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ABSTRACT

In the present work, we consider Symmetric Interior Penalty Galerkin (SIPG) method
to approximate the solution to Dirichlet optimal control problem governed by a linear

advection-diffusion-reaction equation on a convex polygonal domain.

The main feature of the method is that Dirichlet boundary conditions enter naturally
into bilinear form and the finite element analysis can be performed in the standard setting.
Another advantage of the method is that the method is stable and can be of arbitrary high
degree. We show existence and uniqueness of the analytical and discrete solutions of the
problem and derive optimal error estimates for the control on general convex polygonal

domains.

Finally, we support our main results and highlight some of the features of the method
with the several numerical examples in one and two dimensions. We also investigate nu-

merically the performance of the method for advection-dominated problems.
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Chapter 1

Introduction

1.1 What is optimal control?

Optimal control theory is multidisciplinary field that requires knowledge from several areas
of mathematics such as numerical and continuous optimization, theory of PDE’s, numerical
analysis, linear and nonlinear functional analysis and etc. The aim of the optimal control
problem with the PDE’s constraints is to minimize the cost functional of a controlled sys-
tem described by partial differential equations. We illustrate the idea on examples from
the textbook of Troltzsch [32]]. A vehicle that a time ¢ = 0 is at the space point A moves
along a straight line and stops at time 7' > 0 at another point B on that line. Suppose
that the vehicle can be accelerated along the line in both forward and backward directions.
What is the minimal time 7" > 0 needed for the travel, provided that the available thrust
q(t) at time ¢ is subject to the constraints maximum backward and forward accelerations
—1<q(t) <1?

Here is the model of the problem;



y(t) denotes the position of the vehicle at time ¢, m is the mass of vehicles, yo, yr € R are
corresponding to positions of the initial points A and B. Then minimize 7" > 0 subject to

the constraints for V¢ € [0, 7]

my"(t) = q(t),
y(0) = o,
y'(0) =0,
y(T') = yr,
y'(T) =0,
lq() <1

The features of the optimal control problem are come out as the following

1. a cost functional J to be minimized,
2. an initial values of the problem state the motion to determine the state v,
3. a control function q,

4. various constraints.

In general, the input (control) can be a function, boundary conditions, initial conditions,
a coefficient of a system of equations, or a parameter in the equation. The output is usually
the solutions of differential equations or system of equations. The control is chosen free
within the given constraints and has to be chosen in desired way that the cost function is
minimized, such controls are called optimal, and the output is called the state of the system.
The state is some linear or nonlinear operator of the control with the assumption that there
is a unique state for each control. Thus, the aim of the problem is to minimize a cost func-

tional depending on the observation of the state and on the control. Here, we have some



examples of the optimal control problem with PDE’s.

1.1.1 Some examples of the optimal control problem

e Optimal stationary problem
Consider a body €2 in R? that is to be heated or cooled. We apply to its boundary I" a
heat source ¢(x) ( the control) that depends on the location = on the boundary. Our
aim is to choose the control in such a way that corresponding temperature distribu-
tion y(x) in the domain is the best possible approximation to the desired stationary

temperature distribution (). The model of the problem is as the following:

} 1 . «a
min J(y, q) == slly(x) — ()20 + 5 la(@) |72,
2 2

subject to
—Ay=0 1inQ,
0
a—i =q onl,

with control constraints

Ga(z) < q(7) < q@o(z)  onT.

This problem can be classified as linear- quadratic elliptic boundary control problem.

Let us give another example of the distributed control problem.

e Optimal heat source problem
The body (2 is heated by electromagnetic induction or by microwaves, so the control
act as heat source in €, and temperature distribution in the domain is y(z). Our

aim is again to choose the control in such a way that corresponding temperature



distribution y(z) in the domain is the best possible approximation to the desired
stationary temperature distribution ¢(x). By assuming that the boundary temperature

vanishes, we obtain the following problem

min(y,0) = 3 9(z) ~ 9@y + 2o o
subject to
—Ay = fBq inf,
y=0 onl
and

qa(z) < q(z) < @p(z) in Q.

where 3 = xq, and (2. C €. Here, ¢ acts only in a subdomain (2. C 2 because of
the special choice (3, and this problem is classified as linear-quadratic elliptic control

problem with distributed control.

1.2 Preface

In this thesis, we consider the Dirichlet boundary optimal control problem. Let ) be a
convex polygonal domain in 2 and assume that the model of the optimal control problem

has the following structure;

. 1 o112 o2
min J(y,q) = §||y — 2 + §||Q||L2(r) (1.2.1)



subject to the advection-diffusion equation

—Ay(z) + B(x) - Vy() + c(x)y(z) = f(z), x € Q, (1.2.2a)

y(x) = q(z), zel. (1.2.2b)

Here, y(x) denotes the state variable, (1.2.2a) and (1.2.20) is called the state equation,

q(z) is the control, I' = 0S).

We assume that f(z), §(z) € L*(Q), f(z) € [WL(Q)]2, ¢(z) € L*°() with the assump-
tion ¢(z) — %V . 3(33) > 0, and o > 0 is a given scalar.

This problem is important in many applications, for example distribution of pollution in
air [35] or water [1] and for problems in computational electro-dynamics, gas and fluid
dynamics [6]. However, there are several challenges involved in solving this problem nu-
merically. One problem arises for higher order elements and nonsmooth Dirichlet data
which can cause serious problems in using standard finite element methods (see [25]],[23]).
Another difficulty lies in the fact that the Dirichlet boundary conditions do not enter the
bilinear form naturally and that causes problems for analyzing the finite element method
(see [29], [5]], [4]], [26] for further discussion).

One faces another challenge in the presence of layers which are the regions where the
gradient of the solution is large. Usually, the boundary layers occur because of the fact that
reduced problem is first order PDEs and requires boundary conditions on inflow part of the
boundary only. In this case, standard Galerkin methods fail when A/ 5 | > 1, where h is
mesh size, producing highly oscillatory solutions. A lot of research has been done in last
40 years to address this difficulty (see [6]], [21], [25], [10], and [30]).

We have an example to illustrate this difficulty in the following simple example,



Example:
—0.0025y"(z) + ¢/ (x) =1, =z €(0,1),

The figure shows nonphysical oscillations of the standard Galerkin solution for A =

0.1.

Computed and Exact Solution

05 \11.| o I|| !

FIGURE 1.2.1: Standard Galerkin

One way to solve this problem is to use stabilized methods (see [34]). We will mention
some of them. One of the first stable method of arbitrary order is SUPG (Streamline Up-
wind Petrov Galerkin) [21], [17], [11]. In this method, the space of test function is different
from the space of trial function and chosen such that the method is stable and consistent.
Other stabilized methods where the space of trial and test functions are the same and use
upwind stabilization are HDG (Hybridizable Discontinuous Galerkin ), SIPG ( Symmetric
Interior Petrov Galerkin) [5]], [23], [26], LDG (Local Discontinuous Galerkin) [33l], [IL5].
Another popular stabilized method where the space of trial and test functions are the same
is the edge stabilization [12],[7].

DG methods are shown to be robust for the advection-diffusion-reaction problem (see
[S], [16]) even for advection-dominated case. DG methods were not only analyzed for

the advection-diffusion-reaction problem but also for the optimal control problem of the



advection-diffusion-reaction equation (see [7]], [18],[24]). In addition to being stable, the
discontinuous Galerkin methods, such as SIPG, usually treat the boundary conditions weakly.
SIPG method was also analyzed for distributed optimal control problems and optimal local
and global error estimates were obtained (see [27]) but not for the boundary control prob-

lems. We would like to investigate the performance of SIPG method applied to Dirichlet

boundary control problem (1.2.1{and[1.2.2aH1.2.2b) and prove a priori error estimates. We

would also like to perform a number of numerical experiments to confirm our theoretical
result which is the main subject of the current work.

