UCONN

University of Connecticut

LIBRARY OpenCommons@UConn
Doctoral Dissertations University of Connecticut Graduate School
8-16-2016

Liouville-Type Theorems for Higher Order Elliptic
Systems

Frank Arthur

University of Connecticut - Storrs, papaneroo@gmail.com

Follow this and additional works at: https://opencommons.uconn.edu/dissertations

Recommended Citation

Arthur, Frank, "Liouville-Type Theorems for Higher Order Elliptic Systems" (2016). Doctoral Dissertations. 1238.
https://opencommons.uconn.edu/dissertations/1238


http://lib.uconn.edu/?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages
http://lib.uconn.edu/?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages
https://opencommons.uconn.edu?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages
https://opencommons.uconn.edu/dissertations?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages
https://opencommons.uconn.edu/gs?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages
https://opencommons.uconn.edu/dissertations?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages
https://opencommons.uconn.edu/dissertations/1238?utm_source=opencommons.uconn.edu%2Fdissertations%2F1238&utm_medium=PDF&utm_campaign=PDFCoverPages

Liouville-Type Theorems for Higher
Order Elliptic Systems

Frank Arthur, Ph.D.

University of Connecticut, 2016

ABSTRACT

We study positive solutions of the following higher order elliptic system

(=)™ u = |z|* P

(—A)" v = [z u

in RY

Here p > 1, ¢ > 1, (p,q) # (1,1).

Henon-Lane-Emden conjecture says (1.0.1) admits no positive solutions if

a b
Uy Ay o1 2m

p+1 g+l N
When a = b = 0, we solve the conjecture under the additional assumption
max <2m(p+1)+a+b”, 2m(q+1)+“q+b> >N —2m — 1.
pg—1 pg—1

In particular, when N =2m + 1 or N = 2m + 2, the conjecture hold true.

When a > 0,0 > 0, we prove the conjecture under the additional assumptions

2m(p+1)+a+bp 2m(q+1)+aq+b> >N —92m — 1.

max
< pg—1 ! pg—1
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Chapter 1

Introduction

In this thesis, we consider positive solutions (u > 0, v > 0) of the following higher
order Hénon-Lane-Emden type elliptic system
—A)"u = |x|" 0P
(=4) ! in RN, (1.0.1)
(=A)™ v = |z]’ u
where p >0,¢g>0,a>0,b>0and N > 3.
We are mainly concerned with the question of nonexistence of such positive solutions.
The Hénon-Lane-Emden conjecture for polyharmonic system (1.0.1) states the

following;:

Conjecture 1.0.1. Let (u,v) be a pair of nonnegative solution of (1.0.1). If

N+a N-+b
p+1 qg+1

> N —2m,

then u =v = 0.



For 1 < N < 2m, the conjecture follows directly from a growth estimate of integral
of |z|*v? and |2|°u? on ball of radius R (Lemma 1 of [4]). We shall focus on cases
N > 2m + 1 in this paper. For the rest of the introduction, we shall review some

known results for case a = b = 0 and for case when at least one of a or b is positive.

1.1 Lane-Emden System(a =b = 0)

When a = b= 0. (1.0.1) reduces to the well studied Lane-Emden system

—A)"u =P
=4 in RY. (1.1.1)
(—A)" v =ul
The conjecture then states that the curve zﬁ + q% =N ?\?m is the dividing curve

for existence and nonexistence of positive solutions of (1.1.1).
For m = 1, the conjecture was completely solved in the case of radial solutions
9, 14, 16]. Mitidieri [9] showed that there is no positive radial solutions to (1.1.1)

qul:%jfp>1,q>1;theconditionp>1,Q>1waS

1
below the curve prui
later relaxed to p > 0, ¢ > 0 by Serrin and Zou [14, 16]. Furthermore, it is proved by
Serrin and Zou [16] that there are infinitely many positive radial solutions above the
1 1 _ N-2 1 1 _ N-—2 PR

curve 5 + 5 = "5 Therefore a1t 1 = "N serves as the dividing curve for
existence and nonexistence of positive radial solutions of (1.1.1).

The question for the general positive solution to (1.1.1), to the best of our knowl-
edge, has not been completely solved yet for n > 5. Partial answers have been obtained

over the years. Souto [18] proved nonexistence of positive C? solutions below curve

ﬁ + ﬁ = % when p, ¢ > 0. Felmer and de Figureiredo [6] showed that when



0<p,q< i and (p,q) # (522, 222), (1.1.1) has no positive C* solutions. Further

evidence supporting the conjecture can be found in [10], where it is shown that there

exists no positive supersolutions to (1.1.1) below the curve

{ >0,q>0 ! + = 1 2 ( ! ! )} (1.1.2)
, —t—=1—-——max | ——,—— | ;. 1.
b= pr1l gtl N_2 pr1lg+l
. . 1 1 _ N-2
We refer to (1.1.2) as S curve and the hyperbola in the conjecture sl iy

will be referred as Sobolev’s hyperbola throughout the paper. For p > 0 and ¢ > 0 if
pq < 1 or pg > 1 and max <%, %) > N — 2, nonexistence of positive solutions
was proved by Serrin and Zou in [15]. Direct calculation shows this is the same range
of (p,q) as region below and on S curve. Furthermore, Serrin and Zou [15] showed
(1.1.1) admits no positive solutions satisfying algebraic growth at infinity below the

Sobolev hyperbola when N = 3. For the special case min (p,q) = 1, the conjecture

was proved by C.-S. Lin [7] . Busca and Manésevich [2] proved that if p,q > 0, pg > 1,

N —2 2 1) 2 1 2 1) 2 1
Smm( (p+1) 2(¢+ >)<max( (p+1) 2(g+ ))<N_2’
2 pg—1 " pg—1 pg—1 " pg—1

and

2(p+1) 2(¢g+1) 4 N-2 N-2
pg—1" pg—1 2 72 '

there exists no positive classical solutions to (1.1.1). Most recently, the conjecture

was fully solved in the case N = 3 by Polacik, Quittner and Souplet [13] and by

Souplet [17] when N = 4. Souplet also proved the conjecture when N > 5 under the

additional assumption that max <%, %) > N — 3.

Comparing to the Lane-Emden system for m = 1, less is known about the higher

order system (1.1.1) when m > 1. In the single equation case, Mitidieri [9] proved



that for 1 < ¢ < £ N > 4m, the problem

A%y =yl

(A’ u>0,s=1,2--- 2m—1

in RY has no positive radial solution of class C*™ (RN ) . For the system case, it is

proved in [8, 23] that if N >3, N >2m,ifp>1, ¢ > 1,(p,q) # (1, 1) satisfying

1 1 o2m
> 1- 1.1.3
p+1 g+1 N (1.1.3)

then system (1.1.1) has no positive radial solutions. For general solutions, the results

in [8, 23] show that if p,q > 1, (p,q) # (1, 1) satisfies

- (Qm (p+1) 2m(qg+1)

>N —29
pg—1 7 pg—1 )_ 7m

then system (1.1.1) admits no positive solutions. It is also proved in [8] that system

(1.1.1) does not admit any positive solutions if

N +2m

1< < .

Under the additional assumptions (—A)u > 0,(=A)v > 0 for i = 1,2+ ,m — 1,
Yan [23] proved system (1.1.1) admits no positive solutions if pg < 1. Most recently,
Arthur, Yan and Zhao [1] proved there are no positive solutions for (1.1.1) if p > 1,

q > 1, pg > 1 satisfies (1.1.3) when N = 2m + 1, or N = 2m + 2. They also proved

2m(p+1) 2m(q+1)) >

the conjecture for same p,q under additional assumption max< pe T pecd

N — 2m — 1, therefore generalized Souplet’s result for m > 1.



1.2 Henon-Lane-Emden System (a # 0,or b # 0)

When a # 0 or b # 0, Liouville type theorem for (1.0.1) was first approached by Phan
and Souplet [12]. Combining a measure and feedback argument with Pohozaev iden-

tity, they proved nonexistence of positive bounded solution to scalar Hénon equation
—Au = |z|*u? in R

when 1 < p < 5+ 2a and a > —2, confirming the conjecture in the case N = 3,m =
l,a=b> —2and p = ¢q > 1. Another result confirming the conjecture in scalar case
was proved by Cowan [3] where he showed nonexistence of positive bounded solutions
form =2, N =5 provided 1 < p < 94 2a. Phan and Souplet’s result was generalized
to polyharmonic system (1.0.1) when m = 1 by Fazly and Ghoussoub [5] in dimension

3 and for m > 1 by Fazly [4] in dimension N = 2m + 1. Fazly also shows that (1.0.1)

2m(p+1)+a+bp 2m(q+1)+aq+b> < N—

does not admit any positive solution (u,v) if max ( P , o

2m. In fact, it is pointed out in [11] that (1.0.1) does not admit any positive solution

. 2 1 b 2 1 b
(u’ U) if max ( m(p+1)+at+bp 2m(q+1)+aq+

P — T ) > N —2m by a similar argument as in [15].

Moreover, the following theorems are proved by Phan when m = 1.

Theorem 1.2.1. (Theorem 1.1 [11]) Let a,b > —2 and N > 3. Assume pg > 1,

p > ¢q. Assume
N+4+a N+0b
+

> N — 2. 1.2.1
p+1 qg+1 ( )
Assume in addition that
N -2
Oga_bg )
pP—q

2
max< (p—|—1)72(q+1)) > N — 3.
pg—1 " pg—1



Then (1.0.1) with m = 1 has no positive solution.

Theorem 1.2.2. (Theorem 1.2 [11]) Let a,b > —2 and N > 3. Assume pg > 1,
p > q. Assume (1.2.1)and

N
4+ _s>N-2 (1.2.2)

Assume in addition that

2 1) 2 1
max< (p+ >, g+ ))>N—3.
pg—1 " pg—1

Then (1.0.1) with m = 1 has no positive solution.

For case a < 0, b < 0, Liouville type theorems for both integer and fractional

Laplacian have been obtained in [19].

The thesis is organized as follows. Chapter 2 deals with a = b = 0. Chapter 3

discusses results for a > 0 or b > 0. Chapter 4 states some future directions.



Chapter 2

Liouville Theorem for Higher
Order Lane-Emden System

In this chapter, we prove Liouville type theorem for higher order Lane-Emden System.

2.1 Preparations
When pg > 1, we introduce the following notation

20D 2

pg—1 pg—1
and assume « > [ throughout the rest of the paper. The assumption

1 1 N —2m
+ >
p+1 qg+1 m




can be rewritten as

ma +mp > N —2m.
For w € C (RN ) , we denote the spherical average of w by

w(r):i/ w(r,0)ds, r>0,
gN-1

WN

where wy is the area of the unit sphere SV

We quote the following growth estimates from [23].

