2).

Statements (3) and (4) will follow from statement (1) and another fact. By Lemma

6.5.3| we have that goﬁi ko~ 18 contained in the space of the eigenfunctions of L(>)
n> vy In

2

aknmys 1S complete in

with finite support. Therefore it is enough to show that goﬁ
2. )

a,kn,yn

Fix f € ( L>JO 2 )L. Note that (g, Urk,,14n09) = 0 if the support of g

is contained in Gy, and 7 is not the identity of Ds. Therefore, ||P, .., Pr.|l2 =
\/L§||Pknf||2. This implies
H‘Pa,kn+1f|’2 = ||Pa7kn+l (f + Pknf - Pknf)||2
2 |[Pasnir Pen fll2 = [1f = Pe. fll2
1
= ﬁHPkanZ_Hf_Pknf“?- (6.5.1)

By Assumption (1, the computations above hold for any n. Thus (6.5.1) implies

lim sup,, o0 || Pak, fll2 = \/ingHg Thus f = 0 and the proof is complete. O
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Remark 6.5.5. The proof of Theorem is based on the techniques in the proof

of Theorem 2 in [35].

Recall that the infinite blow-ups (I'¢,{) are the limits in the pointed Gromov-
Hausdorff topology of finite Schreier graphs (I',,, &), with &, being the prefix of £ of
length n. The corresponding metric between two rooted graphs (I'y,v1) and (I'g, v2)

is given by

. . 1
Dist((I'y,v1), (I'z, v9)) := inf {m

: Br, (v, r) is isomorphic to Br,(vs, r)}

The relationship between the finite graphs G,, and I';, yields the following consequence.

Proposition 6.5.6. The infinite blow-ups G that satisfy Assumption[l| are infinite

blow-ups of finite Schreier graphs.

Proof. For n > 1, the graph G,, can be written as Bg, (s,,2/"/?171), where s,, is the
midpoint of the long path connecting [,, and r,. Note that the graph distance between
s, and [, or 1, is exactly 2/™/21-1,

Next, by Assumption [, no vertex of Gy, is identified as a boundary vertex of
G- Since I'y, 1 can be constructed by identifying the boundary vertices of Gy, .,

and Gy, 41, we can identify Gy, = Bg, (si,,2/"/?171) with By, _, (&, 2M*/2171),

1
where 7, = k41 + 2 and &, is the finite word in {0, 1}"" corresponding to the vertex
Sn.-

Without loss of generality, let us modify the words {&,.,}2°, by appending an
infinite string of zeros to each word. By a diagonalization argument, we can find a

subsequence {{Tnj }?’;0 that converges pointwise to some infinite word &,. By the work

in [5], the rooted graphs (I';, —1,&, ) converge to the infinite blow-up (I¢,, &) in the
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Gromov-Hausdorff metric. Thus, the corresponding subsequence of rooted graphs
(Gknj,sknj) converges to (I'e,, &,).

For n > 1, define M (n) := sup{n; : n > n;}. Then the rooted graphs (Gy,,, Sk, )
converge to (I'g,, &) in the Gromov-Hausdorff metric. Thus, G is an infinite blow-up

of finite Schreier graphs. m
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Dirichlet and Neumann
Eigenvalues
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Neumann Eigenvalues: Hata Tree

Level

=W N

Mult. of 1
1

1

O ot W

33

65

New Eigenvalues

0,2
1
1+,/1
14,/
0.041787, 0.236647, 0.473787, 1.526212, 1.763352, 1.958212
0.012547, 0.092553, 0.130004, 0.310991, 0.452259, 0.525248,
1.474751, 1.547740, 1.689008, 1.869995, 1.907446, 1.987452
0.003973, 0.026936, 0.045802, 0.112040, 0.121881, 0.190430, 0.271716, 0.321628,
0.426888, 0.473440, 0.502936, 0.549056, 1.450943, 1.497063, 1.526559, 1.573111,