In this thesis, we analyze the SIPG solution of the Dirichlet boundary control problem
and the difficulties with dealing with the stability issues as well as with the difficulty of
the treatment of Dirichlet boundary conditions. This method has some attractive features
and offers some advantages. This method is stable and accurate, can be of arbitrary or-
der and has been shown analytically that the boundary layers do not pollute the solution
into the subdomain of smoothness [23]. Another attractive feature of the method is that
the Dirichet boundary conditions are enforced weakly through the penalty term and not
through the finite dimensional subspace [12]. As a result of the weak treatment of the
boundary conditions, the Dirichlet boundary control enters naturally into the bilinear form
and makes analysis more natural [29]], [S],[4], [14]. Finally, SIPG method has the prop-
erty that two strategies Optimize-then-Discretize and Discretize-then-Optimize produce the
same discrete optimality system (see [26]], [15]), which is not the case for other stabilized
methods, for example, SUPG method (see [17]).

Let us show some features of SIPG method with the figure in the following exam-

ple.



Example:

Figure shows the behavior of the SIPG solution for 2 = 0.1 and € = 1le — 9. As one
can see the solution is stable. The Dirichlet boundary condition at z = 1 is almost ignored

by the method (compare to SUPG method, figure as a result of weak treatment.

12 T
—computed
1t|===exact

08

06

04

02

0

| L L L L
Uzh AR A A 3-] £l

FIGURE 1.2.2: SIPG method

Our choice of this particular DG method was motivated by good approximation and
stabilization properties of the method. Additional attractive feature of the method is the
weak treatment of the boundary conditions which allows us to set the Dirichlet optimal
control problem in natural the finite element frame work and to prove optimal convergence
rates for on general convex polygonal domain. Moreover, we state the main result of the
thesis is valid for any general convex domain, there exists a positive constant C' independent

of h such that

1G = anllz2ry < CRY2 (e ey + 131l a o) + 191 22(0)

for h small enough.



The outline of the thesis is as follows. In chapter 2, we set the optimal control prob-
lem and show the existence and uniqueness of the problem. In chapter 3, we establish the
optimality conditions and deduce the regularity of the optimal solution. In chapter 4, we
introduce some basic concepts used in the finite element methods to understand and pro-
vide the background for the rest of the thesis. In chapter 5, we give some fundamental
definitions to discretize the optimal control problem by using SIPG method and drive the
first order discrete optimal system. In chapter 6, we give some auxiliary estimates to use in
the main result and analyze the convergence of the solution, then we prove the main result
where is given in Theorem Finally in chapter 7, we performed several numerical ex-
amples to support our theoretical results, and additionally when we investigate numerically

performance of the method in advection-dominated case.

1.3 Notations

Throughout the thesis we will use the following notations.

e We will use the standard notation for Lebesgue and Sobolev spaces, their suitable
norms, and L*- inner product. Thus, (u,v)q = [, uvdz and (u,v)r = [, uvds are
the inner product on the domain 2 and its boundary I'. The corresponding norms are

lullz2) = (f;, [ul?dz)? and |Ju| 2y = ([ |u|?)ds)/?, respectively.
o H'?2T)={uec LAD)|3ac H(Q) :u=tr(d)}.
o [lullgirzwy = inf{llallm @l tr(a) = u}.

° |u|H1/2(F) = inf{|t|mr (o) tr(a) = u}.



Chapter 2

Elliptic equations with Dirichlet
boundary conditions

2.1 Setting the problem

First, let us consider the state equation,

—Ay+F-Vy+ey=f inQ,
(2.1.1)

y=¢q onl.

We review some regularity results for various conditions on data which we will use
later in the analysis. The first result is standard and can be found in many books on partial

differential equations, for example [20]].

Theorem 2.1.1. Let f € H'(Q) and q € H'*(T). Then equation 2.1.1) admits a unique

10
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solution y € H'(Q). Moreover, the following estimate holds

Il < € (Il + lall 13 ) -

In the case of g = 0 on T, f € L?(f2), and convex €2, we can obtain a higher regularity

of the solution (see [22]]).

Theorem 2.1.2. Let f € L*(Q) and ¢ = 0 on T. Then, the equation 2.1.1) admits a

unique solution y € H*() and the following estimate holds

lyllg20) < Cll fllr2)-
Remark: Since the adjoint equation defined by

~Az—V-(f2)4+cz=f inQ

z=0 onl,

it is also an advection-diffusion equation and the results of the above theorems are valid for
the adjoint equation as well.
The theory in the case of ¢ € L*(T") is more technical and to obtain the desired regular-

ity result, we use the transposition method [28l], which we will briefly describe next.

The transposition method
Suppose ¢ is smooth enough, ¢ € L?(Q2) and let 3y; and ¥, be the solutions of the following
equations,

Ay +B-Vy+ey =0 inQ,

y1=q onl,
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and
—Ay, — V- (g?h) +cyp =¢ inf),

Yo =0 onl

respectively. Then, by the integration by parts and using the fact that o = 0 on I', we

obtain

= (=Ay + g Vi + cy1, ¥2)a

0 . .
= (Vy1, Vip)o — (%,yz)r + (B -1, y2)r — (Y1, V- (By2))a + (cyr, y2)a
= (Vy1,Vy2)o — (11, V - (ﬁyz))ﬂ + (Y1, ca2)0

) .
= (y1, —Aya2)a + (v1, %)r — (y1, V- (By2))a + (1, cy2)a

83/2)

— (g1, —A
(1, Y2 — (5?42) +cya)a + (y1, on

%y

= (y1,0)a + (g, o

where —Ay; — V- (gyg) +cys = ¢ in 2 and y; = g on I" are used in the last step. Hence

we obtain

(y17 ¢)Q = _(Q> %)F

The above formula defines a mapping A : ¢ — —% that is linear and continuous from

L*(Q) to HY2(T"). Since the embedding H'/?(T") «— L*(T') is compact, A is a compact

operator from L?(2) to L?(T"). Hence, its adjoint A* is a compact operator from L?(T") to

L3(9).

Since (y1, )0 = — 1 q%yrf = (¢, A®) 121y and (g, Ap) r2(ry = (A*q, ¢)q, we conclude that
= A*q. Using the above, we can define an "ultra-weak” solution for (2.1.1)) for Dirichlet

data in L?(T") as follows.
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We say that y € L*(Q) is a unique ultra-weak solution of the equation 2.1.1) if

[ o=@, m@) - [agh voe @),

T

where p satisfies

~Ap=V-(fp)+ep=0¢ inQ,

p=0 onl.

Now we are ready to provide the following regularity result.

Theorem 2.1.3. Forany f € H'(Q) and q € L*(T"), the problem @2.1.1) admits a unique

ultra-weak solution y € L*(S)). Moreover; the following estimate holds,

yllz2@) < CUflla-1@) + llallL2ry)- (2.1.2)

Proof. Existence follows from Definition For the uniqueness, we assume that y; and

yo are distinct solutions of the problem (2.1.1)) and let u = y; — yo, then

—Au—V-(fu)+cu=0 inQ,

u=0 onl.

Since H'(€2) is dense in L?(2), it is enough to consider u € H'(2). By Theorem [2.1.1]

we have

As aresult u = 0, hence y; = y- and this contradiction proves the uniqueness.
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To show the desired estimate (2.1.2) we use a duality argument. Let w be the solution

of the problem
—Aw-V-(fuw)+cw=y inQ,

w=0 onl.

By using the above duality argument and using integration by parts and the fact that w = 0

on I', we obtain

HyH%Q(Q) = (y> —Aw -V - (gw) + C’LU)Q
ow

= (Vy, Vw)a = (v, 5 )r = (s, w(F - @)r + (5 Yy, w)a + (y, cw)a
= (~Agw)a + (2wl — (v, 9 — (4w 7)e -+ (F- Ty wha + (g, cwle
= (—Ay+ 5 Vy+ ey, w)a — (y, g—:)r

0
= (Fwla = (2.5 )r,

where in the last step we use —Ay + 3 Vy+cy=Ff.
By the trace and the Cauchy-Schwarz inequalities, and by using Theorem [2.1.2| we have

the following estimate

ow
||y||%2(sz) < ||f||H*1(Q)||w||H1(Q) + H(JHLZ(F)Ha—nHL?(F)
< Ol + gl 2 lwl| 52

< C(If - + llallezay) lyll 2@)-

Canceling ||| 12(q) on both sides, we prove the desired estimate (2.1.2)).