Lemma 2.1. (Lemma 3.3. [23]) If pq = 1, there is no nontrivial positive solution of
(1.1.1) . If (u,v) is a positive solution of (1.1.1)and p,q > 1, and pq > 1, there ezists

a positive constant M = M (p,q,n) such that

a(r) < Mr—™  o(r) < Mr—™  for r>0. (2.1.1)
and fork=1,--- m—1, up = (=A) u, v, = (=A)* v

(=AY'u>0, (=AYv>0,i=12---,m—1.

g (r) < My—moe—2k, T (r) < Mr—™=2F for 1> 0. (2.1.2)

Lemma 2.2. (Lemma 3.4 [23]) Suppose that p,q > 1 and (u,v) is a positive solution
of (1.1.1). Then

/ u? < cRN72m=m#, / VP < ¢RNTImoma (2.1.3)
Bpr Br

where ¢ = ¢(p,q,n) .



We state the following interpolation inequalities and elliptic estimates.

Lemma 2.3. (L estimates on Bg) Given 1 < k < oo, R > 0, 2 € W?™* (Byg),

/ }D2mz|k <C (/ |A" | +R_2mk/ |z|k) :
Br Baog Bop

Proof. Lemma follows from standard elliptic I” estimates for second order elliptic

then

equations and interpolation inequalities. m

Lemma 2.4. Forany R >0,l=1,2,---m —1,

/ |V$ul|§CR/ ul+1+cR—1/ .
Br Bar Bar

Lemma 2.5. (Sobolev inequality on SN"Y) N >2, i >1, 1 <pu<A<oo. u# %
il < € (|| Dl + llw )

here

g N-1
= yo1 Vs
N-1

==
> >

= o0 if p>

Lemma 2.6. The following holds for | =1,2--- . m —1, k= 1%1, d= %1

R
| )1, < oo (2.1.4)
0

R
| ) < o 215
0
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R
/ | D], 7V~ dr < CpNmmem2id (2.1.6)
0
R
/ | Dpv]|, PN rdr < CpNmmATE (2.1.7)
0
R k
/ | D2l vV~ dr < CF (2R) (2.1.8)
0
R d
/ | D2l ¥ tdr < CF (2R) (2.1.9)
0
/ | D2my||H< N1y < O RN-2moma (2.1.10)
/ | D2 ||1+€ N=dr < CRN2m—mb (2.1.11)

Here

F(R) = /B [P+ ™) da.

Proof. (2.1.4),(2.1.5) are restatements of Lemma 2.1. (2.1.6) and (2.1.7) follows

directly from Lemma 2.1 and Lemma 2.4. To prove (2.1.8), Lemma 2.3 implies

R
|z ta = [ o
0 Bgr
< C’(/ |Amu|k—i—R2mk/ uk>
Bar Bar

— C Up+1+R2mk/ 'U,k
Bar Baogr
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By Hélder’s inequality and the fact that &k = 222 < ¢+ 1, F(R) > F (1) >0, R> 1

p+1
pg—1 p(g+1)
Rmek / uk CRmekRNip(q+l) (/ uq+1)
Baor Bagr

< CR »F(2R)

IN

where

Since
1 n 1 o1 2m
p+1 q+1 N’
we have y > 0, and (2.1.8) follows. (2.1.9) is proved similarly. Lastly we proved
(2.1.10)

IA

[ ar

(/ |A™ U 4 R 2m(1+6)/ ul-i—e)
Bar Bar
C (/ p(1+e) | p—2m( 1+5)/ u1+5>
Bag Baor
( oP + B2 HE)/ u)
BQR Baog

RN mpB+R 2m(l+e) | RN ma)

IN

IN

C RN—meP

IN

Here we used the boundedness of u and v in the second inequality and the fact that

a+2=pp.
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(2.1.11) is proved similarly using 5+ 2 = ga. =
In the rest of the section, we prove a Rellich-Pohozahav identity.

We recall the following function defined in [9]
R, (u,v) = / A"y (z, Vv) + A (x, Vu) dz
Q

where Q C RN, u,v € C*" (ﬁ),nz 1. If n =1, we have

ou @

Ri(uv) = /BQ {%(x,vm + 2 @, V)~ (Vu, Vo) (x,n)}ds

+ (N — 2)/ (Vu, Vv) dz.
Ifn=2,
Ry (u,v) = Ry (Au,v) + Ry (u, Av) — B (u, v) (2.1.12)

where

B (u,v) = / AulAv (x,n)ds — N/ AuAvdz. (2.1.13)
20 Q
We quote the following Lemma from [9]

Lemma 2.7. (Lemma 2.2 in [9]) If u,v € C* (), then for 1 < s <n—2

—_

R, (u,v) = Z Rs (AFu, A7) =N "Ry (i) (AFu, AS ) (2.1.14)
k=0 0

vl

il

Remark 2.8. An immediate consequence of Lemma 2.7 is the following implicit form

of Rellich’s identity. If u,v € C*" (Q), then

[\

n—1

R, (u,v) = Z Ry (AFu, APV R0) =N B (AFu, A2 Ry) (2.1.15)

k=0 0

3

B
Il
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Proof. Choose s = n—21n (2.1.14) , taking into account of (2.1.12) and (2.1.13) , (2.1.15)

follows. m

Write

N-1

ut™ (r) = / ut™ (r,0)do, P (r) = / v (7, 0) db),
SN-1 s

we have the following Rellich-Pohozav identity.

Lemma 2.9. For any a; +as =N —2m, r >0

(5 -0) s (o) [

1 1
— Uerl (T) TN 4 uq+1 (7“) TN

p+1 qg+1
m—1
OAFy  OA™ 17k QAT IRy 9ARy
—_ _ m N . .
(=1) {;27’ /SNl on on + on on ds
m—1

m—2
— 'r’N/ (VA*u, VA™ ) ds — Z 'r’N/ (A, A™Ry) ds
GN-1 P GN-1

k=0
m—1
ONFy
2m — 2k — 2 Nl/ AT Fyq
—l—;(m +ay)r S vds
m—1
Amflfk
+ Y (ag +2k)rNH / uAku ds}.
SN—-1 on

il
o
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Proof. By (1.1.1),

(=)™ Ry (w,0) = / (=A™ u () (z, Vo) + (—A)™ v (2, Vu) da

T

_ / W (2) (2, Vo) + 0 (2) (z, Var) d

' an udtl

:/a p+1(x,n)+q+1(:)§,n)d5
B,
N N

By (2.1.15), we have

Ry (uv) = Y Ry (Afu, Am7F) =7 B (AFu, A™72Fy)

+NZ/ (AR Ly, Am1Ry) da, (2.1.16)
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Since

k
/ (VAku VAT Ik )dx—/ %Am_l_kvds—/ (Akﬂu, Am_l_kv) dzx,
'r 0By

we can rewrite (2.1.16) as

m—1 k
R, (u,v) = / 8§nu(  VATIR )+ n (:C,VAku) ds
k=0 7 OBr
m—1

k=0
m—2
— / (A, A™R) (2,n) ds
k=0 / OBr
m—1
0A*u
+ (N -2 / A" Fyds
w-ay |
m—1
—(N =2 Z/ (AkJrl ’Amflfkv) dr
k=0 ' Br
m—2
—|—NZ/ (A*Fly, AT ) da
k=0 */ Br

m—1 k m—1—k
_ Z 8A Uu (1}7 VAm_l_kU) + M (.ZU, VAkU) dS
2 o, on

,_n

/ (VAFu, VA ) (2, n) ds

k=0 Y 9B
m—2 m—1 8Aku
k+1 m—1—k m—1-k
/a (A, A v) (z,n)ds + (N —2) Eo/a‘B 5 A vds

—N/ (A™u,v) dx + 22/ (A, A™R) da. (2.1.17)
B’V‘ kIO ™
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Recall

/ Ak“ A )d —/ (Aku, Am_kv) dx

Ak Am—l—k
/ 8 U Am=1=ky, uA]’Cu]als
9B, 8n
it then follows
m—1 m—1 k
oAy
Z (A, AR de = m/ (u,Amv)—l—ZZ/ A" yds
k=0 /r Br k=0 1=0 Y 9Br on
m—1 k
Am—l—l
- Z/ 0 > Y Aluds (2.1.18)
k=0 1=0 Y 9Br n

and

 Aly]ds (2.1.19)



From (2.1.18) and (2.1.19) we deduce

By

s ONFy
N —2 / — A" Ryds — N A™u,v) dr
w-ay | (A", 0)

m—1
+2 Z / (A** 1y, A™Fy) do = (2m — N) / (u, A™v)
k=0 * Br

T

oA o, OA™TIy

m—1 m—1
ONFy AN
+ (N =2 / A" Fyds — N / — A,
( )kzz% OB, 8” lz:; aBT[ @n
8Am_1_l
- UAlu]ds: (2m—N)/ (u, A™v)
m—1
OA OA™ 11y
9 o l m—1-—1 Al d
23 [ U Al
m—1 m—1 m—1—1
9 / 0BT \m-1-kygs + N / OA™ 70 Ntugs
k=0 /0B, T = Jos,  On

m—1
OANy OA™ 11y
2 E —1 A, 2= AW
* (m )/B[ on ! on ujds

m—1 m—1
Ak Am—l—l
—2 Z/ uAm_l_kvds + N Z/ uAluds
1=0

Pt 9B, an — OB, an
= —a / (A™u,v) — (12/ (u, A™v)

s, T oAl T
+>» 2m—2l-2+a) / —— A" lyds

=0 9B, an
m—2
Amflfl

+ (N =2m+2l—a) / uAluds

OB, 871

=0

17

(2.1.20)



18

m—1

Al
+ (2m — 2l — 2+ ay) / MAm_l_lvds
1=0 v

m—1
Am—l—l
+ (a2+2l)/ 9A™ 7V Alyds, (2.1.21)

conclusion follows from (2.1.17) and (2.1.21).

2.2 Main Theorem

The main theorem we prove is as follows.

Theorem 2.2.1. N >3, N >2m,ifp>1,¢>1,(p,q) # (1,1) satisfies
N
4+ >N-2m (2.2.1)

and

Y

then (1.1.1) has no positive solutions of class C*™ (RN ) . Moreover, when N = 2m+1
or N=2m+2, ifp>1,9>1, (p,q) # (1,1) satisfies (3.2.3), then (1.1.1) admits no

positive solutions.

To prove this theorem we do it in two steps.

Step 1: Reduce the problem to bounded solution by showing that if (1.1.1) does not



19

admit bounded positive solution then it does not admit any positive solution.

Step 2: We show that (1.1.1) does not admit bounded positive solutions.

