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ABSTRACT

In 2005 Blache studied certain generalized Gauss sums and established an analogue
for them of Stickelberger’s congruence for classical Gauss sums over finite fields. We
improve on Blache’s work in two ways: (i) simplify Blache’s proof and give a second
proof that works for a larger family of generalized Gauss sums, and (ii) give a p-adic
lifting of Stickelberger’s congruence for the larger family of generalized Gauss sums
that is partial progress towards a version of the Gross—Koblitz formula for these sums.
In addition, we study this larger family of generalized Gauss sums, prove a formula for
them which simplifies computations, prove Stickelberger-type congruences for power
series representations of these sums, make a conjecture for their degree over @, and
prove cases of it. We conclude by making a family of conjectures for generalized Gross—
Koblitz formulas regarding generalized Gauss sums and power series representations

of them.
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Table of Notation
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Cr root of unity of order k
Py [, groups of roots of unity of order dividing k and of order exactly k
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G(x,v) Gauss sum associated to x and
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Chapter 1

(Gauss sums over finite fields

1.1 Definition over the complex numbers

In this section, we define Gauss sums over C and look at some examples. Let p be a

prime, f > 1 an integer, ¢ = p/ and denote by F, the finite field of ¢ elements.

Definition 1.1.1. For a multiplicative character x: Fy — C* and an additive char-

acter ¢: F, — C*, the Gauss sum associated to x and ¥ is

Gx,v) ==Y x(@)i().
z€Fy
The minus sign in front of the sum makes later formulas look neater (see Theorem
1.2.2). The image of y is in the (¢ — 1)* roots of unity in C, whereas the image of ¢
is in the p™ roots of unity in C. Fixing a nontrivial p™ root of unity ¢, € C, there
Trp, /v, (zy

is a unique y € F, such that ¢ (z) = (, ! for all € F,. When y =1, we call

U(x) = (pTrF"/F”(w) the basic additive character F, — C*.

1



Definition 1.1.2. Fix a root of unity ¢, € C of order p. For a multiplicative character

x: Fy — C*, the basic Gauss sum associated to x is

Trp, /7, () ot taP? 4! T
Gl =— Y x(@)G 7 == x(a)grrrr

z€Fy z€FY

Note that G(x) is a special case of G(x, ), where 1) is the basic additive char-
acter. We now show that the basic additive character is essentially the only additive

character F;, — C* we need to worry about for the Gauss sums G(x, v).

Lemma 1.1.3. If ¢ : F, — C* is a nontrivial additive character, then

where x(y) = 1/x(y) = x(y™).

Proof. Let ¢ : F, — C* be a nontrivial additive character, or equivalently ¢ (z) =

CpTr(my) for y # 0. By the change of variables z — x/y we get

Glo¥) = — 3 @& ™ = = 37 (@ /y)6 " = X6 (),

z€Fy z€Fy

where x(y) = 1/x(y) = x(y ). -

Since G(x,v) differs from G(x) by the simple scaling factor x(y), it is enough to

focus on the basic Gauss sums G().

Example 1.1.4. Let p = ¢ = 5 and i« € C be a primitive fourth root of unity. Set
Fs = Z[i]/(2 — i) so that i = 2 mod (2 —1). We let n: F2 — C* be defined by setting



n(x) to be the unique fourth root of unity in Z[i] such that n(z) = z mod (2 — 7).

Since every multiplicative character of F7 is a power of 77, we have the following table.

X G(x)
—G-G-¢E-¢=1
n| =G —iQ +i¢E + ¢
7Pl —GHE+E -G

| =G +i2 —iE+ ¢

1.2 Properties of Gauss sums over C

In this section, we discuss the Archimedean absolute value of G(x), the Hasse-
Davenport relation, L-functions of Gauss sums, and the Riemann Hypothesis as-

sociated to them.

1.2.1 Archimedean absolute value and Hasse-Davenport re-
lation

When y = 1 is trivial,

zeFy z€lFy

T
since the sum of all the values of a non-trivial additive character (, 0/ ()

over its
full domain FF, is 0. For non-trivial x, while the number G(x) can vary, its absolute

value does not.



Theorem 1.2.1. For non-trivial multiplicative characters x: F — C*, we have

Proof. See [11], p. 4]. O

In particular, this implies that G(x) # 0, which will be used in Section to
get the degree over Q,, of the p-adic-valued version of G(x).

The Hasse-Davenport relation connects Gauss sums on F, and extensions of [F,.
For a multiplicative character x: F; — C* and integer n > 1, Y™ = yo NF_» . is

a multiplicative character Fy. — C*. Hence we have

n Trg_p /v, (2)
Gix™)y==> x"()¢ "

.IEF;TL
where the sum is over F;n instead of IF;.

Theorem 1.2.2 (Hasse-Davenport). For any multiplicative character x: F — C*,

we have G(x™) = G(x)" for alln > 1.