Chapter 3

First order optimality system and the
regularity of the optimal solution

Next we will provide the first order optimality conditions for the problem (1.2.1).

Theorem 3.0.4. Assume that f € L?*(f2) and let (7, ) be the optimal solution of the
problem (2.1.1). Then, the optimal control q is given by ag = %, where Z is the unique
solution of the equation,

—AZ-V-(f2)+cz=9—¢ inQ,

(3.0.1)
0 onl'.

l
I

Proof. Let (y, q) be an optimal solution of the equation (I.2.1)). We set F'(q) = J(y(q), q),
where y(q) is the solution of the equation (2.1.1)) for a given ¢ € L*(T"). Let y, be the

15
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solution of the problem

_qu+g'qu+cyq:f in {2,

Yg=q+q onl.

By the optimality of (¥, ¢), we have that 1 (F(g + Aq) — F(g)) > 0 for all g and X > 0, so
F(g+q) = F(q) 2 0.
Equivalently, if F(g+ ¢) — F(q) > 0 for all ¢ in L*(T"), then ¢ is an optimal solution of the

problem. We find

F(g+q) - F(@) = J(ygpa+7) — J(¥,9)

1

=§/Q(y y)(yq+y—2y)+a/(2qq+Q>

=%/Q /q+/ )+a/qq.

Let z be the solution of the equation (3.0.1). Then, we can estimate the third term of the
right hand side by using the Green’s formula and using the fact that y, = ¢+ ¢and Z = 0

on I'. Thus, we obtain

[ =00 = [ n=0)(-0: -7 (5 +c2)
— [ S0+ [ Ve V-0 - [0+ [ 25V )

+ [ - e
-

g_(quq—Q) /VZ-V(yq—yH/

Q

25V —y,) + / (7 — yo)e

Q

/ %__ /Qz(—A(g—yq)+5~V(§—yq)+0(§—yq))-

J/
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By setting ag = %, we have

Léwm—MW—@%=—Zﬁ§§=—aZﬁq

Putting all results together, we have

Fla+)—F@ =3 [-0"+5 [¢=a[au+a[a

1 —\2 2
- - — - > ()
QA@qy)+2£q_,

i.e. (g, q) is the optimal solution to the problem (3.0.1)) with ¢ = é%. O

3.0.1 Strong Form of the First Order Optimality Conditions

The first order optimality conditions in the strong form are as the following

(3.0.2)

Az —f-Vet(c—V -flz= j—y in Q
Adjoint equation b ( A) y—y
0

on I.
Gradient equation{ g_z =aq on I. (3.0.3)

—Ay—l—ﬁ-V +cy = in €,
State equation v d (3.0.4)

y= q on I



18

3.0.2 Regularity

In next theorem, we establish the regularity of the optimal solution of the problem (1.2.2a))

and (1.2.2b)).

Theorem 3.0.5. Let (y,q) € L*(Q) x L*(T') be the optimal solution to the optimization
problem (1.2.1)) subject to the problem (1.2.2a)) and (1.2.2b)), and z be the optimal adjoint
state. Then,

(7,4,2) € H'(Q) x HY*(T') x H*(Q).

Proof. For q € L*(T), from the state equation (3.0.4), y € L*(f2) holds by Theorem[2.1.3]

Since §, § € L*(2) and Q2 is a convex domain, from the adjoint equation[3.0.2] z € H?(12)

holds by Theorem [2.1.2

Since z7 € H?(12), we have 22 € H'*(T'), from the gradient equation (3.0.3), ag = &2

implies ¢ € HY?(T").

Since g € H'/*(T"), from the state equation (3.0.4), § € H'(Q) holds by Theorem 2.1.1}
0

Remark: Using regularity results from [31]], we can generalize the regularity which
depends on the largest interior angle of the polygonal domain w in R?.
Let A\ = m/w € (3, 3] be the leading singularity exponent. Then, the regularity is general-

ized as the following

[NI1e

(@,q, 2) e Hmin(k,2)—e(Q) « Hmm(k—%, )(F) « Hmin(l-l—)\—e,fﬂ)(Q)‘



Chapter 4

Basic Consepts for the Finite Element
Methods

The Finite Element Methods (FEM) are widely used computational methods in science and
engineering. The goal of the methods is to approximate the solution of the problem from
the infinite dimensional space (solution space) by a linear combination of functions from
the finite dimensional space (trial space) called trial functions. Usually, the space of trial
functions consists of piecewise polynomial functions defined on “elements” that partition
the given bounded domain. Let us explain that concisely and some details and definitions

are given in the text books by Brenner and Scott [9] and Braess [8].

4.1 The finite element method

Usually, the starting point of the FEM is the variational equation. Let the problem be to
find v € V such that
a(u,v) = £(v) Yv eV, 4.1.1)

19
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where V' in a Hilbert space .
The main tool that guarantees the existence and uniqueness of the equation above is the

Lax-Milgram Lemma as in the following [19].

Lemma 4.1.1 (Lax-Milgram). Let V be in a Hilbert space, and a(-,-) be a bilinear form

on (V x V) and ((-) be a linear form on V with corresponding norms || - ||v, || - |lv,

V>

respectively. Assume that the followings are hold:
e a(-,-) is continuous, i.e. |a(u,v)| < Cllullv||v|v,
e a(-,") is coercive, i.e. a(u,u) > allul|}  for some a > 0, VueV,
e ((-) is continuous, i.e. [((v)| < v|lv||y  for somey > 0.

Then, there exists a unique solution w € V' of the problem Moreover, we have a
priori estimate

1
[ully < =[]l
«

The idea of the FEM is to construct V}, defined on a finite dimensional space that is well

approximate V. The Galerkin FEM is to find u;, € V}, such that
ap(up,v) = Ly(v) Yv € Vp, (4.1.2)

where V/, is a finite dimensional space and h is a discretization parameter .
We can easily see that if ay(-,) satisfies the conditions of Lax-Milgram Lemma, the
problem has a unique solution for each h.

Moreover, if we express uy, in terms of a linear combination of basis functions, then we
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observe that[4.1.2)is equivalent to a square system of linear equations of the form

KU =F

where K is matrix and F' is vector.

As a consequence of Lax-Milgram lemma, K is nonsingular, and uy, is a good approxima-
tion to w i.e. u, — w as dim(V},) — oo. Here, the main problem is to choose trial space
V}, for the desired approximation, so we would like to follow these steps for the intended

choice:
e V), should approximate V" well.

e Basis function should be simple enough to generate the matrix /A and vector F’ in the

matrix form KU = F of the method.
e Solve KU = F efficiently.

Abstract of the FEM formulation

Definition 4.1.2. Let

(i) K € R" be a domain with piecewise smooth boundary (the element domain)
(ii) P be a finite dimensional space of functions on K (the shape function)

(iii) N = {N;, Ny, ...., Ni. } be a basis for P’ (the nodal variables)

Then, (K, P, N) is called a finite element.

Definition 4.1.3. Let (K, P, N) be a finite element, and let {¢y, @o, ..., ¢r } be the basis
for P dual to N (N;(¢;) = 6;;). It is called the nodal basis for P.

When explaining steps, the FEM is to find the approximate solution w; by linear com-

bination of local polynomials into the finite elements, which is easily differentiable and
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integrable and has local supports on each element, so it is a good approximation while
partition goes to zero. Thus, u;, = Z?Zl N;¢; where d = dim(V},), leads to the discrete

problem in the following form:

d
ZNjah(qu?qbi):gh(fagbi) 1 Széd
j=1

Thus, it is equivalent to solving matrix equation

KU = F,

where K = ay(¢;, ¢;) is a "stiffness” matrix, /' = £},(¢;) is a vector and U = N; is the
coordinate vector of u, for 1 < ¢ < dim(V},). This assembly process leads to the system
of equations that we want to solve.

Now, we can evaluate the error of the convergence of V}, to V/, but before estimating, we
consider two cases about 1}, which has the conforming finite elements (Lagrange elements)

and the nonconforming finite elements:

1. The Conforming FE ("V,, C V")
We have a simple example to illustrate this case and let us have the following second
order elliptic equation.
Example:

—Au=f inf,

u = onT.