2.2.1 Reduction to bounded solutions

More precisely, we prove the following Theorems regarding bounded solutions.

Theorem 2.2.2. Let N > 3, p > 1, ¢ > 1 be fixed, and assume (1.1.1) does not
admit any bounded nontrivial (nonnegative) solution in RY, then it does not admit

any nontrivial (nonnegative) solution in R, bounded or not. In particular, the

conclusion holds if max (272273_ tl), 27;5;:”) >N-—-2mor ifl<p,qg< %fgz

Theorem 2.2.3. Let p,q > 1. Assume (1.1.1) does not admit any bounded nontrival
(nonnegative) solution in RY. Let Q # RY be a domain of RY. Then there exists
C = C(N,p,q,m) > 0 (independent of Q and (u,v)) such that any (nonnegative)

solution (u,v) of (1.1.1) in 2 satisfies

u(r) < Cdist™* (z,09), = €Q,
and

v (z) < Cdist™™" (,00Q), =€ Q.

If Q is exterior domain, that is Q@ D {z € RY : |2| > R} for some R > 0, then it
follows that

u(z) < Cle[™™, |z > 2R,

and

v(z) < Cle|™™, |z| > 2R.
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In particular, the above conclusions hold if max <2mp((fi tl), 2";5’:;1)) > N —2mor if

N+2m
N—-2m~

1<pg<

Proof of Theorems 2.2.2 and 2.2.3 uses idea of [13] in the case of m = 1, which

relies on the following Doubling property Lemma and remark.

Lemma 2.10. (Lemma 5.1 [13])Let (X,d) be a complete metric space, and let () #
D C ¥ C X with ¥ closed. Set I' = ¥\D. Finally, let M : D — (0,00) be bounded

on compact subsets of D, and fix a real k > 0. If y € D 1is such that

M (y) dist (y,T") > 2k

then there exists x € D such that

M (z) dist(z,T") > 2k, M (z) > M (y),

and

M (z) <2M (z) for all z € DN Bx(x, kM~ (z)).

Remark 2.11. (Remark 5.2 [13]).
(a) If ' = 0, then dist(z,I') = oo.

(b) Take X = R”, take 2 an open subset of R", put D = Q, ¥ = D; hence
[ = Q. Then we have B(x, kM~ (z)) C D. Indeed, since D is open, implies
dist(z, D¢) =dist(z,T") > 2kM ! (x) .

Proof of Theorem 2.2.3. Assume the theorem fails. Then there exist sequences
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Q, (ug, vg), yx € Q such that (uy,vg) solves (1.1.1) on £ and
a1 1
My, = u —|—U,;"B, k=1,2,---

satisfies

M, (yk) > deistil (yk, 8Qk) .

By Lemma 2.10 and Remark 2.11, it follows that there exists xy € €2 such that
M, (l’k) > deist_l ($k, an)

and

Define rescaling of (uy, vy) as follows

Ne = M ()

U (y) = Ay (ze + M), B (Y) = N0 (o + M)yl <

Since a + 2 = pf, f + 2 = qa, (uy vx) satisfies

(=Ay) " (y) = v (y)

for |y| < k. Moreover,

1
T (0) + 777 (0) = 1
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and

ERP
upt () +07" (y) <2, Jyl <k

By standard elliptic L? estimates and Sobolev embeddings, we conclude that subject
to a subsequence, (uy,Uy) converges in CZ" (RY) to a (classical) solution (@) of

(1.1.1) in R™. Moreover, tms (0)+377 (0) = 1 and @ms (y)+077 (y) < 2. i.e. (WD) is

nontrivial and bounded, contradicts to the assumptions of the theorem. In particular,

if max (2"52111), 2";((1‘1:1)) >N —2mor if 1 <p,q<2{22 Liouville theorems in [8]

and [23] implies the assumptions in the theorem hold.

Proof of Theorem 2.2.2.
Assume (u,v) is a solution of (1.1.1) on RY (bounded or not). Then for each

zo € RY and R > 0, by applying Theorem 2.2.3 in Q = B (x R), we obtain
u(wo) <CR™, v (xo) < CR™™.

Letting R — oo, we obtain

u(zg) =v(xg) =0,

therefore

2.2.2 Nonexistence of bounded positive solutions

We prove system does not admit any bounded positive solutions.

We shall adapt Souplet’s idea of a measure and feedback argument combined with
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Rellich-Pohazahav identity [17].

Lemma 2.9 implies

F(R) < CG:1(R)+ CGs (R)

where
G (R) :szz/N o1l ds
1=0 /5% 7

and
m—1

Gy (R) = RN/ (|ur—ia| + B Jwmial) (Juil + R |ul]) ds
0

SN-1 =
Following Souplet’s idea, we shall prove there exists constants C, a > 0, b < 1 such
that

F(R)<CR™“F'(R). (2.2.2)

It then follows

F(R)—0 as R — oo,

which implies

To prove (2.2.2), we follow a similar procedure as [17]. We shall first estimate G, (R)
and G (R) in terms of highest derivatives of the solution (u,v) in suitable L” spaces.
Then use a feedback and measure argument to evaluate those bounds in terms of
F(R).

Stepl. FEstimation of Gi(R) in terms of suitable norms of D*™u(R) and



D>y (R).
Fix [ € {0,1,---m,},

/ ] [vm| ds
gN-1

< lwlla, lom-illa

where ail + é =1 is chosen so that
l

P 2m — 21 1 2m — 21
< <]l]— —

- ~ <1
p+1 N-1 — o  N-1

¢ A Loy 2
qg+1 N-1 — ap N -1

Such «; exists since by assumption,

1 n 1 o1 2m>1 2m
p+1 q+1 N N -1
Let
L p 2m—20 1 N -—-2m+2l—1
v p+l  N—-176 N -1
r q 21 1_N—2l—1
Wy N q—i—l N—171/Jl_ N -1 .

Case I: 7, > 0, w; > 0. By Holder’s inequality, we have

[

IA

lall,,

1—
[om-illog < Mom-tlly" lom-tll, ™
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(2.2.3)

)

(2.2.4)



with

S 1
07) 0y i
1 v 1—rv
S ﬁ+ 20
o Uy W

Applying Lemma 2.5, we deduce

and

laly, < © (D3 2wl + lul, )

< o (B ol )

lall,, < € (D" ], + lleall,)
< C (R D w), + lllly) |
lomilly, < € (1D3wmall, . + lomll,)
< C(RDH v,y + ol

lon-illy, < C([|D5"vmly + llom-ill)

IA

€ (R¥ || D] + 1oml)

25

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)
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Combining (2.2.4),(2.2.5),(2.2.6), (2.2.7) and (2.2.8), we conclude

/ | [om_a| s
GN-1

||ul+1”al ”Um—lHa;

IN

IN

CR2m <HD§m_2l + R—2m+2l ||ulH1> 11

ulHH—a
1Dzl + B2 )
' (HDilvm—lHHa + R ||Um—l||1>y21

([ D% vm]|y + B omal) (2.2.9)

Case II: Either v < 0 or w; < 0 but not both. We can take v, = 1 (if 75 < 0) or
vo =1 ((if 7, <0), it is easy to see that (2.2.9) still follows.
Case III: Both 7; < 0 and w; < 0. This is equivalent to

1 1_2m—2[

>
p+1 N -1

and

which gives
1 1 2m

—_— >
P R N-—1

Contradiction top >1,¢>1and N > 2m + 1.
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From (2.2.9) we obtain the following upper bound on G, (R).

Gi(R) < CRY 3 {(||D2 2], 4+ B2 ), )™
=0

. (”Dim—2lul“k + R—2m+2l ||ul||1)1—Vll

(P20l + B el

(| D2 ||, + B ol (2.2.10)

Step 2. Estimation of G (R) in terms of sutiable norms of D*™u(R) and
D>y (R).

FixlE{O,l,Z,---,m—l}.Foré—l—ﬁil,:l

J I AR e Y (VS )

< (Mol + B tmeieally ) (lefllg + B ullyy) - (220)

By Lemma 2.5,

R umially, < CR™ (IDgum-ioally, + lwm-ally)

< C(IDatim-tallg + R umialy) . (2212)

R ully, < CR™ (IDsully + Jull,)

< C(IDaully + B |l (2.2.13)
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By Lemma 2.5, for pil — z% _ %
|Datticall,, < € (|DE Dattia [, + 1 Dstts )

IN

C (R || D Dyt |, + |1 Dattmially) s (2:2.14)

1 _ g _ 2m=2-1
and for - = -5 No1

IDauill,, < C (|| D5 D], + 1Dsill,)

< C (R D22 Dyul|| , + | Deurl)y) - (2.2.15)
For n, = %, Ky = %, Lemma 2.5 implies
IDatiniall, < € (IIDE et il + 1Dt
< C <R2l+1 HDiHleum_l_lHHs + \|Dmum_l—1||1>
and

IN

IDail, < (1534 Do + Dol

IN

¢ (B2 D2 |+ D)

: 1 1 2m 2m o1 1 :
Assumption s 1—5F > 1— 5" implies ota < 1. Therefore we can pick
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B =z € (1,00) in (2.2.11) such that

P _2l—|—1 < 1§1_2l—|—1

p+1 N-1 2 N -1
q 2m — 20 — 1 1 2m — 2l —1

— < 1-—<1-— . 2.2.16
qg+1 N -1 - 21 N -1 ( )

Case I: Either p; > 0 or 0; > 0. Holder inequality gives

1—11

IDstim i, < IDetimall | Datem il

< (R D2 Dot |+ It ],)
(R Dottt |+ 1Dt )
= CR*™ (”D§l+leum—l—1Hl+€ + R ‘|Drum—l—1||1>m

(D2 Dyt ||, + B2 Dot |) 7 (22.17)

where
1 T11 i 1 — T11

1Dl < IDswll 2 1 Doy, ™

4]

IN

T21
C (RQm—Ql—l HDim_Ql_lDllel+6 + HDxUlH1>
ol o 1-
. (RQm 20-1 HDim 21 1valHd + HDxUlHl) T2
T21
= CR 2 (D2 Dy ]+ B2 Dy )

(|| D2 D, |, + R D)) (2.2.18)

with
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Combining (2.2.12), (2.2.13), (2.2.14) , (2.2.15), (2.2.17), (2.2.18) we have

/SN—l (lu;nflfl| + R_l |Um—l—1|) (|UZ| + R_l |Ul|)

(il + B a1 ) (el + B el

< C(IDstmrally + B imiall) (1D2tally + Rl )

IN

IA

T11
CR™ ([ D2 Doty + R Doty + B2 i)
—9]— _9]— 1-
'(HDzH_leum—l—IHk + R 20—1 HDacum—l—lnl —I—R 20—2 ||um—l—1||1) 1
T21
(102 Dt |+ B2 Dyl + B2 o)

(| D2 Dyt ||+ B2 Dy], + R )™ (2.2.19)

Case II: Either 0; < 0 or p; < 0 but not both. We can take 7; = 1 (if p; < 0) or
o = 1 (if 07 < 0), it is easy to see that (2.2.19) still holds.
Case III: Both 0; < 0 and p; < 0. This is equivalent to

1 1_2m—2l—1

>
p+1 N -1

and

1 20+1
1 +

qg+1 N -1
which gives
1 1 2m
—+— N —
p+1 q+1 N -1

Contradiction top >1,¢>1and N > 2m + 1.
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It follows from (2.2.19) that

m—1
Gy (R) < CRY Z/N ) (Jun,ioq] + R tm—ical) (Joil + R |w])
1=0 /57
S CRN+2m

m—1

S AP Dot + R Dty + R i)

=1
. (HD:%I—HDzUm—l—lHk + R_2l—1 HDﬂcum—l—lul + R—QZ—Z ||um_l_1”1)l—7’1l

i
(D=1 Dyl, .+ B2 Dy, + R ], )

. HDimfﬂle‘rled + R2m20+1 HD:leHl + R—2mA+2 ”Ull‘l)lihl} (2'2‘20)

Step 3. Measure and Feedback argument.