Proof. See [0, Theorem 1, p. 162], noting Gauss sums there are not defined with an

overall minus sign. O

1.2.2 [-functions and the Riemann Hypothesis

In this section, we derive a formula for a certain L-function in terms of G(x) and

then verify the Riemann Hypothesis for that L-function.



Definition 1.2.3. Fix a root of unity ¢, € C of order p and a multiplicative character
x: Fy — C*. Let n: (Fy[X]/(X?))* — C* be a multiplicative character defined by
n(a(l 4+ bX) mod X?) = x(a) pTrF‘I/Fp(b). Extend 1 to 0 mod X? by n(0 mod X?) = 0
and lift n to F,[X] by declaring n(g) = n(g mod X?). This function n on F,[X] is

totally multiplicative. The L-function associated to this data is

L(T)= Y n@T*®9=>"{ > nlg|T
monic g k=0 \deg(g)=k
where the sum is over all monic g(X) € F,[X].
Plugging in T'=¢~* = 1/¢° we get
Lo — n(9) 1
@)= 2 N =22 | 2 19| &
< N S\ q
monic = eg(g)_k

where N(g) = |F,[X]/g] = ¢?¢¥. As we can see, L(qg®) is analogous to the L-
function of a Dirichlet character.
By [6, Theorem 2.1], the power series L(T') is a linear polynomial. The only non-

zero monic element of degree zero in F,[X] is g(X) = 1. Letting g.(X) = X + ¢ =



c(1+ X/c) denote all the degree one monic polynomials in F,[X], we get

T) =1+ n(g)T

ceFy

1 Z JFq/Fp 1/C)T
ceFy

=14+ Y (@G T
ceFy

=1-G(x)T.

In particular, when xy = 1 is trivial, implies G(1) =1 and so L(T) =1-T.
The corresponding L-function is then L(¢~*) = 1 — G(x)/q°, whose roots have real
part equal to 1/2 if and only if |G(x)| = \/q. Therefore the Riemann Hypothesis for
L(q~*) is equivalent to Theorem [1.2.1]

Keeping in mind the power series expansion for log(1 — T'), we get

L(T) = exp (log(1 — G(x)T)) = exp (Z n) .

n=1

Theorem [1.2.2] implies

L(T) = exp (Z —G(X("))%) . (1.2.2)

This exponential form of L(7T) is equivalent to its definition through Theorem

1.2.2] In Section 2.2 we use this form to generalize the definition of L(T').



1.3 Definition over the p-adic numbers

We now replace the complex-valued additive and multiplicative characters y and
¥ in the Gauss sums G(x, ) with p-adic-valued characters in order to formulate
Stickelberger’s congruence and compute the non-Archimedean absolute value of Gauss
sums. Let C, be the completion of the algebraic closure of Q,. For any n > 1, we
will denote by ¢, a root of unity of order n in C,. In addition, we let u, = {¢¥ € C,, :
0 < k < n} denote the group of n™ roots of unity in C,. Note that G(y, 1) is a finite
sum of roots of unity in C and thus it is an algebraic integer. Therefore the p-adic
analogue of G(x, 1) we work with in this chapter is an embedding of G(x, ) in C,.

Let x: F; — CJ and ¢: F;, — C be p-adic-valued multiplicative and additive
characters, respectively. Just as for complex-valued additive characters, the image of
1 is in the p™ roots of unity p, C C,. Fixing a nontrivial p* root of unity ¢, € C,,
there is a unique y € F, such that ¢(z) = QpTrFq/Fp “) for all € F,. When y =1, we
call Y(z) = (,,TTFQ/F”(QC) the basic p-adic additive character F, — Cj. The computation
in the proof of Lemma [1.1.3| applies to p-adic-valued Gauss sums and shows that we
only need to consider Gauss sums involving the basic p-adic additive character.

Set Q, = Q,({,—1), the unramified extension of Q, with residue field of order g,
and Z, = Zy[(,—1], the ring of integers of Q,. Then F, can be realized as the residue
field Z,/pZ,. With this notation, every p-adic multiplicative character x: F* — CX

has values in the group of (¢ — 1)™

roots of unity j,—1 C Z; and the character group
of F; with values in C, is a cyclic group of order ¢ — 1, since F is a cyclic group of
order ¢ — 1. There’s a preferred choice for a generator of the character group of F

with values in C,, which we define next.

Definition 1.3.1. The Teichmiller character w: Fy — g1 is the p-adic multi-



plicative character where w(z) is the unique (¢ — 1)™ root of unity in Z, such that

w(z) = = mod pZ,.

Note that F; = F), (qul )X = {Eg_l 0<n<q-— 1}, where Zq,l € Zy/pZ, =F,
is the reduction of ;1 € Z, modulo pZ,. Hence, we explicitly have w (Z;il) =
This implies that w has order ¢ — 1 and therefore every multiplicative character

x: Fy — CJ is a power of w.