23

Thus, the variational form is ay(y, v) = ¢;(v), where

ap(y,v) = Z(Vy,Vv)T = (Vy, Vv)q

TETh

and

G) = 3 (f0) = (f0)a.

TET),
7 and T}, in the form above are used as an each element and the triangulation of the
domain (2, respectively . For this example, the solution space V = Hj (). It is
known that V;, C C°(Q2) where Q = U,cr,7; if and only if for all functions v € V,
should be continuous across the common boundary of neighboring elements, then
W, CV.

In this case, as a result of the conformality, the test space and solution space are

identical by choosing

and

Thus, [4.1.2]1s replaced by the following discrete problem which is to find u;, € Vj,

such that

a(up,v) =L(f,v) (4.1.3)

forallv € V},.
As aresult, the solution has Galerkin Orthogonality property.

Galerkin Orthogonality
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Let u and uy, be the solution of the problems|4.1.1|and [4.1.3] respectively. Then,

a(u —up,v) =0 Yv € V.

Now, we can estimate the error of the approximation.

Theorem 4.1.4. (Cea’s Theorem)

Let u and uy, be the solution of the problems |4.1.1and |4.1.3] respectively. Then, we

have

C
_ < Z mi _
|u —unlly < o (hin, |u — vy,

where C' is the continuity constant and « is the coersivity constant of a(.,.) on V.

Proof. For all v € V},, by using coersivity and continuity,

allu —up |y < alu — up,u — up)

= a(u—up,u —v) + alu — up, v — up)

J/

-~

0

= a(u — up,u — v)

< Ollu = up||v[|u —vv,

where we use the fact that v — u;, € V}, and Galerkin orthogonality in the last step.
Thus,

C
lu—uplly < —|lu—vllv
Q
for all v € V},. Since V), is closed, we conclude the desired result. O

2. The Nonconforming FE ("V}, ¢ V)



Let us explain this case with the following example.
Example:

—Au=f in(,

u=0 onl.

25

Similarly, V;, € H}(Q) if and only if the functions v € V}, should be continuous

across the common boundary of neighboring elements. However, if v is discontinuous

piecewise polynomials, vhas jumps across the elements, then v ¢ C°(Q) i.e. v & H' (),

so "V, ¢ V. Whereas, we can define the FEM and provide the convergence by using the

discontinuous Galerkin method which is defined on polynomials on each element 7 such

that

Vi ={ve L*Q):v|, € p"(r) VreT},

where ©F is the space of polynomials of degree at most k on each element 7 or edge Ej,

with no continuity requirement.

Thus, to set the DG method, we define a bilinear form

an(y,v) = Y (Vg Vo)e + > |2l (). = (Vb el = ()l (Vo))

TET) ecEp

and

60 = S (f0)r

TETH

and mesh dependent norm

Y
lolle = > IVl + floll + > S Ile,

TET, EGE}BL

then DG solution is defined as a solution of a;(y,v) = ¢,(v) for al all v € V},. For details
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and notations, see chapter 5.
In this case, we have ay(-, ) # a(+,-) as clearly seen and the Galerkin orthogonality is not

satisfied. However, we still have error estimate given by Strang’s second lemma.

Lemma 4.1.5. (Strang’s second Lemma)
Assume that the variational form is defined on (Vi, + V') x V}, and ((-) is a linear form

on Vi, with mesh dependent norm || - ||. If the followings are hold:

e ay(-,) is continuous, i.e. |ap(u,v)| < Cllullp||v]n, we€ (Vi+V)andv € V.

e ay(-,) is coercive, i.e. ay(u,u) > allul|?, for some a >0, Yue (V3).

o 0, (+) is continuous. Then, the following estimate holds:

(= ol + sup (2Lt —Ealve)ly,
A T

= anlln < €

inf
veV)
Proof. Letv € V}, be an arbitrary element. From the triangle inequality,
lu —unlln < [lu—vl|n + [Jun — v[a
For convenience, set vy = u;, — v. By coersivity, boundedness and Cea’s lemma,

allup, — v||} < ap(up —v,v5) = ap(up — u, vs) + an(u — v, v,)
= Eh(”s) - ah(“» Us) + ah(u -, Us)

< ClJu = vllallvslin + 1€n(vs) = an(u, vs)])

By dividing ||v||, and using continuity of ay(-, -), we obtain

() — (u(ws)]

un —v|ln < C(llu— v+
Vs |
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Then, from the above triangle inequality we conclude

S _g s
lu — up|ln < C( inf (|u — v|, 4+ sup |an(u, vs) — ln(v )|>
vEVh vs€Viy ]|

]

Remark: it can be seen that if a,(-,-) = a(-,-) and ¢,(-) = ¢(-), the last term on the
right hand side in the estimate vanishes, so we obtain Cea’s lemma. The first term on the
right hand side is called as the approximation error and the second term as consistency

error.



Chapter 5

Discontinuous Galerkin Discretization

We consider a family of conforming quasi-uniform shape regular triangulations 7}, of €2

such that Q = U,cr, 7; and 7, N 7; = 0 V73, 7; € T}, i # j with a mesh size
h = supy,eq, diam(7;).

We define E, as a collection of all edges Ej, = E)UE? where E\) and E? are the collections

of interior and boundary edges, respectively, and we decompose the boundary edges as

E? = Ef UE, , where
E; ={ecE):ec{zel:fx)- i(z)<0}}

and F; := Eg\Eh’ 1.e. these are the collections of the edges that belong to the inflow and

outflow part of the boundary, respectively.

28
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We define the standard jumps and averages on the set of interior edges by

fob =222 (gl = ity + ity
H=222 W=dm G

where 77, and 75 are outward normal vectors at the boundary edge of neighboring elements

71 and 7y, respectively. Define the discrete state and control spaces as
={y e L*(Q):y|l, € oF VreT},

Qn:={qeL*):q, ¢ VreE,

respectively. We denote by " the space of polynomials of degree at most k on each element
or edge. In general, the state and control variables can be approximated by polynomials of
different degrees k,l€ N.

Here, we use Symmetric Interior Penalty Galerkin Method (SIPG) to approximate to the

problem. In deriving the SIPG method, we use the following identity

Y @i p)or =D ({641l Z I, {¢})e

= > {ahllelDe + <H$n,{so}>e Y (6-i)

For a given g € ()}, , the SIPG solution y € V, satisfies

an(y,v) =l(fiq,v) Yo €V,

where
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ap(y,v) = Z (Vy, Vv), Z (8- Vy+cy,v),

+3 [%([[y]], [w]De = {Vy} [[v]])e = (W], {V})e] (5.0.1)

_I_
<
Jr
|
<
=
)

o)+ Yyt ot B,

e€EY ecE;’

and

Gf0.0) = D (0 + Y Gl = (@, (Vo)) + D (g,0" 17 ..

7Ty, ecE? e€E;,

(5.0.2)

Then, we can define the energy norm as

oll® = D~ IVoll? + lloll? + %IIHUHH?

T€TH e€E?

5.0.1 Well-Posed

It has been shown, for example [5], that the bilinear form a;(, ) is coercive and bounded
on Vj, ie. ap(v,v) > CllJv|||? and ap,(u, v) < C|||u|||[]]v]|l, respectively. Thus, Lax-Milgram

Lemma guarantees the existence of a unique solution u;, € V}, of the equation

an(un, vn) = Cu(f5q,vn)
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for all v, € V. In the following, we will also need to the trace and the inverse inequalities
to derive a priori error estimate in the energy norm. There are two approaches which are

Optimize-then-Discretize and Discretize-then-Optimize.

5.0.2 Weak form of the first order optimality conditions (optimize-
then-discretize approach)

Theorem 5.0.6. The solution of the optimization problem (I.2.T)) is characterized by
the Euler-Lagrange principle, stating that the pair (g5, q,) € V3 X @, is an optimal dis-
crete solution if and only if there exists an “adjoint state” z, € V}, such that the triplet

(Un, Gn, zn) € Vi X Qp X Vj, solves the discretized optimality system:

an(V, 2n) = (9 — yn; 0,70) Y € V), (5.0.3a)
.