We first define the following set
Iy (R) = {r € (R2R) : o (0} > KR}

I3 (R)

{7’ € (R,2R) : [[u(r)]? > KR-W}

re (R,2R): |D?™u(r)|f > KRNF (43)}
€ (R,2R) : |D>™v (r)||% > KRNF (43)}
€ (R.2R) : | D2"u|[12 > KR}

re (R2R) s [ D2\t > KR

For fixed [ € {1,2,--- ;m — 1}

I's; (R) = {T € (R,2R) : ||um—t—1 (7)]|; > KR—ma—z(m_l_l)}



I (R) = {7’ € (R,2R) : |Ju (r)|l, > KR*mB*m}
F7l (R) = {7“ S (R, QR) . ||Dmum_l_1 (T)Hl > KR—mOt—Q(m—l—l)_l}
Ty (R) = {r € (R,2R) : | Dyvy (r)], > KR~ 7271}

Since o + 2 = pf, from Lemma 2.2 we deduce
2R
RN = [ ol = T (B) KRR
R

which implies

for K > 1. Similarly, we get

for K > 1.

To estimate I'y (R), by (2.1.8) in Lemma 2.6,

2R
CF(4R) > / | D2maE N1
0

v

Ty (R)| KRNF (4R) RN !

— |0 (R)| KR™'F (4R),

From which it follows that for K > 1

1

Iy (R R.
T (Bl < 3%
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Similarly we deduce from (2.1.9),(2.1.10) and (2.1.11) in Lemma 2.6 that

1 1 |
st Ms(l < =i [T (B)] < =R

2 (R)] <

By (2.1.4) in Lemma 2.6,

ORN—ma—2(m—l—1)

v

2R
/ Vetmtal, 7l
0

Z |F5l (R)' KR—ma—Q(m—l—l)RN—l

which gives
1

r R
st (Bl < 4777

when K > 1 and similarly (2.1.5), (2.1.6) and (2.1.7) implies

1 1 1

r r r
ot (B)] < gl [P (R) < g B s ()] < R

when K > 1. In particular,
[(R) = (R.2R)\{U;_ T3 (R) UL, T (R) Uy US_sTy (R)} # 0.

Pick R €T (R), by (2.2.10) together with the observation that wu,, = v?, v, = u4, we



have

o

with

Q)

S

IN

IN

IN

IN

a. = mlin{—N —2m+

34

. m
CRNZ/ | o
1=0 /SN

m
CRY S ((||D2 ]+ Bl )
I=
’ ~ 1—vyy
. (”Dim—muluk 4 Rm HUZH1)

1—1/21

(12wl + R o)™ (P2 ol + B o))

CRV*m N R (RNE (4R)) (B2 4 prammi)™

=0

- (R—%F (4R)® + R—Qm—mﬂ)

171/2[

CR™F® (4R)

mpf mqo N N
- 21—
1+€V11+ 1+€V21+ 2 (1—wvu)+ p (1 —ra)},

1
max - (I—vy)+ =1 —vy).

k
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On the other hand, we have

Gy (ﬁ) < CRNtm
m—1

S (102 Dot + B Dty + R Hum,l,l\h)m

=1
17
(D2 Dttt 4 B Doty + B ata )

D22 Dy, + B D+ R o))

—_~ o~

(|| D2 A Dy, + R Dyl + R fu],)' )
m—1

< CRNtIm Z{ (HDimuHH(S + R | Dyt ||, + R7#72 |]um71—1”1>m

=1
_9]— _9]— 1—
. (”Dzmqu + R 21—1 ||Dmum—l—1H1 + R 2[—2 Hum—l—1||1) 1l

T21
_ <||D92chH1+g | R2me2+l 1D, + R2m+2 HUIH1> }

(|D2m0|, 4+ R Dyl + B2 o))

T1l

m—1
< CRN+2mZ< ~12 | prA-lp-ma-2(m—l-1)-1 | p-2l- 2Rma2ml1)>

, (RfN/kF% (4R) + R-2-1 g-ma—2(m—I-1)-1 | Rzzszaz(sz)l_T”
(R T2 | p2-1p-mp—2(m—l-1)- +R212Rm52(mz1)>
(R N/dFd(4R)+R 21 g-mp-2Am—I-1)=1 | p-2-2p-mb— 2mll)>1_T2l

< CR"F’(4R)

Here

N
:mm{ N—Qm—l—lfﬁ —i—Iniang-l-%(l—Tu)%—

S]]
|
Sl

(1 —72)}

=)=
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and

_ 1 1
b:mlELXE(l—Tll)‘i—c—i(l—TQl).

We claim that there exists a constant M > 0 and a sequence R; — oo such that
F(4R;) < MF (R;).
Otherwise for any M > 0, there exists R,; such that for R > Ry,
F(4R) > MF (R).
Since (u,v) is bounded, we have F'(R) < CRY, R > 0. Thus
M'F (Ry) < F (4Ry) < CRY, (4V)'

Contradiction for i large if M > 4.
Assume we have shown a = a. = min (a; ,a;) > 0, b = b. = max (E, 5) < 1,we

have

F(R) < CR °F®(4R;)

< CM°R™F"(R))

which gives
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Letting ¢« — oo, we deduce that

hence u = v = 0, a contradiction.
Step 4. If ma > N —2m — 1, then 5,3< 1 and a;,a. >0 for e < 1.

First we show a. > 0, b<1.

~1 -1
Since vy = (51 ’Yl) (al ’YL) , Vor (d;l Wl) (a; wz) )

to show b < 1, we need to show for all [,

1 1
—(1—1/11)4—3(1—7/20

k
= Pzzl\1z+qg21
N-2m+2l—1 1 1 21
= - — —— — | <1 2.2.21
p( N—l Oél>+q(0q N—l) ( )
Here
-~ 1
Ay = —(1—
1 p—|—1< Vi)
 /N-2m42A-1 1
N N-—-1 (6%} ’
A i
= —(1—-vw
2 T+ 1 2
(12
N (87} N -1 .
(2.2.21) is equivalent to
N —-2m+2l -1 21 pP—q
— —1 . 2.2.22
PN 1 N1 S . (2.2.22)
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Recall oy is chosen to satisfy (2.2.3). Such oy € (1,00) satisfying (2.2.3) and

(2.2.22) exists provided

p o 2m—2 2 . om—2 1 2
_ < 1— 2.2.23
maX(p—l—l N—_1'N—1)="" N 1931 ~n_1) 2

and
N-2m+2—-1 21 2m — 21
— —1 — 1— 2.2.24
N-2m+2—-1 21 1 21
— —1 — ) 2.2.2
PN 1 e q>(q+1+N—1) (22.25)

(2.2.23) follows from the assumption that N > 2m + 1 and

1 1 2m 2m

—_—t—>1-—>1—- —.
p—|—1+q+1 N N -1
(2.2.24) is equivalent to
N—-1-2m ]
q N—l 9
which follows from
p(g+1) 2 2m N -1
— =1+ -x<1 = )
- p+1 +oz +N—2m—1 N—-1-2m

And (2.2.25) can be rewritten as

N —-2m—1 p+1
p <
N -1 g+1
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which is equivalent to

ma > N —2m — 1.

Finally, for each [

ag = —N —2m+mpBry + mqavy + T (1—wvy)+ d (1 —va)
2 1 1 -~ -~
— 2m—N+ma+mﬁ—|—<N— m(p;_)§Q+ >> (pAu—irqul)

= (2m — N +ma + mp) (1 — p;l\ll — QA\QZ)

> 0.

It then follows ag > 0, thus a. > 0 for ¢ < 1.
Secondly we show @ > 0, b < 1. This can be shown in a similar way as

~ -1
a.,b. We write all details for readers’ convenience. Since 7y; = (% — %) <Zil - p%) ,

-1 _
Ty = (i — i) (l — i) , to show b < 1, we need to show for all [,

K] oy 2 o}

1 1
%(1—7'11)4-3(1—7'21)

= pAy+ qAy

N-20-2 1 1 2m-20-1
= —_— = —_——— 1. 2.2.26
p( N -1 zl)+q<zl N -1 )< ( )
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Here we used

Ay = ]%(1—7'11)
N-20-2 1
- (1),
1
Ay = m(l—m)

(1 2m-21—1
N Z] N —1 ’

(2.2.26) is equivalent to

N —-21-2 2m — 21 —1

P—q
1< .
N—1 1

N -1 Z]

p (2.2.27)

Recall z; is chosen to satisfy (2.2.16). Such z; € (1,00) satisfying (2.2.16) and

(2.2.27) exists provided

p A+l 2m-2A-1\ _ (0 24+l 1 2m-2-1
max — min —
p+1 N-1 N-1 N—1qg+1 N1

(2.2.28)
and
N-21-2 2m-2-1 o + 1
P—N—1 9 NZ1 —1<(P—Q)(1—m)7 (2.2.29)
N-2-2 2m—2-1 1 2m—2-1
- 1< (p- L 22
P=N—1 TN < q><q+1+ N_1 ) (22.30)



(2.2.28) follows from
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1 n 1 -1 2m o1 2m
p+1 qg+1 N N-—-1
(2.2.29) is equivalent to
N—1-2m ]
q N _ 1 Y
which follows from
p(g+1) 2 2m N -1
<—=1+-<1 = .
- p+1 +oz +N—2m—1 N—1-2m
And lastly (2.2.30) can be rewritten as
N —-2m—1 p+1
p <
N -1 g+1
which is equivalent to
ma > N —2m — 1.
Finally, for each [
au = —2m—N+mpB(1—(p+1)Ay)+mga(l—(q+1)Ax) + NpAy + NqAy

N 2m (p+1) (g +1)
pq—1
= (2m — N+ma+mpf) (1 —pAy — qAy)

= 2m—N—|—m0z+m6+<

> 0.