1.678371, 1.728283, 1.809569, 1.878118, 1.887959, 1.954197, 1.973063, 1.996026

0.001222, 0.008659, 0.013815, 0.034894, 0.043160, 0.059953, 0.095668, 0.115646,
0.118187, 0.129689, 0.190057, 0.190851, 0.263418, 0.279162, 0.312816, 0.332921,
0.423533, 0.443147, 0.452912, 0.473782, 0.496872, 0.515615, 0.547819, 0.549643,
1.450356, 1.452180, 1.484384, 1.503127, 1.526217, 1.547087, 1.556852, 1.576466,
1.667078, 1.687183, 1.720837, 1.736581, 1.809148, 1.809942, 1.870310, 1.881812,
1.884353, 1.904331, 1.940046, 1.956839, 1.965105, 1.986184, 1.991340, 1.998777

0.000379, 0.002650, 0.004367, 0.011047, 0.012948, 0.019114, 0.029192, 0.036193,
0.041848, 0.045782, 0.058895, 0.060881, 0.095221, 0.096189, 0.112293, 0.116347,
0.118083, 0.121815, 0.128933, 0.129859, 0.189461, 0.190160, 0.190739, 0.191776,
0.257663, 0.264979, 0.275029, 0.288531, 0.311490, 0.316185, 0.326681, 0.335369,
0.422715, 0.426863, 0.436160, 0.445177, 0.452534, 0.456250, 0.473440, 0.473787,
0.496328, 0.497498, 0.515045, 0.516532, 0.544930, 0.548491, 0.549179, 0.551856,
1.448143, 1.450820, 1.451508, 1.455069, 1.483467, 1.484954, 1.502501, 1.503671,
1.526212, 1.526559, 1.543749, 1.547465, 1.554822, 1.563839, 1.573136, 1.577284,
1.664630, 1.673318, 1.683814, 1.688509, 1.711468, 1.724970, 1.735020, 1.742336,
1.808223, 1.809260, 1.809839, 1.810538, 1.870140, 1.871066, 1.878184, 1.881916,
1.883652, 1.887706, 1.903810, 1.904778, 1.939118, 1.941104, 1.954217, 1.958151,
1.963806, 1.970807, 1.980885, 1.987051, 1.988952, 1.995632, 1.997349, 1.999620
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Dirichlet Eigenvalues: Hata Tree

Level

ot

Mult. of 1
0

0
2

6

14

30

62

Other Eigenvalues

1
1+,/t

1+

0.058081, 0.215399, 0.232408, 0.365758,
1.634241, 1.767591, 1.784600, 1.941918
0.058081, 0.064331, 0.167142,

0.541685, 0.546082, 0.553586,

0.020207,
0.449811,
1.634241,
0.006046,
0.167142,
0.440626,
1.446413,
1.636776,
1.871788,
0.001901,
0.047837,
0.128211,
0.263825,
0.425742,
0.510420,
1.446778,
1.503084,
1.636776,
1.784315,
1.878540,
1.955116,
0.000584,
0.015821,
0.044883,
0.095220,
0.121459,
0.190056,
0.257610,
0.312040,
0.423436,
0.452668,
0.496915,
0.544999,
1.446778,
1.457619,
1.503670,
1.551922,
1.636776,
1.693737,
1.784315,
1.810537,
1.881813,
1.935791,
1.957020,

0.020207,
0.190395,
0.449811,
1.449052,
1.680482,
1.898703,
0.006046,

0.059910,
0.128871,
0.273355,
0.439565,
0.515437,
1.449041,
1.526551,
1.669795,
1.784315,
1.887088,
1.967810,
0.001901,
0.019085,
0.044892,
0.095906,
0.121811,
0.190140,
0.263825,
0.316335,
0.425665,
0.456516,
0.497496,
0.546262,
1.448172,
1.457619,
1.526217,
1.555013,
1.664637,
1.712277,
1.784315,
1.832855,
1.883900,
1.935791,
1.964314,

0.020932,
0.215684,
0.456955,
1.457601,
1.690675,

0.006443,
0.064204,
0.167144,
0.278490,
0.440626,
0.542380,
1.449052,
1.543044,
1.680482,
1.809147,
1.898703,

0.047837,
0.215692,
0.510420,
1.458314,
1.726644,

0.015821,
0.064208,
0.190056,
0.306262,
0.448077,
0.542398,
1.453737,
1.543373,
1.681360,
1.809604,
1.904093,

\/%, 0.232408, 0.565741, 1.434258, 1.767591,

0.546082, 0.565741, 1.434258, 1.453917,

0.215399, 0.215692, 0.309324, 0.365758,
1.446413, 1.453917, 1.458314, 1.550188,
1.690675, 1.784307, 1.784600, 1.832857, 1.935668, 1.941918, 1.979792