<£> ¢)r = —a(qn, &)r Vo € Qn, (5.0.3b)
an(Fn, ) = €n(f; an, ) Vo € V. (5.0.3¢)

5.0.3 Discrete optimality system (discretize-then-optimize approach)

We apply the SIPG discretization to the optimal control problem (1.2.1). Now, define the

discrete Lagrangian as

Ly(Un, G, Zn) = J(Gn, Gn) + an(Gn, Zn) — (5 ).
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Then, setting the partial Frechet derivatives to be zero, we obtain the discrete optimality

system:
oL .
a—g}f@bh = 0y € Vi, = an(¥ns 2n) = Cn(§ — Gn; 0, Un). (5.0.4)
oL 0z L=
b =0V, € Qn, = <—h, n)r = —(Gh, On)r + 1<5h,¢h>r + (Zn|7T - B, dn)r.
oqn on h
(5.0.4b)
oL
8_2:% = 0Von € Vi, = an(on, Jn) = la(f; 0, on).- (5.0.4¢)

As we can see after comparing two approaches, the additional terms are 7 (Z,, ¢»)r and
(zu|7 - B, én)r. However, since z = 0 on the boundary I, we can modify the contin-
uous gradient equation, and then the two approaches come to be equivalent. All details
and proofs are given in [26]. Here, we consider the second approach, Discretize-Then-

Optimize.



Chapter 6

DG Error Estimates

6.1 Auxiliary Estimates

We will need some auxiliary estimates that we will use in the proof of the main result. First,

we have some standard estimates which are trace and inverse inequalities.

Lemma 6.1.1. There exist positive constants Cy, and C},,, independent of T and h such that
forvT €T}
v]lor < Cop(h"Y?|0]|- + B2 Voll,) VYo € HY(7) (6.1.1)

IVorlls < Conoh M onlls  Vou € V. (6.1.2)

Then, we need some basic estimates for L? — Projection where By, : L*(Q) — Vj, is

the orthogonal projection such that (P,v, x), = (v, x), forallv € L?(7) and x € V},.

33
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Lemma 6.1.2. Let P, be L? — projection. Then, we have
H’U — PhUHLQ(T) § Chk+1‘|’l)HHk+1(T)
IV (0 = Pov)llz2(ry < Ch¥[|o]| iy
fork=0,1,2....

Now, we are ready to show the error estimate of SIPG solution in the energy norm.

Lemma 6.1.3.

Let v be the unique solution of the problem (2.1.1)) and vy, € V), be the SIPG solution. Then,
o = ol < CRE (vl s

fork =0,1,2....

Proof. Let e = v — vy, then by using the coersivity, the Galerkin orthogonality and bound-

edness of the bilinear form (5.0.1)), we have

llelll* < ale, e) = ale,v = x) < Cllelllllo =Xl Vx € Va.

Thus, we obtain || e]|| < C||lv — x]l|-

Next, choosing x = Pv, then we have

llelli* < Clllv = Proll?

;
= CI3 IV = Puo)lBags) + 10 = Paliagy + 3 2l = PillBaco).

TETh

~~ ]
I I ee,

J/

~
117

Estimating each term on the right hand side, then we have
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I+II:

By using the approximation Lemma|6.1.2,we have

Y IV@W = Pa)lie + D (0 = Pav)llzacr

TGTh ’TETh
< 3 Ol + S CH 2ol
TETY TETY

< Ch%””“%{kﬂ(ﬂ) + Ch%””“”?{kﬂ(m

< Ch* |03k 0y-

I1I:

By using[6.1.1]in Lemma[6.1.1]
Y Y
> - Pl = 3 2o Pullac

ecE? e€E?

Y-
<> O (h v = Puvllziy + 2V (0 = Pav)llzc)

TET)

Y-
< Z Cﬁ(h 1h2k+2||U||%ﬂe+1(9) + hh%” UH?{’““(Q))

TETH

< thQkHUH?{kH(Q)-

Combining the above estimates and taking the square root, we conclude

lell] < CthUHH’“H(Q)-
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Next, we will need the estimate of L? — Projection on the boundary I where
PP LX) — Qy

is defined by (¢ — P2q, ¢1,). = 0 for all ¢, € p*(e).

Lemma 6.1.4.

Let PP be L? — projection defined on the boundary. Then, for any edge e € E?
lg = P%qll 2y + B°llg = PPllwene) < B¥lglwenee) Ve € EY,

where E? is the set of boundary edges, ¢ € W*P(e), 0 < s < 1,and 1 < p < co. [29]

Since SIPG method treats the boundary conditions weakly, SIPG solution is not zero
on the boundary even if its continuous solution is. However, the following result says that

the norm of SIPG solution on the boundary is rather small.

Lemma 6.1.5.

Let us define auxiliary variable Z to be a solution of the problem (3.0.2))

—AZ-V-(f2)4+cE=)—yninQ

0 onl,

I3
Il

and z,, € V), be the SIPG approximation solution. Then,

1Z0]| 2y < CR32)1 G — ynllr2(0)-
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Proof. Let Z be a solution to the equation (3.0.2)). Since
12|y = 120 = Zll 2y = 20 — Al 22y < CRY2(l1Z, — ]I,

we can use the error estimate in the energy norm. Thus, by Lemma and Lemma|2.1.2]

we have that

2]l 2y < CRY2 (120 = 2l < CRY2h]1Z ] 2y < CHY2I1G — ynllr2(e)-

O

The estimate of |||y — y3||| is more involved since (y — y;) does not satisfy the Galerkin

orthogonality. First, we can show the following result.

Lemma 6.1.6. Let y and yy, satisfy

ap(y,v) = u(f;q,v) Vv €V,

an(yn, X) = l(f;q0,x)  VYx € Vi,

Then,

lly = ynlll < C(h_l/QHq - %HL?(F) + HZ/HHI(Q))-

Proof. By the coersivity, adding and subtracting Py, we have

Ny — ynlll* < an(y — yn, y — yn) = Elh(y — Yn, Pry — yh)j"‘ an(y — yn,y — Phy)l-

1 11

1I :

By using the boundedness of ay (-, -) and Lemma for k = 0,we obtain
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an(y — yn.y — Pay) < |lly — unlllllly — Puylll < Clily — yalllllyll a2 -

1:

Since( Py — yp) € Vi, we have

an(y — Yns Poy — yn) = Cu(0;¢ — qn, Py — yn).

Then, we have

005 q = qn, Puy — ) = > (2 (g — an. [[Phy — wl)e — (4 — @ AV (Poy — ) )e)

h
eeEﬁ

+ Z (@ = an: (Pry — yn) " In - B)e-

eck,’

By the definition of /(-), we can see that the dominating term is ) _ % (¢ —qn, [Phy — yn]])e-
Using the fact that ||[[P,y — yn]]||2(r) is a part of the energy norm and Lemma for

k = 0, we have

0(0;5q = gn, Phy —yn) < C Y %(q = an, [[Phy — yn])e

1/2 1/2
<op! (Z la - qhu;(e)) (Z 1Py — yhnuiz(e))

< Ch7 Mg = anll 2@ 1[Pay — vl llz2 )
< Ch7 g — aull 2y R 2| Pry —
< Ch™Y?|lq = anll 2y (1 Py — ylll + lly — walll)

< Ch'2llq = anll 2oy (9l ey + lly = wmll)-
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The other terms in ¢1,(0; ¢ — g, Pny — yp) can be estimated similarly. Thus,

ly = ynlll> < T+ 11
< Cliyll e lly — valll
+ Ch_1/2||q - Qh||L2(F)|||y - yh||| + Ch_1/2||q - C_Ih||L2(F)||?/||H1(Q)

1 _
< —ly = wnll* + Ch g — aullZ2 0y + Cllyllin -

By first taking the square root and then canceling |||y — y3]|| , we obtain

ly — walll < C(h"2|lg — anll 2y + Nyl ()-

Using a duality, we can show better estimate in L? norm.