It then follows ag > 0, thus @; > 0 for ¢ < 1.

> (pAy + qAy)
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Remark 2.12. Note Lemma 3.2 implies when pg > 1, N < 2m, (1.1.1) does not

admit any positive solutions. In particular, this implies the following equation

(—A)"u =uP

admit no positive solutions if N < 2m, p > 1.



Chapter 3

Liouville Theorem for Higher
Order Henon-Lane-Emden System

In this chapter, we prove Liouville type theorem for higher order Henon-Lane-Emden

System.

3.1 Preparations
When pg > 1,we introduce the following notations

a_2m(p+1)+a+bp
pg—1

2m(q+1)+aqg+0b

, B=
pq—1

and assume a > 3 throughout the rest of the paper. The assumption

1+ & 1+%>N—2m
p+1l  g+1 N

43
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can be rewritten as

a+6>N—2m.
For w € C (RN ) , we denote the spherical average of w by

w(r):i/ w(r,0)ds, r>0,
gN-1

WN

where wy is the area of the unit sphere SV

We have the following growth estimates.

Lemma 3.1. If pg = 1, there is no positive solution of (1.0.1). If (u,v) is a positive
solution of (1.0.1) and p,q > 1, and pq > 1, there exists a positive constant M =

M (p,q,n) such that

a(r)y < Mr=®,  w(r)<Mr " for r>0. (3.1.1)
and fork=1,--- ,m—1, u, = (—A)ku,vk = (—A)kv, we have

(=AY'u>0, (=AYv>0,i=12---,m—1.

g (r) S Mr—o72% 0 g (r) S Mr P for 1> 0. (3.1.2)

Proof. Lemma follows from the same argument as in proof of Lemma 3.3 in [23]. =

The following growth estimates was proved in [4].

Lemma 3.2. (Lemma 1 in [4]) Suppose that p,q > 1 and (u,v) is a positive solution
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of (1.0.1). Then
/ |z|” u? < cRN72mP, / |2|* v < cRN T (3.1.3)
Bpr Br

where ¢ = ¢(p,q,n) .

As a direct corollary of Lemma 3.2, we have the following nonexistence result for
(1.0.1). This was pointed out in [11] We write down the details for readers’ conve-

nience.

Corollary 3.1.1. If p,¢ > 1 and max («, ) > N — 2m, (1.0.1) does not admit any

positive solution.

Proof. We only need to prove case max («, ) = N — 2m. Without loss of generality,

we can assume « > (3. Recall that for w > 0, Aw < 0, we have

2—N

w(x) > clz for |z| > 1.

Since

—Aup_y = uy,

it follows from Lemma 2.7 of [15] that
U1 > cer*uy, k=1,---,m—1.

[teration then gives

u(r) >r*™ N forr>1.
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Applying Lemma 2.7 of [15] to Ty for k =0,1,---m — 1 yields
E(T) 2 Cr2m+bm Z Cr2m+bﬂq 2 Cr2m+b—(N—2m)q.
Therefore by (3.1.3)

R R
C > / |ZL’|aUp > / TN—I—i—a@p > / TN—1+a+2mp+bp—(N—2m)pq
Br 0 1

R
= / r~'dr=InR (3.1.4)
1
The first equality in (3.1.4) follows from assumption on « and identity
N—1+a+2mp+bp—(N—-2m)pg=—1+(pg—1)(a—N +2m) = —1.

Letting R goes to infinity in (3.1.4), contradiction. m

We state the following interpolation inequalities and elliptic estimates.

Lemma 3.3. (L estimates on Br) Given 1 < k < oo, R > 0, z € W™ (Byy),

then

/ D> < C / A2 + R‘ka/ 2"
BR\Bg BQR\B% BzR\BJ}I

Proof. Lemma follows from standard elliptic LP estimates for second order elliptic

equations and interpolation inequalities. m

We can prove the following growth estimates for u, v and their derivatives.



Lemma 3.4. Let

om(p+1)(¢g+1D) +a(g+1)+b(p+1)

2mp(qg+1)+a+bp

2m(p+1)(¢g+1) +a(g+1)+b(p+1)

2mqg(p+1)+aq+b
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If bounded solution pair (u,v) of (1.0.1)satisfies the following decay assumptions

u(z) < Clz|™, v(z) < Cla|™ for |z| > 1,

then the following estimates hold for 1 =1,2--- ,m — 1,

R
/ et (), ¥ < OV,
0

R
/ [lvy (7“)||1TN_1d7“ < oV
0
R
/ | Dyl rN=ldr < opNem il
0
R
/ HvalHITN’ldr < OpN-A-A-L
0

R
/ | D2 ¥ tdr < CF (2R)
R

2

R
[ Ipzelgrar < oF 2y,

2

/ D ey < oRYameater,
0

1+e€ r

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)
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/ HDzm HHE N=1gp < O RN-2m—B+be (3.1.13)

Here

F(R) :/ [|x|avp+1 + || utt| da.
Bgr

Proof. (3.1.6),(3.1.7) are restatements of Lemma 3.1. (3.1.8) and (3.1.9) follows

directly from Lemma 3.1 and Lemma 2.4. To prove (3.1.10) , Lemma 3.3 implies

/ ||D2mu”k N-1g. _ / |D2mu’k
Br\Bg/2

< C / |Amu|’“+R—2mk/ u”
Bar\BRr/4 Bar\BRr/4

= C / |x|akvpk+R_2mk/ u®
Bar\BRr/1 BZR\BR/4

S C / ‘x|a,vp+1+R2mk/ uk )
Bar Bar\BRr/4

Here we used growth assumption (3.1.5) and identity

a(k—1)

pk—(p+1) =5

Since pg > 1, it follows 22 < ¢+ 1 therefore 22 < k < ¢+ 1. By Hélder’s inequality
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and the fact that F'(R) > F (1) > 0, R > 1, we obtain

£ 1_qil
q+1 bk
R2mk/ 'Ll,k CRmek (/ ]:z:|buq+1) / |$‘ q+1—k
Bar\Bp/, Bar Bar\BRr/4

N(q+1—k)—bk)

IN

< CR™Mkp(QR)#1 R™ o
< CRYF (2R)(F (1)1 "
< OR¥F(2R),

where

We can write

x2m(p+1)(g+1)+alg+1)+b(p+1)]

N+a N+b
= 2 ~D)[N-2m—a—pl+bp+1)|N—2m— -
m(pg =[N =2m —a= G+ blp+1) |N—2m -~ - =
Since
a b
1—|—N+1—|—N>1_2m,
p+1  g+1 N

we have y < 0, and (3.1.10) follows. (3.1.11) is proved similarly by using (3.1.5) and

b(d—1)
qd — (¢ +1)



Lastly we prove (3.1.12).

IA

[zl =

( |Amu‘1+5 + R—Qm 1+€)/ ul—l—s)
Bar Bsog

C( | |a(1+€ (1+6)+R—2m(1+6)/ ul-‘ré‘)
Bop Baor

(Rae ’.CC‘ ,Up RQm(1+5)/ U)
Bor Bar

RN 2m— a+ae+R 2m(l+e) | RNfoz)

IN

IN

CRN72mfa+ae )

IN

We have the following Rellich-Pohozav identity.

Lemma 3.5. For any a; +as = N —2m, r >0

— p+1 N+a q+1 N+b
p+1v (r) +q+1u (r)r
m—1
Ak; Am—l—k
—(—1)’"{ 2rN/ 087 0 Yds
par gv-1 On on
m—1
- rN/ (VAR , VA" ) d
=0 SNfl
m—2
o TN/ (Ak—l—l Amlk)d
=0 SNfl
m—1
Ak
+ (2m — 2k — 24 ay) N_l/ 0 Y A1k s
=0 SN-1 377,
m—1

Am—l—k
+ (ag + 2k) rV1 / uAku ds} :
SN—1 on
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Proof. A similar Rellich-Pohozaev identity can be found in [4]. For purpose of later
estimates, we prefer to write our Rellich-Pohozaev identity with a slightly different

boundary terms on the right hand side. By (1.0.1)

(=)™ Ry, (u,v) = / (=A)"u(x) (z, V) + (=A)" v (x, Vu) dz

r

_ / o (2) (2, Vo) + uf (2) (2, Vi) da

r

p+1 q+1
- / el () + |2l (2,m) ds
o

B, P+ 1 q+1
N+a a N+b

~ >3 |lz|® vP T de — P |2|” uttdx
p B, q B,

— j— 1UP—H (7,) TN—l-a 4 i 1uq+1 (T’) TN—l-b

p q
N+ . N+b

— - 2" P de — —— [ |z|" uTtda.
p+1 Jg, q+1 Jp,

To finish the proof, we follow the same argument as in proof of Lemma 2.8 in [1] to

estimate R, (u,v) using (2.1.15) and integration by parts. m

3.2 Main theorem

Our main result in this chapter is as follows.

Theorem 3.2.1. N >3 N >2m,a>0,b>0,assumep>1,¢q>1,(p,q) # (1,1).

If
N+a N-+Db
+
p+1 qg+1

>N —2m (3.2.1)

and

<2m(p+1)+a+bp 2m(¢+1)+aqg+b
max

) >N —2m —1,
pq —1 pqg—1 )
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the problem (1.0.1) has no positive solutions of class C*™ (R") which satisfies slow

decay assumptions
u(z) < Cmin (jz] 1), v(z) < Cmin (y:crﬁ , 1) (3.2.2)

Moreover, when N =2m+1or2m+2,if p> 1,9 > 1, (p,q) # (1,1) satisfies (3.2.1),

(1.0.1) admits no positive solutions satisfying (3.2.2) .

Under stronger assumptions on p,q, we can remove the decay assumptions on

(u,v).

Theorem 3.2.2. N >3 N >2m, ifp>1,q¢>1,(p,q) # (1,1) satisfies
N
4+ >N-2m (3.2.3)

and

i (2m (p+1) 2m(g+1)

>N-—-2m—1
pg—1 7 pg—1 > e

then (1.0.1) has no positive solutions of class C*™ (R") . Moreover, when N = 2m+1
or N=2m+2, ifp>1,qg>1, (p,q) # (1,1) satisfies (3.2.3), then (1.0.1) admits no

positive solutions.

We prove Theorem (3.2.1) in two steps as in chapter 2.