Remark 1.3.2. When p = g = 5, the Teichmiiller character w is analogous to 7 in
Example [1.1.4 However, in the construction of Fj there, the ideal (2 — 4)Z[i] could
have been replaced by (24 ¢)Z[i], which makes the definition of n depend on the ideal
over 5Z we mod out by. In the 5-adic case, on the other hand, the prime ideal 5Zs
is the unique ideal we can mod out Zs by to construct F5. Thus, the Teichmiiller

character w is canonical in this sense.

Definition 1.3.3. Fix ¢, € C, a root of unity of order p. For 0 < a < ¢ — 1, the

basic p-adic Gauss sum associated to a is

Tr, T
Gla) == Y wla) g,
z€Fy
The signs in front of the sum as well as in the exponent of w(x)~* make later for-
mulas look nicer (see Remark [1.4.6). As was noted above, every p-adic multiplicative
character x: Fy — C; is a power of w, i.e. of the form y = w™ for some unique

0 <a < q— 1. Compare the following example with Example [T.1.4]

Example 1.3.4. Let p = ¢ =5 and ¢ € Zs5 be the primitive fourth root of unity such

that ¢ = 2 mod 5Z5. We have the following table.



a G(a)
0| -G-¢-d-¢=1
L =G4 — i+ ¢
2| G-
3| —G —ici+i¢k + ¢

1.4 Properties of p-adic Gauss sums

In this section, we find the degree of basic p-adic Gauss sums over Q,, state Stick-
elberger’s congruence, and use it to find |G(a)|,. Then we recall how Stickelberger’s
congruence lifts to an equality, the Gross—Koblitz formula. After sketching a proof of

the Gross—Koblitz formula, we state Baldassarri’s generalization.

1.4.1 Degree over Q,

From Definition and the fact that the Teichmiiller character takes values in 4,1,

we have G(a) € Z,[C4—1, Cp] = Zy[Cp)-

Theorem 1.4.1. The basic p-adic Gauss sums G(a) lie in Z,[(,] for all0 < a < g—1.
More precisely, Q,(G(a))/Q, is the unique extension of degree (p —1)/(a,p — 1) that
lies between Q,(¢,) and Q,.

Proof. Recall that ¢ = p/, Q,(¢,) = Q,(¢,-1,¢) has degree f(p — 1) over Q,, and
the Galois group Gal(Q,((,)/Qp) = Z/fZ x F) is generated by the automorphisms

bp, 0yt Qg(Gp) — Qq(¢p) for y € F), which are determined respectively by their values
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on (,—1 and (p:

Pp(Cg-1) = Cg—la Pp(Cp) =G and 0y(G-1) = G-1, 0y(Gp) = C;g/

The automorphism ¢, is called the Frobenius automorphism. Set ap: F, — F, to be
the corresponding Frobenius automorphism of the residue field F, = Z,[¢,]/({, — 1)
over F,. Applying ¢, to G(a) and using the facts: (1) w(z) € pg—1, (2) Trr, /r,(7) =

Trg, /r, (2), (3) Ep: Fx — [ is a group isomorphism, we get

1 —a Trq p(a:) _a Trq p(xp) 3
6,(G(a) L = 3 waptag D Y S yary g L Ga).

z€Fy

8

m

=
QX

This implies that G(a) lies in Q,((,), the fixed field of Gal(Q,(¢,)/Qu(¢)) = (dp)-
Hence G(a) lies in Z,[(], as claimed. Thus Q,(G(a))/Q, is totally ramified since

Qp(6p)/Qp is.
Now following the same steps as in the proof of Lemma for y € F; we have

0,(Gla) = = 3 we) g " = =3 wi@) G = w(y)*Gla).

z€Fy z€FY

The number G(a) is an algebraic integer, and we can view it in C. Theorem [1.2.]]
implies |G (x)| = /¢ # 0 and so G(a) # 0 for a # 0, while (1.2.1)) implies G(0) = 1 #
0. Hence, 0,(G(a)) = G(a) if and only if w(y)® = 1, which is equivalent to y* =1

since w: F,¢ — 1,1 is an injective homomorphism. The set {y € F : y* = 1} is a
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subgroup of order (a,p — 1) in the cyclic group F)’. Galois theory implies

‘ B p—1 ~ p—1
[QP(G(CL)> : Qp] o ‘{y € IF; Dyt = 1}| a <a7p_ 1)'

Since the Galois group of Q,(¢,)/Q, is cyclic, there is a unique intermediate extension

of degree (p—1)/(a,p—1) over Q,. Hence, Q,(G(a)) is the unique extension of degree

(p—1)/(a,p—1) over Q, that lies in Q,({,). O

1.4.2 Computing p-adic Gauss sums

For computations of G(a) we can use Sage, but at this time it supports only unramified
or totally ramified p-adic fields, not composite extensions of Q,. Hence, to construct
G(a) and run computations, I found a formula for G(a) as an element of Z,|[(,] instead
of as an element of the composite extension Z,[(,] of Z,, which is how it arises from
its definition.