Lemma 6.1.7.
Let y be the solution of the problem [2.1.1)) and yy, in V), satisfy the bilinear form

Then,

Iy = wnlzz@) < COMlla = aullzzr + byl o).

Proof. Since yj, is not a Galerkin projection of y, let us define g, by ay,(y — gn, x) = 0 for

X € Vi. Then, by the triangle inequality, we have

1y — ynllZz) < v = GnllZ20) + 190 — ynllZz) -

TV
K1 K2
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Consider the following equation,

—At—V-(gt)+ct:y—ghinQ

t=20 onl.

By the boundedness of the bilinear form and using the Galerkin orthogonality,

1y = 9l 72(0) = an(y — Gn,t)

= ap(y — Un,t — Prt) +flh(?/ — Un, Prt)
e

< Ofl[t = Putlll-llly = gnlll < Chlltl[ 2 @llly = gnlll

By using Lemma[2.1.2)and Lemma|6.1.3] we obtain
Ky < Chlly = gl @yl ar o) < 1HZ/ - ?]h”%mz) + Cth?JH?ql(Q)-
By canceling ||y — 957, ()» We obtain that
K1 < Ch* [yl 3 (q)-
K, :

Let us define another dual equation,

—Av—V~(ﬁv)+cv:ﬂh—yh in

v=20 onl.



19 — ynllZ2() = an(Gn — yn, v)

= flh(?fh -, U)J"’Elh(y — Yn, U)/-

Ko Koo

K21 :

Likewise K,

Koy = an(Gn — y,v) = an(Gn — y,v — Pyv) +gh(?3h -, thz

0

< Clllv = Puolllllgn = ylll < Chllvllz2@lllgn = ylll-

By using Lemma and Lemmal|6.1.3) we obtain

Ko < Chllgn — ynllzz@) |yl mo)-

KQQ .

Koo = an(y — yn,v) = gh(y — Yn, VU — PhU)/+£lh(y — Yn, th)/-

Koo Kaog

By using the boundedness of the bilinear form, Lemma |2.1.2{and Lemma |6.1.3]

Koo = an(y — yn,v — Ppv) < Clllv — Pyol|[lly — valll

< Chllvlla2@lly — yulll < Chllgn — ynllz2@)llly — yalll-

Thus,

Koot < Chl|gn — ynllr2 llly — wrlll-

41



By using Lemma[6.1.7} we obtain

Koo < Ch||gn — ynllz2@llly — wnlll
< Chllgn — ynllr2@ (W2 lg = anllzzey + 1Yl mi()

< Cllgn — ynullr2@ (W la = anll 2y + Ayl e))-

Ky, :

Using the fact that v = 0 on [ and Lemma 6.1.3} we have

Koss = an(y — yn, Pov) = 0,(0;q — qn, Pov) < Ch7Y|q — aull 2oyl Prv |l 22y

< Ch Mg = anlley1Pav = vll 2y < Ch7Ylg = anllzzay B2 (0]l 20,
where the trace inequality and Lemma are used, we obtain
Koo < ChY2(|q — qull 2oy 19n — ynllz20)-
Thus, we have

h — Ynllreiy < Koy + K
| 9n yh||L2(Q)_ 21 22
Ka21+Ka22

< CR?|yllmey + Cllgn — vallzzy (B2 g — aull 2y + Ryl o))

1. .
< ZHyh — ynllze) + CP2IYll7n ) + Chllg — anlliz -

By canceling ||y, — th%Q(Q), we obtain

|Gn — yh”%z(g) < Ch2HyH12L11(Q) + Chllg — QhH%?(F)'

42
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Finally, we obtain

ly — th%Q(Q) <y - @h“%%m + |9 — th%Q(Q)

< C(hlla = anllz2) + Ry 0))-

By taking the square root, we conclude

ly = ynllr2@@) < (h1/2||q_Qh||L2(F + byl a1(e))-

6.1.1 Main Result

Now, we are ready to prove the main result of the thesis.

Theorem 6.1.8. Let () be a convex polygonal domain, ¢ be the optimal control of the
problem (1.2.1) and g, be its optimal SIPG solution. Then, for i sufficiently small, there

exists a positive constant C' independent of A such that

1G = @nll 2y < CR2(dlmray + 9l @) + 191l z2@)- (6.1.3)

Proof. Since  is the optimal solution of (I1.2.1)) and ¢ satisfies the equation (5.0.3b), we
have

0. Gndr + (60, 9br =0 Y6, € L(T). 6.1.4)

Since @, is the approximate solution of (I.2.1)and ¢, satisfies the equation (5.0.4b), we



have

a(qn, Pn)r + (dn, %)F - %<¢h75h>F — (Zl7 - B, ¢n)r- =0 You € Q.

Subtracting (6.1.4) from (6.1.3), for any ¢;, € Qp,, we have

a{q — Gn, on)r + (Pn: Wﬁ + %<¢ha Zn)r + (2] - B, dn)r- = 0.

we obtain

17— @32y = T — @, T — @n)
()

_ - __0(z-z
< a<q_Qh7Pl?q_Q>F ]1‘1‘ <qu—q7%>r
J2

7 — - = — — — —

+ E<Pf?q_Q7zh> + <P}?q_Qth’n B|>F* I
J3

. _ 0(z—1=% v,

+ <q_Qh7(a—h)>F + E<Q—Qh72h>r
n ]5 J6

+1(7 = @, 2l - Blr- |,

:J1+J2+J3+J4+J5+J6+J7.
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(6.1.5)

(6.1.6)

(6.1.7)

Now, we shall estimate each term separately. Most terms can be estimated by using the
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estimate of the L2-projection. However, the term (2 — Z,) in J5 and J5 is not in the discrete

space, so additional arguments are needed to treat these terms.

Estimate for J;

By the Cauchy-Schwarz inequality and using Lemma (6.1.4)),

Ji = alq@—aqn, PPg—q)r < OKHQ—%HLZ(F)||Pi?€7—€7||L2(r) < C'1h1/2|q7|1511/2(r

where C'; depends on .

Estimates for J; and J;

y1@—anll L2y,

Using to estimate || 2, z2(r), the Cauchy-Schwarz inequality and the regularity of 7,

then we have

Likewise,

Jo =

mq

(q — G, Zh)

_ ”)/ _ _
Zn)T E”P - Q||L2(F)||Zh||L2(r)

< Csh™ 021 gy 211G — Gl 2

< Cshlqlmelly = Bnllz2o

< Cshlal 2 (19l 2 + 19l 2@ + 17 = Onll2@

\Q

_Hq - QhHL2(r thHLQ

>

< Ceh'*|q — @l 2y l|9 — Unll 20

where C'3 and C depend on +.

Estimates for J, and J;:

)-

< Coh' 12 = @l 2y (19 2y + 113202 + 117 = Gl 2200



By using the Cauchy-Schwarz inequality and the Lemma|6.1.5, we have

Jo= (P2g — g, 27t - Bl)r- < Cah 2|3l ey 18112 oy I 20l 2oy

< Cul®|ql oy ”BHLOO(F 19 = Unll 2

_ 1/2 . _ o
< Cal®|@l ooy 181 25 oy (9l 220) + 13l + 19 = Tl 2o

Likewise,

Jr =@ = an, 2l Blr- < CrllBI 2 )17 — @l llZall 2y

< CHlIBIE 017 = @ll 2 P19 — Gnll 2oy

1/2 — — ~ _ _ _
< G812 T = @l ey (19 2@y + 1Tl (@) + 115 = nll 2o

Estimate for Js:

By the Cauchy-Schwarz inequality, we have

_ 9(z—%) B(z zh)

s = (7 — qn, =5, )r < 17— Gnllz2 ()]l

2 ()
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)

))-

Let us define Z;, € V}, to be the SIPG solution to z i.e. ax(x, 2n) = (§ — ¥, x) VX € Vj.