3.2.1 Reduction to bounded solutions

In this subsection, we show if (1.1.1) does not admit bounded positive solutions, then

(1.0.1) with same p, ¢ does not admit positive solutions with slow decay.
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More precisely, we prove the following Theorem. From this theorem, Theorem

(3.2.2) follows.

Theorem 3.2.3. Let N > 3,p > 1, ¢ > 1 be fixed, and assume (1.1.1) does not admit
any bounded nontrivial (nonnegative) solution in RY, then (1.0.1) with same p, ¢ does
not admit any notrivial (nonnegative) solution in R", bounded or not. In particular,
the conclusion holds if N = 2m + 1, or 2m + 2 and 2”;((]1’:1) + 22’;;6’:;1) > N —2m. The

conclusion also holds when N > 2m + 2 and p, ¢ satisfies 272(7’ tD) 4 2miatD) o N o

q—1 pg—1
and max (27"(114;1), 2m(qjl)) >N —2m — 1.
Pq P4

We shall follow a similar proof as in section 2.2.1

We first prove the following Lemma.

Lemma 3.6. Let 6 € (0,1]. Let ¢; € C° (By) satisfy

HCZ'“C<5 (Fl) < Cl and C; (x) > 027 T E E;Z — 1’ 2

for some positive constants Cy, Cy. Assume (1.1.1) does not admit any bounded posi-
tive solutions. There exists a constant C, depending only on 0,Cy, Csy, p, q, N, such

that any nonnegative solutions (u,v) of

x € By (3.2.4)

with same p, q satisfies

u(z) <C (14 dist™ 7 (z,0B1)), = € By
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and
v(z) < C(1+ dist™ (z,0By)), x € By.
Here y = 210l 5 — 2mletl),

Proof of Lemma 3.6. Assume the Lemma fails. Then there exist sequences

(ug, V), Yy € By such that (ug,vg) solves (3.2.4) on By and

1 1

My :=u] +v7, k=12,

satisfies

Mk (yk) > 2k (1 + diSt_l (yk; 831)) .

By Lemma 2.10 and Remark 2.11, it follows that there exists x; € B; such that

and

My (z) < 2My (zg), for |z — x| < k’]Wk_1 () -

Define rescaling of (uy, vy) as follows

e = M ()

ur (y) = Nug (2 +Mey), Uk (y) = Mok (2 + \y), |y < k.
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We then have A\, — 0 and (uy,vy) satisfies

(—A)" U (y) = eu(y)?y (v)

(=A)" 0k (y) = c (y)up (y)

for |y| < k. Here

ik (y) =ci(zp+My), 1=1,2

satisfies Cy < ¢ (y) < Cy and for each R > 0, k > ko (R)
[ () — T (2)] < C1 M (y = 2)° < Cr(y = 2)|° for [yl |2] < R. (3.2.5)

By Ascoli-Arzela theorem, there exists ¢; in ¢ (]RN ) with ¢ > (5 such that ¢;;, — ¢
in Cy,e (RN ) subject to a subsequence. Since A\, — 0, (3.2.5) implies limit functions
¢; are actually constants. We write the limit constants as [y, ls. Moreover, By stan-
dard elliptic LP estimates and Sobolev embeddings, we conclude that subject to a

subsequence, (uy,Uy,) converges in CZ (RY) to a (classical) solution (0) of

(—=A)"u(y) = L' (y)

(=A)" 0 (y) = lLul(y) (3.2.6)

in RV, Since
@ (0)+7 (0) =1

and

1

U (y) + 37 (y) <2, when |y| < k.
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We have (0) + 27 (0) = 1 and u (y) + 07 (y) < 2. ie (WD) is nontrivial and
bounded solution of (3.2.6), contradicting the assumption for (1.1.1). In particular,

Liouville theorems for (1.1.1) implies the assumption holds when N = 2m+1, or 2m+-2

and 2";(;"_ ng) + 27;5‘1:;1) > N — 2m. The assumption of this Lemma also holds when

: 2m(p+1) | 2m(g+1) _ 2m(p+1) 2m(g+1)
N > 2m—+2 and p, ¢ satisfies P s > N—-2m andmax( po T pal >>

N —2m —1.

Lemma 3.7. Assume (1.1.1) does not admit any bounded nontrivial nonegative so-
lution in RN . There exists a constant C = C (N, p,q,a,b) > 0 (independent of Q and

(u,v)) such that the following holds.
i) Any nonnegative solution of (1.0.1) in Q@ = {z € RN : 0 < |z| < p} satisfies

P

u(z) < Cle|™™ andv(z) < Cla|™” 0<|9(:|<2

ii) Any nonnegative solution of (1.0.1) in Q = {z € RY : |z| > p} satisfies

u(z) < Cle|™ and v (x) < Clz| ™7, |z > 2p.

Proof. Assume either Q = {z € RV : 0 < |z]| < p} and 0 < |zo| < £

or Q={z e RV :0< |z| <p} and |z] >2p. Let R = @, it then follows

|70l 3|zl

T<|x0+Ry|<

for y € By.
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So z¢ + Ry € Q in either case. Define
U(y) = Ru(wo+ Ry), V(y) = R%v(z0 + Ry).
Then for y € By, (U,V) is a solution to

(=AU =c(y)* VP (y)
(—A)*"V = c(y) U (y)

with ¢ (y) = |y + 2|. Recall that |y+%°’ € [1,3] for y € By and |c(y)|lon < C.
Apply Lemma 3.6 we yield
U(0)+V(0) <C.

From which it follows

u(xg) < CR™™, v(x) < CR77,
the conclusion then follows. =

Proof of Theorem 3.2.3.
Assume (u,v) is a solution of (1.0.1) on RY (bounded or not). Then for each

7o € RY and R > 0, by applying Lemma 3.7 in = B (x¢ R) , we obtain
u(xg) < CR™, w(xg) < CR.

Letting R — oo, we obtain

u(xg) = v (x9) =0,
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therefore

3.2.2 Nonexistence of bounded positive solutions with slow
decays
Proof of Theorem 3.2.1.
In this section, we focus our attention to bounded positive solutions and prove
Theorem 3.2.1.
We shall adapt Souplet’s idea [17] of a measure and feedback argument combined

with Rellich-Pohazaev identity. Lemma 3.5 implies
F(R) <CGi(R)+ CGy(R),

where
Gi(R) = RY / |wi| |Vm—i] ds
! lz:; SNfl

and

m—1

(‘u;n_l_l} + R ]um,l,1|) (]vf] + R ]vl|) ds.
0

GQ(R)—RN/

SN-1 T

Following Souplet’s idea, we shall prove there exist constants C, a > 0, b < 1 such
that

F(R) < COR“F"(R). (3.2.7)

It then follows

F(R)—0 as R— oo,
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which implies

To prove (3.2.7), we follow a similar procedure as [17]. We shall first estimate G; (R)
and Go (R) in terms of highest derivatives of the solution (u,v) and (u,v) in suitable
LP spaces. Then use a feedback and measure argument to evaluate those bounds in
terms of F'(R).

Stepl. FEstimation of Gi(R) in terms of suitable norms of D*™u(R) and
D>y (R).

Fix [ € {0,1,---m}, Holder’s inequality gives

/ ] [0 ds
gN-1

< lwlly, llom—illa

where a%%—ﬁ =1 is chosen so that
l
1 2m—2I 1 2m — 21
S < S <1- :
k N-1 = o — N -1
1 21 1 21
-_ < 1 —-—<1—- —-. 3.2.8
d N-—-1 — 7 N -1 ( )
Here

2mp(qg+1)+a+bp
2m(p+1)(¢g+1) +a(g+1)+b(p+1)

2mq(p+1)+aqg+0b
2m(p+1)(¢+1) +a(g+1)+b(p+1)

Q= T =



Such «; exists since by assumption,

N N+b
e N N am s N—1-2m

p+1 qg+1

Let

1 1 2m-201 N-2m+20—1

’}/l_k’ N—1751_ N—1 ’

11 20 1 N-20-1

w d N-1"v¢%  N-1 "

Case I: 7, > 0, w; > 0.

By Hoélder’s inequality, we have

171/1[
m ’

1

lilla, < Mualls flul

1—
lom-illa; < lom-llyy lom—illy, ™

with
1 . 2%} 1 — 1y
aq 0y ! ’
1 o Vo 1 — Uy
Q; Uy w

Applying Lemma 2.5, we deduce

IN

lulls, < € (103"l + Nl

IN

8. (Rzm—2z HDim—mulHHa i ||ul||1> 7

60

(3.2.9)

(3.2.10)



hll, < € (| D3], + el
< C (R D w), + lllly) |
and
Fomilly, < € (I1D3vmall, . + Nomlly)

IN

C (R || D2l + 1oty )

lvm-ill,, < C(||Dgvm-tl,+ lvm=ll,)

C (B || D vm-ill + lom-ally) -

IN

Combining (3.2.9),(3.2.10),(3.2.11) , (3.2.12) and (3.2.13), we conclude

/ | [om_a| s
SN-1

< lwllg, llom-illy

< COR2™ (Hchm_mulHHa | R2mt “ulul)m

. (HDim—QlulHk + R—2m+2l HulHl)l—Vll
(Lot S s T I

l—Vgl

) (HDilUm—lHd""R_Ql ||Um—l||1) .
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(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

Case II: Either v, < 0 or w; < 0 but not both. We can take vy; =1 (if v, <0) or

vor =1 (if wy <0), it is easy to see that (3.2.14) still follows.
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Case III: Both v, <0 and w; < 0. This is equivalent to

2m(q+1)+aq+5b >1_2m—2l
2m(p+1)(g+ 1) +a(g+1)+b(p+1) N-1
and
2m(p+1)+a+bp 21
>1— ——
2m(p+1)(¢+1)+a(g+1)+b(p+1) N-1
which gives
2m(p+2+q) +alg+1)+b(p+1) _ 2m
2m(p+1)(¢+1) +a(g+1) +b(p+1) N-1

Contradiction to pg > 1 and N > 2m + 1.

From (3.2.14) we obtain the following upper bound on G, (R).

Gi(R) < CRM S ([ D22+ B2 ], )
=0
. (HDiszulHk + R2m+2 ”ull‘l)lwu

2 —9 v
(D2 vl B o)

(| D o, + R va,lul)l‘””} . (3.2.15)

Step 2. Estimation of Gy (R) in terms of sutiable norms of D?*™u(R) and
Dy (R).