In order to state such a formula for G(a) we use some additional notation. For
any polynomial g(X), denote by d(g) its degree and by s(g) the coefficient of X9)~1
(if d(g) = 0 then we define s(g) = 0). By Hensel’s lemma, there is a lifting w of
any monic irreducible polynomial g(X) € F,[z] dividing X¢' — 1 in F,[X] to a
monic irreducible polynomial w(g)(X) € Z,[X] dividing X9™' — 1 in Z,[X] such that
w(9)(X) = ¢g(X) mod pZ,[X] (i.e., the coefficients of w(g) reduce to the coefficients
of g mod p). In particular, d(g) = d(w(g)) and s(g) = s(w(g)) mod pZ,. We call this
lifting w because the Teichmiiller character (Definition |1.3.1)) w: Fy — pg—1 sends

d(g)

each root of g(X) to a root of w(g)(X): if g(X) = [[ (X — o) where oy, € F, then
k=1

d(g)
w(g)(X) = [T(X —wlax)).

k=1
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Example 1.4.2. Let ¢ = 8. In Fy[X], we have

X —1=(X-D)(X°+ X+ 1)(X*+X?*+1),

where each factor is monic irreducible. The lifting w, sends

wX-1)=X-1,
WX X+ D) =X+ (2+22+ 2%+ X2+ (1422 42+ )X — 1,

WX X2 D) =X+ (1 2+ 22+ X2+ (2422 420+ )X — 1,

which are the irreducible factors of X7 — 1 in Zy[X].

Theorem 1.4.3. Fiz 0 <a<qg—1 and (, € C,. If g, and w(g), respectively denote

a

the minimal polynomials of x=* over F,, and w(x)™* over Q, for any root x € FY of

9(X), then

ORI Y ORI (14.)
g(X)|(Xa=1-1)

where the sum is over all the monic irreducible factors g(X) of X' —1 in F,[X].
The key point in this theorem is that each term in the sum in ([1.4.1)) lies in Z,[(,).

Proof. For any monic irreducible polynomial g(X) that is a factor of X¢! — 1 in
F,[X], d(g) necessarily divides f (recall ¢ = p/) and the trace F, — F, of any root
of g(X) is equal to —ﬁs(g). Hence, collecting together in G(a) all » € F) with a

common minimal polynomial over F,, we have

Gla)=— ) > wla) | ¢, (1.4.2)

g(X)|(X9-1-1) \z root of g(X)
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where the outer sum is over all the irreducible monic factors g(X) of X97! — 1 in
[F,[X] and the inner sum is over all the roots = € F, of g(X).
In addition, if x is a root of g(X) in F,, then the full set of roots of g(X) is

{z,xP, N ,xpd_l}, where d = d(g), and therefore

Z w(z)™ :w(:x)_“+w(:vp)_“+w(:vp2)_“+---~|—w(a:” -
@ root of g(X)

Denote by S(g,a) the sum in (1.4.3). It is in Z, and invariant under Gal(Q,/Q,),
so S(g,a) € Z,.

We now want an explicit formula for S(g,a). It looks like a trace and indeed
we can realize it as one. For z € Fy with minimal polynomial g(X) over Q,, the
minimal polynomial of w(z)~* over Q, is a monic irreducible factor, say w(g).(X) €
Z,|X], of X! — 1. In addition, since Q,(w(z)™*) C Q,(w(z)), the degree d(g,) =
d(w(g)a) divides d(g) = d(w(g)). It follows that S(g,a) = Tr@pd(g>/(@p(w(x)—a) =

—Lg))s(w(g)a). Plugging this formula into (|1.4.2]), we get

d(ga

ORI M- RO

gOOI(Xa=1-1)

which is what we wanted and can be used to encode G(a) in Sage. O

1.4.3 Stickelberger’s congruence

From the previous section we know G(a) € Z,[(,]. Every element of Z,[(,] can be
expanded in powers of z := (, — 1, the standard uniformizer of Z,[(,]. Stickelberger’s

congruence gives the leading term of this expansion for G(a) in terms of the base p
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digits of a.

Theorem 1.4.4 (Stickelberger’s congruence). For every 0 < a < g — 1, we have

yaotait-+ar_1

G(a) = mod ztotarttas—itl
aO!a1! s af,l!

where z = ¢, — 1 anda:a0+a1p+a2p2—|—~~+af,1pf_1 with 0 < a; <p—1 for

0<i<f—1.