In particular, ay(x,z — Z,) = 0 by the Galerkin orthogonality. Thus, we continue as fol-

lowing,

d(Zn — zn)

— — 0(z—-%
e e + 1=l

(7 — qn, T)>F <17 = @ull 2

H( Zn)

J51 J52
J511
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By the triangle inequality, we have

2E 2 ey < |2 g+ A2,
B — 2 s — 2 R —— 2
on 2wy = R on L (F)J R on LA Fi
J;l J;;
J511
By the trace inequality and Theorem [2.1.2{ we obtain
( PhZ PhZ
Js11 = H—”L2(r) > H IZ2¢e)
ecl
< (Ch7Yz = Pizllin, + Chllz — Puzllie)
T€T
< Z Ch|z|32(ry = CRIIZl|F2() < ChIG = 4l172(q)
TETH
Thus,
0z — P,z PO
I = 1 ZE B < W5 = s

on

Since (P?z — %,) € Vj, we can apply the trace theorem for discrete function and by using
the inverse inequality, we obtain that

O(PPz — 2,)

1 7 2y < ChY2| Pz — 24l o

< Ch 2| Paz = Zlll < Ch7V2([I1Puz = 21l + 12 = Zll)

< Ch™'2h|2|| 2y < CRY2|9 — Gl 1200y

where we have used Lemmal6.1.3| for £ = 1 and Theorem 2.1.2]

Thus,
8(th )

| 7 2y < CRY2(|g — Gll120y.



Since J51 = J511 + J512, We obtain

oz —
J51:H%

J52 :

Since we have
ah(XJ Eh) = (g - gh? X)

~ —

an(X; Zn) = (J — U, x),

where Vy € V). We obtain

an(X;Zn = 2n) = Un = U;x) VX E Vh
Now, let us define the following equation

~Aw—V-(fw)+cw=7g,—7 inQ

w=>0 onl'.

By using (6.1.8),

48

2y < CR21G = gll2@) < CR2 (3] p2() + 191l () 22(0)-

(6.1.8)

an(X: Zn—21n) = an(X, Zn) —an(X; 2n) = (=9, X) = (G —=Tn: X) = (Un—7, X) = an(x, wp).

The above equality shows that w;, = 2z, — zp.
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Now, using the inverse inequality and the fact that w = 0 on I', we obtain

H a(gh - Zh)
on

||L2(p) < Ch_1||5h — ZhHL2(I‘) = Ch_IH,%h — Zn — w||L2(p)

< Ch' 02| & = 2, —wlll < Ch™2lwn, = wll < Ch™2hfjwl )
——

Wh

< Ch"?|yn — 9l 2,

where we have used Theorem [2.1.2]and Lemma for £ = 1 in the last step.

Thus,

(Zn — Zn)

0 o
J52 - || an ||L2(1") S Chl/ZHyh — y||L2(Q).

Finally, we obtain

Js < |7 = @nll 2y (Js1 + Js2) < Csh2)1q — @l 2y (9] 220 + |9 e )-

Estimate for Js:

By using the Cauchy-Schwarz inequality, Lemma and the estimate of || W | 22

in J5, we have

6 2 - Eh _ _ 8(2 — Zh)
02y < 1Bq - s | 2

_ oz — zp,
< ol 2oy | 22
< 02h1/2|€7|H1/2(r)h1/2(||?3||L<Q) + |9l ()

= Coh|ql grr2 ey (191 2(0) + [Tl 21 02))-
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Thus,

Jo < Chlq|grr2ey (19l 2(0) + |0l 1 (0))

After using Lemmamto estimate || — ¥ r2() and combining Jy, Ja, Js, Ju, J5, Jg, J7
in (6.1.7)), we obtain

allqg = anll720) < Crb"al eyl — anll 2y

+ Coh|q| g2y (19 L2 ) + 19l 1)

+ C3h| @l e (9] 2y + 19y + 22T = @nll 2y + 2Tl )

+ Cyh? |Q|H1/2(r)||5||Loo(r (N9l 2 + 9l Er ) + h'2||q - Qnll2y + PN\ (@)
+ C5h 211G = Gnll 2oy (1911 @) + 19111 ()

+ Ceh'?11q = Gnll 2oy (191 @) + 191l ) + 2217 = @l 2y + PG a0 @)

+ Coh2| 112 17 = @l ey (18] 22y + 18l 0) + 220G = @l 2y + RIT @)
Notice that we can rewrite the above inequality as

a _
alld = allizwy < Crblal ) + 719 = Gllzzq

. ) - ) a,
+ Crrh([|9l 20 + 19l ) + 221G — @2y + RlIT @) + 2la- anll 22y

+ Crh||q — anll 72y

After all simplification, we obtain

allqg — GullZ2ry < Ch(lgl ey + 191 2@ + 19l ar@)? + CRIG — Gull72

where h is sufficiently small such that C"h < $ to absorb C'h|q — G, |7 72(r) to the left hand



side. Thus, we conclude that there exists a positive constant C' such that

17 = anllzz@y < Chl/Q(W’Hl/?(r) + 19 2(Q) + 19l 22 (0)

provided h is sufficiently small.
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Chapter 7

Numerical Examples

In this section, we show some numerical examples to support our theoretical results by the

method described for the problem

: 1 12 o2
?yl}qr}l J(y,q) = 5”9 - Z/”L2(Q) + §Hq“L2(F)

subject to

—eAy+g-Vy+cy:f in §Q,
y=q onl,
where () is a domain and I is its boundary. Here, we present numerical results depending

on different kinds of domain as following.

1. Qis a line segmenent

Since the domain is one dimensional and the boundary is consisting of two points,

there is no regularity limitation due to geometry restriction. Thus, we do not expect
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an optimal rate, but the method is stable and convergent.
By setting @ = [0,1], e =1, =[1], = (1 —2)2(2%),c = 0, § = a* — <=4,

and Z = 2(1 — x)%2

Computed and Exact Solutior \ Solution Error
2 10
15
— comptted 10°}
1 -- exact
05 108l
0
-\/ 10"
-05
: - —H! enor
0 02 0.4 06 08 1 ]OA 103 ]02 ]01
FIGURE 7.0.1: Computed and FIGURE 7.0.2: Solution Error

Exact Solution

Error Rates for piecewise linear ibasis = 1.

h L% — yrate | H' = Yrate | Left-Grare | Right-grqse
5.00e-01 | 1.959 1.002 2.007 1.965
2.50e-01 | 1979 1.001 2.006 1.982
1.25¢-01 | 1.990 1.001 2.004 1.991
6.25¢-02 | 1.995 1.000 2.002 1.996
3.12e-02 | 1.997 1.001 2.001 1.998
1.56e-03 | 1.999 1.000 2.001 1.999




Error Rates for piecewise quadratic ibasis = 2.

h L? — Yrate | H' — Yrate | Left-Graze | Right-grae
5.00e-01 2.999 2.013 2.025 2.982
2.50e-01 2.999 2.007 2.683 2.991
1.25e-01 3.000 2.004 2.864 2.996
6.25e-02 3.000 2.002 2.937 2.998
3.12e-02 2.998 2.001 2.969 2.999
1.56e-03 1.938 2.001 2.985 2.999

Error Rates for piecewise cubic ibasis = 3.

h L? — Yrate | H' = Yrate | Left-Qrate | Right-qraze
5.00e-01 4.436 2.436 3.970 3.866
2.50e-01 4.425 3.423 3.985 3.983
1.25e-01 4.380 3.385 3.992 3.991
6.25e-02 1.188 3.320 3.996 3.996
3.12e-02 | -0.777 3.223 3.998 3.998
1.56e-03 -1.119 1.268 3.999 3.999

2. 2 is a unit square domain

54
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By setting
B=[1;1]andc =1,
7= —(a(l-2) +y(1 - ),
j= @l —2) +y(1—y)),

e Numerical results for € > h (the regular case ) on the unit square domain.

Since the domain is square with the largest interior angle p = 7, the expected con-
vergence rate has been given in [29] as || — x||r2qry < Ch. By Theorem
17 — Fnllr2@ < Ch?/?, and so ||§ — Fnllmi(@) < Ch!/?. From Lemma [6.1.1)and
12— Znll12() < Ch? and so ||Z — Z|| g1 () < Ch.