Fix 1 € {0,1,2,--- ,m—l}.Foré—f—Bil,:l,

/S (i + B il (o] + BT o))

< (Nthumioallyy + B el ) (lefllg + B ully) - (3:2.16)
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By Lemma 2.5 and Holder inequality;,

B umerally, < CR™ (11Dt + -1l
< C (||Dxum_l_1||ﬁl +R7! Hum_l—1|l1> ; (3.2.17)
R ully < CR™ (IDouily, + ul, )
< C (HvalHBl, + R Hlel) . (3.2.18)
By Lemma 2.5 for % = % — %
HDmumflfIle < C (”DZlJrleumfllek + ”D:rumfllel)
< C (RQZH HDil“Dxum,l,lHk + | Datwmi-ally) »  (3.2.19)

and for - = § — 2=
IDsuill,, < C (| D5 Dyl + | Dol
< C (R D22 Dau|| , + | Deurlly) - (3.2.20)
For n, = #71_2, K| = #;;2[, Lemma 2.5 implies
1Dstially, < € (I[P Dt i, + 1Dt il )
< C <R2z+1 HD?HDmum,l,lHHs + HDwumfl71H1>
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and

1Dzl

IN

¢ (IID3m=*"'Daui]. + 1 Dsull,)

< C <R2m—2l—1 HDim_m_lDszHe + ||Dzvl||1> :

. Nta , N+b _ e 11
Assumption s i i N — 2m implies o T < 1.

Therefore we can pick 3, = z; € (1,00) in (3.2.16) such that

l_2l+1 < i<1_2l+1’

ke N-—-1 = z— N -1
1 2m—-20-1 1 2m — 20 -1
-_—— Y - < 1-—<1- — 2.21
d N -1 - Zl_ N -1 (3 )

Case I: p; > 0, 0; > 0. Holder’s inequality gives

17T11

HD:cum—l—lHZl < N Dzl ||Da:um—l—1||pl

= m
< C <R21+1 HDiHleum—l—lHHa + ||Dxum_z—1!|1>m
(R DR D+ WDt ])
CR*H! (HDngDzumflleHs + R HDxum’lAHl)m

(| D Dyttt a]], + R | Dot [ly) ™, (3:2.22)

where

1 Tll+1_Tll
2l m pi
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and
1ol < IDzuill 2 Doy, ™
< C (R2m—2l—1 HDim_Zl_IDrleHs N HDmlesz
. (R2m—2z—1 HDim_ﬂ_lD‘Dled + ’|D$Ul||1)1_7—2l
— CRpm2-1 <HD§Z+1D$UW—I—1H1+6 L pm2Al ||DIUZ||1)T2l
. (Hng—m—lle”d + R2mt2+l HvalHl)l—m 7 (3.2.23)
with

Combining (3.2.17), (3.2.18) , (3.2.19), (3.2.20), (3.2.22), (3.2.23) we have

/SN_1 (Jup 11| + B i) (Jof] + B u])

< (toercall, + B tmeicall, ) (lofllg + B )
< C(IDswm—iall,, + B i lly) <||Dacvl||zg +R™ ||Uz||1>

Tl
S CRQm (HDzH_leum—l—lHl_’_a + R_Ql_l ||D$Um—l—1||1 + R_QZ_Q ||um—l—l|ll>

_9]_ _9]_ 1—
: (HDzH_leum—l—luk +R 21 ||Dxum—l—1||1 +R -2 ||um—l—1||1) TU
T
. <HD320l+1Dxum—l—1H1+a + R—2m+2l+1 ||val||1 + R—2m+21 ||Ul||> 2t

(|| DZH Doty 1 ||, + B72H | Doy ||, + R () (3.2.24)

Case II: 0, < 0 or p; < 0 but not both. We can take 7y =1 (if p, < 0) or 79y = 1

(if o, < 0), it is easy to see that (3.2.24) still holds.
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Case III: Both 0; < 0 and p; < 0. This is equivalent to

2m(g+1)+aqg+0b >1_2m—2l—1
2m(p+1)(¢+1) +a(g+1) +b(p+1) N -1

and

2m(p+1)+a+bp - _20+1
2m(p+1)(¢+1)+a(g+1)+b(p+1) N—-1

which gives

2m(p+2+q)+a(g+1)+b(g+1) -
om(p+1)(¢+1) +a(g+1)+b(p+1) N-—1

Contradiction to pg > 1 and N > 2m + 1.

It follows from (3.2.24) that

m—1
G2(R) < CRM Z /SN_1 (|un_i—q] + B tm—ieal) (Joil + R |w])
1=0

< CRNJer

m—1

S Dt i, + B I Datally + B2 )

=1

ol ol 1—
) (HDilHngum,l,lHk + R Doty ||, + 722 ||um71—1||1) Tu
T
) (HD:?:m_m_levl”HE 4 R2mA2t | Dol + R2m+2l ||UZH1) 2

l

(|2 D], + RTPMEH [ Dy + R ||v,||1)1‘m} . (3.2.25)
Step 3. Measure and Feedback argument.

We first define the following set

Iy (R) = {re (R2R): Ju ()} > KR},



IG5 (R) =

—
=

€ (R.2R) : Ju(r)g > KR,

| |
/—/H

(R,2R) : | D2"u(r); > KR™NF (4R)}

= { Dz )|y > KRVF(AR) |
- { ) D2l > KR
)= {r e (2R DR 22> Rt

For fixed [ € {1,2,--- ;m — 1}

Tsi (R) = {r € (R.2R) : Jum-i-1 ()]}, > KR720"D}
Lo (R) = {r € (R,2R) : | (r)|l, > KR},
T (R)={r € (R,2R) : | Dyttyy_y—1 ()|, > KR™OHm=1=0=11
Iy (R) = {r € (R,2R) : |Dyv; (r)||, > KR},

From Lemma 3.2 we deduce

2R
cRN72m—e > / r¢||v (r)||£ rNldr > ‘F(l) (R){ KR ?m—apN-1
R

which implies

1
I' (R
| o )‘ < dm + 8
for K > 1. Similarly, we get
1
05 (R)]
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for K > 1.
To estimate I'y (R), by (3.1.10) in Lemma 3.4,

2R
CF(4R) > / | D2mE N1
R

v

Ty (R)| KRNF (4R) RN !
= Iy (R)| KR™'F(4R),
From which it follows that for K > 1

1
4m—|—8R'

M1 (R)] <

Similarly we deduce from (3.1.11),(3.1.12) and (3.1.13) in Lemma 3.4 that

1 1 1
mRa I3 (R)| < mR; T4 (R)| <

T2 (R)] <

By (3.1.6) in Lemma 3.4,

2R
CRN—a—Q(m—l—l) > / ||um—l—1 ||1 T‘N_ldT
0
2 |F5l <R>| KR_a_2(m_l_1)RN_l7
which gives
1
I's; (R)| < R
st (7)] dm + 8

when K > 1 and similarly (3.1.7), (3.1.8) and (3.1.9) implies

1 1 1

r
P (R)| < g P (B)] < 5 R [P (R)] <

R
4dm + 8

R
4dm + 8
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when K > 1. In particular, when K > 1,
P(R):(R {Uy 1F] R) i= 1F(R>U711U§5 Jl }7&0

Pick R € I'(R), by (3.2.15) together with the observation that w,, = |z|*v?, v, =

|z|° u?, we have

G1 (E) < CéN;/SNl ’ul‘ ’Umfl’

< O RN+2m Z { <HD3:m_2l“lH1+g 1 Rp2mt ”U1H1>W
1=0

171/1[

. <||D920m_2lulHk + E—Zm-i—?l Hul”1>

1—1/2[

- (IIDlem—zHM B o) - (1020l + B lowaall) )

S CRN+2m Z{Ras (2m+ )Vu (R NF (4R)) 1 km <Rw i R_2m_6)uzz

(riramt s )

< CRF’(4R),

with
N N ) 2m + o — ae 2m+ B — be N
- 4. = _N_9 T

a a IIlllIl{ m + T v+ 5z Vo + k( Vi)
N
)

~ 1

b = mlaX—<1_Vll)+8(1_V21>-

k
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On the other hand, we have

Gy (ﬁ) < CRNtm
m—1

S Dat |+ B I Dat ol R il

=1
_9]_ _9]_ 1—
. (||D;l+1Dzum7Z71Hk + R 2=l ||D:rumfl71H1 -+ R 20-2 H'U/m—lfl”l) o

T
(IIp2m== D], + R Dyl + R )
(D2 D+ R Dl + B ) )

< ORN+2m

m—1

: Z { (HDimuHHE + R Dyt ||, + B2 ||um_z—1||1)m

=1
) (”Dimqu + R HDarum—l—lHl + R Hum—l—lHl)l_m

.
(D20l + B2 Doy + R )
(D2l + B D), + B ) )

< C’RN+2m

m—1

) Z {(R% | p2-1R-a—2(m—i-1)-1 | R72l72R70472(m7l71)>T”

=1

. (R—N/RF% (4R) + R—2l—1R—a—2(m—l—1)—1 + R—Ql—zR_a_Q(m_l_l)> 1—71;
. (R%W | RA-lR—B-2(m—i-1)-1 R—2l—2R_g_2(m_l_1)>m
. (R*N/dpé (4R) + R72171R7572(m7171)71 + RZlZRﬁQ(mll)>l—’m}

< CR"F’(4R).

Here
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and

_ 1 1
b:mlELXE(l—Tll)‘i—c—i(l—TQl).

We claim that there exists a constant M > 0 and a sequence R; — oo such that
F(4R;) < MF (R;).
Otherwise for any M > 0, there exists R,; such that for R > Ry,
F(4R) > MF (R).
Since (u,v) is bounded, we have F'(R) < CRY, R > 0. Thus
M'F (Ry) < F (4Ry) < CRY, (4M)"

Contradiction for i large if M > 4.
Assume we have shown a = a. = min (a. ,a;) > 0, b = b. = max (@, 5) <1, we

have

F(R)) < CRF’(4R))

< CM°R™F*(Ry),

which gives



Letting ¢« — oo, we deduce that
/ [|x|auqJrl + |z|" Pt | da = 0,

hence u = v = 0, a contradiction.

Step 4. If a>N—2m—1, theng,/l;<1 and a;,a. >0 for e < 1.

First we show a. > 0, b<1.