Proof. See [11l, Chapter 1, Theorem 2.1], where the congruence is proved in the

number field Q(¢,-1, (,). Through p-adic completion, we get the above result. ]

Example 1.4.5. Substituting (5 = 1 + z in Example [1.3.4, we have the following

table.
a G(a)
0 15%—?modz
1 z+222+2z3+z4+~--5%modz2
2 322+223—|—4z4—|—26+---5Z—?modz?’
3 z3+z4+3z5+227+~~~54modz4

Remark 1.4.6. If we defined the basic p-adic Gauss sum G(a) without the minus
sign in front of the sum in Definition [1.3.3] then in Stickelberger’s congruence we
would need an extra minus sign on the right side. More importantly, if we had used a
in place of —a as the power of w(z) for the multiplicative character in the definition

of G(a), then we would have to write p — 1 — a; in place of a; everywhere in Theorem

4.4
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Corollary 1.4.7. With notation as in Theorem for every 0 < a < ¢—1 we

have wobartayttag )

1 p-1
Gla — |z aptaitaz+-+ay_q _ <_
G(a)l, = |2y ;

Proof. The modulus in Theorem has larger exponent than the power of z on

the right side, and aglay!---a;_1! € ZX. Also |z|, = [¢, — 1], = (1/p)"/®~ V. O

We can improve the exponent in the modulus of Stickelberger’s congruence if we
use another uniformizer of Z,[(,] instead of z = (, — 1. Let = be the unique solution
of XP~! = —p closest to z in C,. This is a uniformizer of Z,[(,] by Corollary

where ™ = 7y 1.

Theorem 1.4.8 (Stickelberger’s congruence). For every 0 < a < g — 1, we have

G(a) € proratra1 7% and

7Tao+a1+~"+af,1 P et
— aptai+-+af_1+p—
G(a mod 7T F-1 ,

N (1,0!(11! - -af_l!

where a = ag + arp + agp?® + - +a;p’ L with0<a; <p—1for0<i< f—1.

Proof. Setting | = n = v = 1, Corollary implies G(a) € mootatFar17Zx and

Sections [3.3.2] and [3.3.3] give two proofs of the above congruence. Alternatively, using

Galois theory to show G(a)/m®t® -1 € Q, and replacing 2z by m in Theorem

1.4.4] we get another proof of Theorem [1.4.8 O]

Note the higher power of 7 in the modulus of Theorem [1.4.8/compared to Theorem
[1.4.4] It is not generally true that G(a) is a p-adic integer multiple of ze0Fat+as1
so G(a) € protatFar17 s truly a special feature of the uniformizer .

In order to compute the m-expansion of G(a) in Sage, we use a formula for ¢, in

terms of m. From [I1], Chapter 14, Section 2 and 3], ¢, = AH;(7), where AH,(X) =
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exp(X + X?/p) € Q,[[X]] converges for |z], < (1/p)/®=Vp@=D/¥* e  AH,(r)
converges since |rl, = (1/p)"/®=D < (1/p)/®=Dp®=1/P  Hence we may simply

write (, as AH; () in ((1.4.1) to get the m-expansion of G(a) € Z,[(,] = Zy|].

Example 1.4.9. Fix p = ¢ = 5, (5 € C5 and let 7 be the root of X* = —5 in C,
closest to (5 — 1. Hence 7* = =5, f = 1 and a = ay. Using Sage and substituting
(s = AH;(7) in Example where AH; (X) = exp(X + X?/5), we get the following

table. Compare the exponents in the moduli with those in Example [1.4.5; they are

larger.
a G(a)
0 = 76—? mod 7
1 7T+7T5+7T9+37T17—|—-~E7T—!1m0d71'5
2|3n2 4+ 270 + 370 4 271 4. .. = %modﬂﬁ
3| 7 4+4AnT + 7 475 4 =T mod 77
Note that G(a)/7® is a power series in 7 = —5 and thus in G(a) € mZ;.

1.4.4 The Gross—Koblitz Formula

Besides being used to get a higher modulus in Stickelberger’s congruence, the uni-
formizer 7 of Q,((,) allows us to lift Stickelberger’s congruence to an equality, which is
the Gross—Koblitz formula. In addition, Theorem says that G(a)/moteattar-1
is a p-adic integer unit and the Gross—Koblitz formula below explicitly describes this
unit as an f-product of the p-adic Gamma function I', evaluated at certain rational

numbers depending on a.
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Definition 1.4.10. For any positive integer n the p-adic Gamma function is given
by
Tp(n+1) = (1) [ &
k=1
ptk

We extend I': Z;, — Z, by continuity with respect to the p-adic absolute value.

Theorem 1.4.11 (Gross—Koblitz formula). For 0 <a < ¢— 1 we have

f—1 ()
aptai+--+as_ | | T a
G(a) = qaoTa st p (q 1) )

1=0

where a¥ is a with its digits in base p cyclically permuted i positions: writing the
base p expansion of a = ag + a1p + a2p2 + -+ af_lpff1 as [a0a1 . ..af_l]p, set
a® =a=lapa...a;_ 1]y, aY = lajay... a5 1a0),, a® = [azaz...a; 1apa1],, and so

on.