0.064204, 0.064331, 0.101296, 0.128211,
0.273355, 0.309324, 0.319517, 0.363223,
0.541685, 0.542398, 0.550947, 0.553586,
1.489579, 1.543044, 1.550188, 1.559373,
1.784307, 1.784315, 1.809604, 1.832857,
1.935668, 1.935795, 1.952162, 1.979067, 1.979792, 1.993953

0.020930,
0.095906,
0.190395,
0.318639,
0.456626,
0.546262,
1.457601,
1.551922,
1.693737,
1.809943,
1.935791,

0.020932
0.101296
0.190852
0.319517
0.456955
0.550947
1.457619
1.559373
1.721509
1.832855
1.935795

. 0.032189,
, 0.112911,
. 0.215684,
. 0.330204,
. 0.473448,
. 0.550958,
. 1.484562,
. 1.560434,
. 1.726644,
, 1.871128,
. 1.940089,

0.044883,
0.121459,
0.215684,
0.363223,
0.496915,
0.553221,
1.489579,
1.574257,
1.736174,
1.871788,
1.952162,

1.979067, 1.979069, 1.984178, 1.993556, 1.993953, 1.998098

0.002007,
0.020930,
0.047943,
0.096196,
0.128324,
0.190433,
0.265619,
0.318639,
0.425742,
0.456626,
0.510434,
0.548245,
1.449041,
1.483437,
1.526551,
1.560365,
1.669795,
1.721509,
1.808221,
1.870184,
1.887088,
1.939177,
1.967810,

0.004825,
0.020930,
0.058982,
0.101273,
0.128871,
0.190717,
0.270783,
0.318837,
0.437601,
0.456685,
0.515001,
0.549392,
1.449041,
1.484562,
1.526553,
1.560434,
1.673147,
1.722360,
1.809147,
1.871115,
1.887562,
1.940089,
1.970691,

0.006439,
0.029308,
0.059910,
0.112437,
0.128884,
0.190852,
0.277639,
0.326852,
0.439565,
0.473446,
0.515437,
0.550958,
1.450607,
1.484998,
1.543314,
1.562308,
1.681162,
1.729216,
1.809282,
1.871128,
1.898726,
1.941017,
1.979069,

0.006443
0.032189

0.060822,
0.112911,
0.129815,
0.191778,
0.278490,
0.330204,
0.439634,
0.473448,
0.516562,

0.550958

1.451754,
1.489565,
1.543373,
1.574257,
1.681360,
1.734380,
1.809566,
1.871675,
1.903803,
1.952056,
1.979069,

. 0.010042,
. 0.035685,
0.064208,
0.116099,
0.167144,
0.215684,
0.287722,
0.335362,
0.444986,
0.473782,
0.542380,
. 0.551827,
1.453737,
1.502503,
1.543483,
1.574334,
1.683664,
1.736174,
1.809859,
1.878188,
1.904093,
1.955107,
1.980914,

0.013585,
0.042979,
0.064208,
0.118186,
0.189462,
0.215684,
0.306262,
0.363223,
0.448077,
0.496329,
0.542380,
0.553221,
1.455000,
1.503084,
1.547331,
1.576563,
1.687959,
1.742389,
1.809943,
1.878540,
1.904779,
1.955116,
1.984178,

1.986414, 1.989957, 1.993556, 1.993560, 1.995174, 1.997992, 1.998098, 1.999415
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Neumann Eigenvalues: Basilica Graphs G,

Eigenvalues

0,2

0,1,3

0, 1, 1.438447, 5.561552

0, 0.381966, 0.555625, 2, 2.618033, 3.781910, 6.662464

0, 0.247801, 0.281290, 1.018816, 1.316030, 1.326566, 2, 3.245335, 4.236410, 5.402678,

6.204916, 6.720153
0, 0.083015, 0.090210, 0.342548, 0.500892, 0.502534, 0.763932, 1.054474, 1.235257,

1.594158, 2, 2.293350, 2.423143, 3.188542, 3.541720, 3.739630, 3.966542, 4.782006,

5.236067, 6.516717, 6.659160, 6.679331, 6.806764
0, 0.033900, 0.044763, 0.134792, 0.228442, 0.256333, 0.257030, 0.356216, 0.452989,