Error for € on the unit square domain.

h ”y_ye:(:HL2 Hy_yex”Hl Hq_CIexHL2 HZ_ZECCHL2 HZ_ZexHHl

5.00e-01 1.92e-01 3.91e+00 1.07e+00 4.31e-02 9.19¢-01
2.50e-01 | 8.44e-02 2.25e+00 4.86e-01 1.38e-02 5.06e-01
1.25e-01 | 3.14e-02 1.27e+00 2.29e-01 4.21e-03 2.62e-01
6.25e-02 | 1.10e-02 7.33e-01 1.09e-01 1.22e-03 1.32e-01

3.12e-02 | 3.80e-03 4.49e-01 5.20e-02 3.32e-04 6.66¢e-02




0
ey
oy A
e e
s N ot )
S ‘gmn'ﬂ,u’,‘p'#,'} ,v»yﬁ‘a
et

1

FIGURE 7.0.4: Computed State
fore>h

FIGURE 7.0.7: Exact and
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FIGURE 7.0.5: Exact Adjoint

0.8+

0.64

044

fore > h

Vi
PAANTA
i ‘%# i
VWV
i

1y, 3
b
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Error Rates for € on the unit square domain.

h | L = Yrate | H' = Yrate | L = Grate | L = Zrare | H' = Zrate
5.00e-01 0.00 0.00 0.00 0.00 0.00
2.50e-01 1.19 0.80 1.13 1.64 0.86
1.25e-01 1.43 0.83 1.08 1.72 0.95
6.25e-02 1.51 0.79 1.08 1.79 0.98
3.12e-02 1.53 0.71 1.06 1.87 0.99
expected 1.50 0.50 1.00 2.00 1.00
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e Numerical results for i > € (the advection-diffusion dominated case) on the

unit square domain.

Since ¢ is too small for this case, we have the advection-diffusion dominated case and

the norm of y depends on € such that |77|| 41 () < 7575 Since the convergence rate

of ¢ depends on data of i from the main result, we do not expect any convergence

rate. However, surprisingly we obtain some convergence rate. Also, it can be seen

that some oscillatory solutions and nonconvergent rate of ¢ appears on the inflow

boundary whereas it is stable interior of the boundary because the Dirichlet boundary

condition is almost ignored by the method as a result of weak treatment and it does

not resolve the layers and causes oscillations on the boundary.



FIGURE 7.0.9: Computed

State for h > ¢

FIGURE 7.0.12: Exact and
Computed Control for h > €

58

GO0 e

4004w //,'
A
g

ik

il
A

e
i
i
T

2004, / ;////,I'&‘
//////I o)

FIGURE 7.0.10: Exact Adjoint
forh > €

X \

"’l‘iﬂk"ﬂlﬂ'ﬂ‘*:\‘
e mu';ﬂhﬂ'mv‘,;
%ﬁ" ‘“'*Y#m“
e

A

2<S
o

==

>E

FIGURE 7.0.11: Computed
Adjoint for h > €



Error for & > € on the unit square domain.
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h ly —yexllee | |1y = veallmr | ¢ = Geallze | 12 = Zeall2 | 12 = Zeall
5.00e-01 | 4.29e+00 2.68e+01 8.15e+00 5.66e+01 9.52e+02
2.50e-01 7.69e-01 1.32e+01 2.22e+00 1.51e+01 5.15e+02
1.25e-01 4.72e-01 1.58e+01 9.70e-01 3.85e+00 2.63e+02
6.25e-02 3.78e-01 2.36e+01 6.66e-01 9.64e-01 1.32e+02
3.12e-02 2.55e-01 2.88e+01 6.37e-01 2.40e-01 6.62e+01

Error Rates for A > € on the unit square domain.

h L? — Yrate | H' = Yrate | L* = Grate | L = Zrate | H' = Zrate
5.00e-01 0.00 0.00 0.00 0.00 0.00
2.50e-01 248 1.02 1.87 1.91 0.89
1.25e-01 0.71 -0.26 1.20 1.97 0.97
6.25e-02 0.32 -0.58 0.54 2.00 0.99
3.12e-02 0.57 -0.28 0.06 2.01 1.00

3. Qis a diamond shaped domain
By a transformation from the unit square domain to obtain a diamond shaped domain
Q with §,m/8 and 7/10 angles, while the angle of the domain is getting smaller, we
expect that the error rate is getting close to the predicted optimal error rate to confirm

our main result.

e Numerical results for i < € on the diamond shape domain with angle 7 /4.



Error Rates for i < ¢ on the diamond shape domain with angle 7 /4
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h L? — Yrate | H' = Yrate | L = Grate | L = Zrate | H' = Zrate
5.00e-01 0.00 0.00 0.00 0.00 0.00
2.50e-01 1.51 0.80 0.65 1.43 1.78
1.25e-01 1.47 0.84 0.96 1.75 1.91
6.25e-02 1.69 0.85 1.05 1.89 1.96
3.12e-02 1.75 0.81 1.05 1.95 1.98
1.56e-02 1.73 0.74 1.03 1.97 1.99

e Numerical results for i > € on the diamond shape domain with angle 7 /4.

While the method still works, currently we cannot explain the following rates

and we will consider it as a future work.

Error Rates for i >> € on the diamond shape domain with angle 7 /4

h L? = Yrate | H" = Yrate | L = Grate | L* = Zrate | H" = Zrate
5.00e-01 0.00 0.00 0.00 0.00 0.00
2.50e-01 3.35 245 3.36 2.87 1.89
1.25e-01 0.31 0.23 1.41 2.96 1.97
6.25e-02 -0.01 -0.64 0.81 2.97 1.99
3.12e-02 0.01 -0.68 0.45 2.45 2.00

e Numerical results for h < € on the diamond shape domain with angles 7/8

and 7/10.

By a transformation from the unit square domain to obtain a diamond shaped

domain 2 with $ and {; angles, while the regularity of state is reducing sharply
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close to the predicted rate to confirm our main result, the regularity of control

and adjoint which surprisingly is not reduced need another investigation.

Error Rates for h < € on the diamond shape domain with angle 7/8

h L* —Yrate | H' = Yrate | L = Grate | L = Zrate | H' = Zrate
5.00e-01 0.00 0.00 0.00 0.00 0.00
2.50e-01 1.75 0.72 0.32 1.11 0.76
1.25e-01 1.16 0.41 0.72 1.63 0.95
6.25e-02 1.60 0.50 0.97 1.88 0.99
3.12e-02 1.70 0.55 1.01 1.96 1.00
1.56e-02 1.66 0.53 1.02 1.99 1.00

Error Rates for i < € on the diamond shape domain with angle 7/10

h L — Yrate | H' = Yrate | L = Grate | L = Zrate | H' = Zyate
5.00e-01 0.00 0.00 0.00 0.00 0.00
2.50e-01 0.85 0.17 0.17 1.03 0.61
1.25e-01 0.92 0.17 1.59 1.60 1.04
6.25e-02 1.32 0.26 0.90 1.89 1.14
3.12e-02 1.50 0.42 1.00 1.98 1.10
1.56e-02 1.55 0.50 1.02 2.00 1.05
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7.0.2 Conclusion and Future Work

In this thesis, we consider the Dirichlet boundary optimal control problem governed by
the advection-diffusion equation and apply the DG methods to the problem. We show
some attractive features of the method such as the stable behavior of SIPG method into the
domain of the smoothness and for the advection dominated case except on the boundary
as a result of the boundary weak treatments. We have proven that the convergence rate for
the SIPG is optimal in the interior of the general convex domain. For general polygonal

domains and Laplace equations it has been shown [29] that
_1
1 — @2y < Ch'" %,

where p > 2 depends on the largest angle. Also, it has been shown for nonsmooth data
n [2],[22], [13]], and the nonconvex domain in [3]. The optimal error rate for the problem
with control and state constraints or the problem with subject to another types of PDEs are

less predictable so needs to be future research.
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Computed State

FIGURE 7.0.14: Computed
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for h > € on the diamond with
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Computed Adjoint

FIGURE 7.0.30: Computed
Adjoint for i > € on the
diamond with angle 7/10
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FIGURE 7.0.31: Exact and
Computed Control for h < € on
the diamond with angle 7/8
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