Proof. See [8] for the original proof for p # 2, [16] for an elementary proof for all

primes p or [5] and [T1], Chapter 15] for the proof we will partially generalize below. [

Example 1.4.12. The Gross-Koblitz formula lifts the congruences in Example

to equality as follows.
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In general, if x = y mod pZ, then I',(x) = I',(y) mod pZ,, so

r a® =1, (—a) = —1 d pZ
= a;) = mo ,
P\g—1 P a;! P&p

where the second congruence relies on a; lying between 0 and p — 1. This explains
where the factorials of the digits in Stickelberger’s congruence come from. In addi-
tion, since I', (Z,) C Z,, the Gross-Koblitz formula implies G(a)/m%tat+e-1 s a

unit in Z,, not just in Z,[(,]. This ratio lying in Z, is also clear from Galois theory.

Sketch of a proof of the Gross—Koblitz formula

We present a brief sketch of the proof of the Gross—Koblitz formula from [IT],
Chapter 15]. It has three main steps.

Step 1: Show G(a) = (1 — q) Tr(a) = Tr(@) for a completely continuous linear
map « on an infinite-dimensional K-Banach space that induces a map @ on a 1-
dimensional quotient space. Moreover, & decomposes as a composition of f K-linear
maps @;, where ¢ = p7.

f—1

Step 2: Show G(a) = H u; for certain p; € K associated to the maps a;.
i=0

O,

Step 3: Show mzw‘”f‘p( 1) forall0 << f—1.

We will focus on Step 1 and Step 2, which are already interesting: how can the

sum G(a) be turned into a trace and then a product?
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Fix a finite extension K of Q,((,). For r € |K*|, := {|z|, : v € K*}, let

L(r) = {chXk € K[[X]] : |e|,r* — O}.

k>0

= e et

This is a K-Banach space with respect to the norm HZ cu XF
k>0

since K contains an element ¢ such that ||, = 1/r, which implies that £(r) has an

orthonormal basis {1,cX,c*X?, ..., }. In particular, for reasons that will be clear in

Remark with n = [ = 1, we are interested in the spaces £(r) with
1<r<pP /P (1.4.4)

such that r € |K*|,.

Remark 1.4.13. In [II, Chapter 15], Lang defines spaces L(§) where § > 0. For
rational § such that K has an element of valuation &, L(J) = £(r) with » = p° > 1 in

our notation.

Since £(r) has an orthonormal basis, the trace of the completely continuous linear
operator o on L(r) is well-defined as the sum of the diagonal entries in its matrix
representation with respect to any orthonormal basis of £(r). We denote this trace

by Tr(a).

Key fact 1: For r € |K*|, such that 1 < r < p®~U/P there is a completely

continuous linear operator a:: L(r) — L(r) such that

G(a) = (1 —q) Tr(a). (1.4.5)
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We may explicitly set K := Q,(¢,) and r = p/®=V for p odd; or K := Q,((,3) =
Q,(Cs) and r = p/(PP=1) = 21/% for p = 2. In either case, inequality is satisfied
and K is the smallest extension of Q,(¢,) that contains an element of absolute value
r = p"®=Y when p is odd and r = 2'/* when p = 2.

Having G(a) as the trace on an infinite-dimensional K-vector space is not that
helpful. To reduce to a finite—dimensional space, we quotient by the image of certain

differential operators. Fix 0 < a < ¢ — 1. For ¢ > 0, define the differential operators

d a®
D, =X—
dX+q—1

+7X, (1.4.6)

where the constants /(¢ — 1) in the operators D; appear in the Gross-Koblitz
formula. Note that D; are f-periodic: D; = D, for all ¢ > 0. While every D; as an
operator K[[X]] — K[[X]] is a bijection for a # 0, as an operator L(r) — L(r) it is
injective but not surjective for any a since by [I1, Lemma 13, p. 335] the unique solu-

tion to the differential equation D;(y) = 1 in K[[X]] does not lie in £L(r) for any r > 1.

Key fact 2: For all » > 1 in |K*|, and ¢ > 0, coker(D;) = L(r)/D;L(r) is 1-
dimensional over K and we can take {1} to be a basis. Moreover we have the following
commutative relation

ao Dy= Dyoqa.

By this relation, there is an induced linear map @: L(r)/DoL(r) — L(r)/DoL(r)

and we have commutativity of the diagram below.
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Do

0 L(r) L(r) —L(r)/DoL(r) —=0

.

0 L(r) 2= £(r) ——= L(r)/ Do L(r) —=0

By [11), p. 358] this implies Tr(ga) — Tr(a) + Tr(@) = 0, so

(¢ —1)Tr(a) 4+ Tr(@) = 0.

Therefore by Key fact 1 the Gauss sum G(a) is a trace:

G(a) = Tr(a). (1.4.7)

By Key fact 2, @ is an operator on a 1-dimensional K-vector space L(r)/DoL(r) so

equation (|1.4.7) can be rewritten as

a(l) = G) 1, (1.4.8)

showing G(a) is an eigenvalue of @. We will now factor the operator @ in order to

finish Step 1.