-1 -1
Since vy = (+ — L Dandvy=(+ -1 R
i ol aj " (] wi o wy

to show b < 1, we need to show for all [,

1 1
E (1 — Vll) + a (1 — Vgl)
= ﬁzzl\u + 671121

_ o(N-2ma2-1 1N (1 A
- P N -1 (87 4 (07] N -1 '

Here
2mp(q+1)+a+bp . 2mq(p+1)+ag+b
2m(q+1)~|—aq+b’q 2m(p+1)+a+bp -

p:

It then follows that

And

implies
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We have

I 2m (p+1)+a+bp
G+1 2mp+1)(g+)+a(@+)+b(p+1)

~ 1

Ay = m(l—Vﬂ)
 (N-2mt2-1 1
- ()

Ay = ;(1—%1)

g+1

AT
N (0%} N -1 .
(3.2.26) is equivalent to

N-2m+2-1 _ 2 P—q

- 2.2
P71 q (3.2.27)

Recall «; is chosen to satisfy (3.2.8). Such «a; € (1,00) satisfying (3.2.8) and

(3.2.27) exists provided

(Ll 2m=2 2N L om0 12 (3.2.28)
max | - — - 2.
\FT N1 N—1)=me N—1'G+1 N-1

and
N—-2m+2—-1 _ 2l _ 2m — 21
p N 1 —qN_1—1<(p—”)(1— N—l)’ (3.2.29)
N—-2m+2—-1 _ 2l _ 1 21
— —1 — . 2.
p N1 Iy < (p ®(5+1+N—1) (3.2.30)



(3.2.28) follows from the assumption that N > 2m + 1 and

(3.2.29) is equivalent to

which follows from

1+4 1+2 2m 2m
>l——>1— —.
p+1+q+1 N N —1
N —1-2m ]
q N—1 Y
~_plg+1) 2m 2m N -1
<—=14+4—x<1 = .
1= p+1 +oz +N—2m—1 N—1-2m

And (3.2.30) can be rewritten as

N-2m—-1_ p+1
P<="7>
N -1 qg+1

which is equivalent to

a>N-—-2m— 1.

Finally, since

@m+a)(k—1) =8, 2m+p8)(d—1)=a,

we can write for each [

Qo1

N
—N—2m—|—(2m+0z)1/u—|—(2m+ﬂ)vzl—|—?(1—1/11)—1-
2m — N+a+ 4+ (N —2m—a —f) (ﬁﬁlﬂrzjﬁgl)
(2m—N+a+ﬂ) (1_5EIZ_5A\21>

0.

d

(1 — V2l)



5

It then follows ag > 0, thus a. > 0 for ¢ < 1.
Secondly we show @ > 0, b < 1. This can be shown in a similar way as

a.,b. We write all details for readers’ convenience. Since 11, = (% — %) (Zil — %) ,

2 oy

1 _
Ty = (i - i) (l, - i) , to show b < 1, we need to show for all [,

1 1
E<1_T”)+8(1_T2l>
= pAy+ qAy
N —-2[—-2 1 1 2m — 21 — 1
_ = = 2 7 (e — 1. 2.31
p< N—1 zl)+q<zl N -1 >< (3 3>
Here we used
1
Ay = — (1 -
1 5_1_1( 7'11)
B N—2l—2_l
B N -1 2l ’
Ay = = (1=m)
A = Ej—l—l T2l

(1 2m—2—1
N Z2] N —1 ’
(3.2.31) is equivalent to

p—q
1< . 3.2.32
N -1 Z] ( )

N-=20-2 2m-2l-1
p N_1 q

Recall z; is chosen to satisfy (3.2.21). Such z; € (1,00) satisfying (3.2.21) and
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(3.2.32) exists provided

D 2041 2m -2l -1 20+1 1 2m — 21 — 1
max( P + m )Smin(l— + + m )

p+1 N—-1 N-1 N—-1G+1 N -1
(3.2.33)
and
N—-20—-2 2m—-20—-1 - 20+1
- —1<(p— 11— —— 3.2.34
AR Y Sl -o(1-Fy). B2
N-=-20—-2 2m—2[—1 - 1 2m — 20— 1
- —1<(p— . 3.2.35
PN =1 TN 2 ®<q+1+ N_1 ) (3:2:35)
(3.2.33) follows from
1+4 1+2 2m 2m
>l——>1— ——.
P+l gt N N_1
(3.2.34) is equivalent to
~N—1—2m<1
q N _1 )
which follows from
_ _pl@+1) 2m 2m N -1
<P T - .
S L Y g D g )

And lastly (3.2.35) can be rewritten as

N-2m-1_ p+1
P<="T7;
N -1 g+1




which is equivalent to

a>N-—-2m— 1.

Finally, for each [

g = —2m—N+02m+a)(1-@+1)Au)+2m+5)(1—(7+1)Ax)
+NpAy + NGA,y,
= 2m—N+a+ B+ (N —2m—a—B)(pAy + §Az)
= 2m—N+a+p)(1—pAy — ¢Ay)

> 0.

It then follows ag > 0, thus @; > 0 for ¢ < 1.

7



Chapter 4

Conclusion

4.1 Future Directions

My future research for the higher order elliptic systems are in two folds. Firstly, to

remove the extra condition.

<2m(p+1)—|—a—l—bp 2m(¢+1)+aq+0b
max

, )>N—2m—1.
pq—1 pq—1

This of course requires new ideas. I will start with simple cases a = b = 0 and try to
see if there is additional identity that can be used in combination with measure and
feedback argument.

Secondly, I would like to extend my result to the study of the Liouville type theorem
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for integral systems.

_vy)
= Jux
oy g
uq?(Jy) in RY, (4.1.1)

f]R y|N @

Where p > 0,g >0 and N > 3, 0 < a < N. The corresponding differential equation

to the integral systems (4.1.1) is equivalent to the higher order Lane-Emden system
in RV{0}, (4.1.2)

where a = 2m and m € N. I would be mainly concern with for what values p and

q does (4.1.1) admit no positive solutions. Chen and Li [22] showed the following.

Under the integrability conditions v € LP*(RY) and u € L% (R"Y) where p; = ((Z q+11))

n(pg—1)
2(p+1) °

and ¢ = positive solutions are radial. In particular, their result solves the
conjecture for Lane-Emden system when o = 2 under the integrability assumption.
Note their integrability assumption is mainly used in deriving radial symmetry via
moving plane method for integral system. 1 would like to see if I can drop the
integrability assumption.

Thirdly, I would like to extend my result to the study of the Hardy-Sobolev type

integral systems

) = o v(y)

[z — y|N=ey|o

u(y
T) = fRN |z — y|N-a|yl|o

in RY, (4.1.3)

Where p > 0,g>0and N > 3,0 < a < N, o, >0, g9 > 0. Its corresponding system
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of differential equation is

in RV{0}, (4.1.4)

If « = 2m and o; € RY system (4.1.4) reduces to the Henon-Lane-Emden sys-
tem (1.0.1). Villavert [20] showed the following. Let p,q > 0 and a € [2,n) and
01,09 € (—00,a). Then the system of integral equations (4.1.3) has no positive ra-
dial solutions. In particular his results solved the conjecture for the radial solutions
for the Henon-Lane-Emden system. Villavert solved the conjecture using decay esti-
mates for radial solutions and integral forms of a Pohozaev type identity. I would like
to see if I can use integral form of some type of identities combined with the measure

and feedback argument to prove the general case.



Bibliography

1]

F. Arthur, X. Yan and M. Zhao: A Liouville theorem for higher order elliptic

system. Discrete Contin. Dyn. Syst. 34 (2014), no. 6, 2513-2533.

J. Busca and R. Manaésevich: A Liouville-type theorem for Lane-Emden sys-
tems. Indiana. J. 51 (2002), 37-51.

C. Cowan: A Liouwville theorem for a fourth order Hénon equation. Adv. Non-

linear Stud. 14 (2014), no. 3, 767-776.

M. Fazly: Liouville theorems for the polyharmonic Hénon-Lane-Emden sys-

tem. Methods. Appl. Anal. 21 (2014), no. 2, 265-281.

M. Fazly and N. Ghoussoub: On the Hénon-Lane-Emden conjecture. Discrete
Contin. Dyn. Syst. 34 (2014), no. 6, 2513-2533.

P. Felmer and D.G. de Figueiredo: A Liouwville-type Theorem for elliptic sys-
tems. Ann. Sc. Norm. Sup. Pisa XXI (1994), 259-284.

C.-S. Lin: A classification of solutions of a conformally invariant fourth order

equation in R™. Comment. Math. Helv. 73 (1998), 206-231.

81



8]

[10]

[11]

[12]

[13]

82

J. Liu, Y. Guo and Y. Zhang: Liouville-type theorems for polyharmonic sys-
tems in R™. J. Differential Equations 225 (2006), 685-709.

E. Mitidieri: A Rellich type identity and applications. Comm. P.D.E. 18
(1993), 125-151.

E. Mitidieri: Non-existence of positive solutions of semilinear elliptic systems

in R™. Diff. Int.Eq. 9 (1996), 465-479.

Q. H. Phan: Liouuville-type theorems and bounds of solutions for Hardy-Hénon

equations. Adv. Differential Equations 17 (2012), 605-634.

Q. H. Phan and Ph. Souplet: Liouville-type theorems and bounds of solutions
of Hardy-Hénon equaions. J. Diff. Equ. 252 (2012), 2544-2562.

P. Polacik, P. Quittner and Ph. Souplet: Singularity and decay estimates
in superlinear problems via Liouville-type theorems. Part I: Elliptic systems.

Duke Math. J. 139 (2007), 555-579.

J. Serrin and H. Zou: Non-ezistence of positive solutions of semilinear elliptic

systems. Discourses in Mathematics and its Applications 3 (1994), 55-68.

J. Serrin and H. Zou: Non-existence of positive solutions of Lane-Emden

systems. Diff. Int. Eq. 9 (1996), 635-653.

J. Serrin and H. Zou: Fxistence of positive solutions of Lane-Emden systems.

Atti Sem. mat. Fis. Univ. Modena 46, suppl, (1998), 369-380.

P. Souplet: The proof of the Lane-Emden conjecture in four space dimensions.

Adv. in Math. 221 (2009), 1409-1427.



[18]

[19]

83

M. A. Souto: Sobre a existéncia de solugoes positivas para sistemas coopera-

tiwos nao lineares. PhD thesis, Unicamp (1992).

J. Villavert: Qualitative properties of solutions for an integral system related
to the Hardy-Sobolev inequality. J. Differential Equations 258 (2015), no. 5,

1685-1714.

J. Villavert: Sharp existence criteria for positive solutions of Hardy-Sobolev

type systems. Commun. Pure Appl. Anal., 14(2):493-515, 2015.

J. Wei and X. Xu: Classification of solutions of higher order conformally
invariant equations. Math. Ann. 313 (1999), 207-228.

W. Chen and C. Li: An integral system and the Lane-Emden Conjecture.
Discrete Continuous Dyn. Syst. 24(2009),n0. 4,1167-1184.

X. Yan: A Liouville Theorem for Higher order Elliptic system. J. Math. Anal.

Appl. 387 (2012), no.1, 153-165.



	University of Connecticut
	OpenCommons@UConn
	8-16-2016

	Liouville-Type Theorems for Higher Order Elliptic Systems
	Frank Arthur
	Recommended Citation


	tmp.1476600231.pdf.wZ2uz