0.648122, 0.763932, 1.022065, 1.058714, 1.081507, 1.161381, 1.321653, 1.321798,
1.370592, 1.425987, 2, 2, 2, 2, 3.125715, 3.216475, 3.239173, 3.333716, 3.689719,
3.884356, 4.027249, 4.210124, 4.503939, 4.782384, 5.236067, 5.316914, 5.726901,

6.163152, 6.441307, 6.528979, 6.655850, 6.690450, 6.717413, 6.755246, 6.814636
0, 0.012092, 0.012117, 0.044230, 0.087874, 0.087929, 0.096467, 0.132137, 0.154974,

0.199223, 0.228442, 0.337741, 0.354642, 0.361308, 0.392069, 0.501728, 0.501746,
0.509047, 0.530766, 0.763932, 0.763932, 0.763932, 0.763932, 1.026565, 1.046208,
1.051871, 1.070199, 1.124768, 1.156890, 1.177514, 1.218845, 1.301277, 1.370576,
1.425987, 1.493924, 1.682742, 1.888727, 2, 2, 2, 2, 2, 2, 2.360394, 2.368114, 3.119319,
3.162663, 3.184862, 3.201018, 3.233018, 3.320393, 3.377874, 3.509725, 3.657999,
3.680719, 3.717693, 3.879047, 3.931945, 3.963267, 3.995402, 4.124185, 4.186758,
4.769159, 4.781962, 4.782077, 4.793877, 5.236067, 5.236067, 5.236067, 5.236067,
6.113360, 6.133544, 6.496798, 6.516409, 6.520469, 6.543336, 6.655850, 6.657419,
6.666804, 6.678323, 6.686368, 6.695795, 6.714859, 6.787911, 6.806526, 6.809417,
6.825682




167

Dirichlet Eigenvalues: Basilica Graphs G,

Level Eigenvalues
1 1

2 0.763932, 5.236067

3 0.228442, 1.425987, 2, 3.689719, 6.655850

4 0.096467, 0.530766, 0.763932, 1.124768, 2, 3.233018, 4.186758, 5.236067, 6.113360,
6.714859

5 0.028409, 0.173202, 0.228442, 0.375404, 0.763932, 1.049280, 1.207427, 1.425987,

1.760491, 2, 2, 3.180599, 3.484031, 3.689719, 3.959702, 4.781918, 5.236067, 6.516104,

6.655850, 6.677141
6 0.012072, 0.066510, 0.096467, 0.140206, 0.228442, 0.349853, 0.416892, 0.530766,

0.677142, 0.763932, 0.763932, 1.037533, 1.094788, 1.124768, 1.165805, 1.370574,
1.425987, 2, 2, 2, 2, 3.124945, 3.212507, 3.233018, 3.332549, 3.689719, 3.883890,
4.024033, 4.186758, 4.463465, 4.782306, 5.236067, 5.236067, 5.628816, 6.113360,

6.431687, 6.528391, 6.655850, 6.690237, 6.714859, 6.751494, 6.814294
7 0.003549, 0.021606, 0.028409, 0.046702, 0.096467, 0.131024, 0.149624, 0.173202,

0.206640, 0.228442, 0.228442, 0.342261, 0.365665, 0.375404, 0.393550, 0.509038,
0.530766, 0.763932, 0.763932, 0.763932, 0.763932, 1.026268, 1.044563, 1.049280,
1.069701, 1.124768, 1.156678, 1.176126, 1.207427, 1.272874, 1.370575, 1.425987,
1.425987, 1.569852, 1.760491, 1.928431, 2, 2, 2, 2, 2, 2, 2, 3.118798, 3.157263,
3.180599, 3.200542, 3.233018, 3.319690, 3.371632, 3.484031, 3.614428, 3.689719,
3.689719, 3.878589, 3.927292, 3.959702, 3.994936, 4.124182, 4.186758, 4.769151,
4.781918, 4.782047, 4.793871, 5.236067, 5.236067, 5.236067, 5.236067, 6.113360,
6.133544, 6.496758, 6.516104, 6.520242, 6.543262, 6.655850, 6.655850, 6.664282,
6.677141, 6.686197, 6.695769, 6.714859, 6.787862, 6.806287, 6.809263, 6.825651
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