Key fact 3: For each ¢ > 0 there is a completely continuous linear operator

a;: L(r) — L(r) such that

a=aqaf 10ar 90 ---0agand a; 0 D; = D;yq 0 pa;.

Thus we get well-defined linear maps a;: L(r)/D;L(r) — L(r)/D;11L(r) between
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1-dimensional K-vector spaces such that a = a;—jo---oay o ap, or equivalently the

diagram below commutes.

L(r)/DoL(r)
a1 U @
ﬁ(T)/DAf—lﬁ(T) 5(7“)/1715(7’)
L(r)/D2L(r)

This completes Step 1. Since the quotient spaces in the diagram above each have

1 as a basis, for each i > 0 there are numbers p; in K defined by

(1) = pi - 1, (1.4.9)

which are not eigenvalues of @; since 1 lies in different spaces on each side.

By applying ((1.4.9) repeatedly we obtain

F-1
a(l)=ajqo0a; 50 ---0oay(l) = H,ulwi
=0
where 1 on both sides is in £(r)/DoL(r). This shows by (1.4.8) that

f-1
G(a) = H L

This completes Step 2 in the proof of the Gross—Koblitz formula.

We collect the key facts used above in the following theorem, whose generalization
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in Chapter 2 is one of our main results.

Theorem 1.4.14 (Dwork-Lang). Fiz 0 < a < g—1 and {, € C,. Fori > 0 and
r € |K*|, such that 1 < r < p®=Y/? there are differential operators D;: L(r) — L(r)
defined by and completely continuous K -linear maps a: L(r) — L(r) and
a;: L(r) — L(r) such that (1) each quotient space L(r)/D;L(r) is 1-dimensional over
K and (2) the induced mapsa: L(r)/DoL(r) — L(r)/DoL(r) anda;: L(r)/D;L(r) —
L(r)/Dip1L(r) satisfy

Gla) = (1 - q) Tr(a) = Tx(a)

and

@ =aj_0a; 0 00 oy,

i.e., the following diagram commutes.

L(r)/DoL(r)
af_1 'K:) ap
L(r)/ D1 L(r) L(r)/D:L(r)
) l
;C..(-T)/Dgﬁ(r)
Proof. See [11, Chapter 15] or Chapter 4 using n =1 = 1. O

The p-adic analytic representation ¢, = AH;(7) where AH;(X) = exp(X + X?/p)
is the first of a family of such formulas. For n > 1 or n = oo, there is a unique root

of

Lo(X) =X+ XP/p+ XV Jp> + -+ X" Jp"
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in C, with absolute value (1/p)Y/P~Y that is closest to ¢, — 1. Denote this root by
7, (not to be confused with m; in Appendix A and other Chapters). In this notation,
the uniformizer 7 from before is 7;. It turns out that m, is also a uniformizer of
Zy|Cp) = Zy|m,] and by Theorem we have ¢, = AH,(m,), where AH,(X) =
exp(L, (X)) € Q,[[X]] (in Appendix B m, is denoted by m, ;). Baldassarri [3] used
the uniformizers 7, and defined higher p-adic Gamma functions I',, ,(x) associated to
T, to prove the following generalization of the Gross-Koblitz formula. We omit the
explicit definition of I';, ,() in [3] since it requires too much setup and is unnecessary

for our discussion here.

Theorem 1.4.15 (Baldassarri). With notation as in the Gross—Koblitz formula ( Theorem
1.4.11), form>1 and 0 < a < qg— 1 we have

11 (i)
_ _aotait+-tap_q a
Gla) = Hrn,p(q_J.

i=0
Proof. See [3]. O

Baldassarri showed this for p # 2, but with a little more care his argument works
for p = 2 as well. It is also worth noting that we may replace 7 by 7, everywhere in

Theorem [I.4.8] which would lift to an equality given by Theorem [1.4.15]



Chapter 2

(Generalized Gauss sums

2.1 Definition over the complex numbers

Set F, = Z,/(p), which is a canonical residue field of order ¢q. We will generalize
the Gauss sums G(x, ) by using continuous additive characters ¢: Z, — C*. The
key point is that the domain of v is not F, as before, so the role of ¢, € C in the
additive character of Gauss sums can be replaced by roots of unity of p-power order
in C. Recall from the previous chapter that the basic Gauss sum associated to a

multiplicative character x: F) — C* (and a choice of (,) is

Trq 4p(x) otaP 2., . f-1
Glx)=— > x(@)G " == x()grrrer e
z€Fy zeFy
If we want to replace ¢, by higher p-power order roots of unity, the exponent Trg,/r, ()

has to be modified since its values only make sense mod p. We will use a p-adic trace.

Let Tr be the trace map Trg,/q,: Q; — Q, and recall w, the Teichmiiller character

25
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(Definition [1.3.1). Since Gal(Q,/Q,) = Gal(F,/F,) by reduction mod p, we have
Trg, /r, () = Tr(w(z)) mod p for x € F,. Thus

Pho(2)P 4o tw(a pft
Gx)=— Y x(@) @) = = 3™ y ()it el e

zEFy zeFy
Let’s see how this change in the trace map that we use modifies Example [1.1.4

Example 2.1.1. With notation as in Example [I.1.4], we have the following table.

X G(x)

1 —6-¢G-@-¢=-¢"-¢"-¢"-¢"
0| =G — i +iC + =~ —it® +i¢® + ¢
Pl ~GHE+E - =0+ ? ™ -

. . w(1 w(2 . w(3 w(4
=G+ i — i3+ ¢t = =W it —ic® ™

Since the exponent on ¢, is now in Z,, rather than F,,, we can replace ¢, with roots
of unity of higher p-power order. For [ > 1, (,; € C and a multiplicative character

x: Fy — C*, set

*qw(a’ !
Gi(x) = — Z X(:L*)C;( @) — _ Z X(m)sz( )Hw(@)Ptw(@)P” 4 Fw(z)?

z€Fy zeFy

When | = 1 the sum G;(x) is the same as the basic Gauss sum G(x). In the sum
Gi(x), the factor C;;r(w(m)) is not an additive character F, — C*. However, substituting
t = w(x), the function ¢ — C;r(t) is a continuous additive character Z, — C* of
order p!. Since w: Fy — pg-1 is an isomorphism with inverse the reduction mod p

map, substituting ¢ = w(r) in G;(x) results in replacing summation over z € F) by
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summation over ¢ € py—1 C Z4. Hence

Gil) = = 32 x0GH == 37 xgr

t€pg—1 t€pug—1

where the sum is over p-adic roots of unity but the values in the sum are complex. It
is now natural to replace the domain of the multiplicative character x: F; — C* by

fq—1 and record this as the definition of G;(x).

Definition 2.1.2. Fix an integer [ > 1 and a root of unity ¢, € C of order p'. For
a multiplicative character x: p,—1 — C*, the generalized basic Gauss sum of level

associated to x is

Gi(x) = — Z X(t)gglr(t) = — Z X(txﬁ-tp_s_..._s_tpf*l.

t€pg—1 tepg—1

Every continuous additive character Z, — C* has finite p-power order since the
only subgroup arbitrarily close to 1 in C* is {1}. The continuous additive characters

Z, — C* of order dividing p' are in one-to-one correspondence with the additive

Tr(tv)
!

characters Z,/p' — C*. By a counting argument they are of the form 1 ,(t) = Cp
for some v € Z, that is uniquely determined in Z,/p’, and 1, , has order exactly p if

and only if v € Z;. When v = 1, we define the basic continuous additive character

wit) = P (t) = ¢

Definition 2.1.3. Fix an integer [ > 1 and a root of unity ¢, € C of order p'. For

v € Z; and x: pg1 — C* a multiplicative character, the generalized Gauss sum of
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level [ associated to y and v is

G0 == > x(¢™.

tEpg—1

This definition includes the previous Gauss sums over C: G;(x) = G;1(x) and
G(x) = Gra(x)-

Remark 2.1.4. For a multiplicative character x: p,—1 — C* and a continuous ad-

ditive character ¢: Z, — C*, the Gauss sum

Glx.v) == Y x()u(t)

tEpug—1

generalizes of Definition [L.1.1} Gi(x) = G(x, 1) and Gi(x) = G(X, Vi)

When v € p,-1, using the change of variables t — t/v as in the proof of Lemma
[LI.3 we get
Grol) == 3 Xt/ = X()Gi).

t€pg—1
Thus we may restrict to studying G;,(x) with v € 1 + pZ,. Note that for general
v € Z; this change of variables is invalid since ¢/v may not be in gy for t € py ;.
Hence, unlike in the case of Gauss sums G(x), generalized Gauss sums G, () as v
runs over Zx do not reduce to a simple multiple of Gy(x). See Theorem for a
decomposition of the p-adic analogue of G;,(x) in terms of the p-adic analogue of
Gr(x) for 1 < k < [. Since all the quantities involved are algebraic, the complex

analogue of Theorem holds as well.



29

2.2 Properties of generalized Gauss sums over C

In this section we use L-functions to show that a generalization of the Hasse-Davenport
relation (Theorem to G;(x) fails and also note through examples that |G;(x)| #
v/@ when [ > 1. Recall from Chapter 1 that the basic Gauss sums G(x) = G1(x)
satisfy both of these properties.

Generalizing L(T') as in equation we have the following definition.

Definition 2.2.1. Fix an integer [ > 1 and a choice of multiplicative character

x: F; — C*. The L-function of level [ associated x is

o0

Ly(T) = exp (Z —Gl(x(”))%> =1-G()T + -

n=1

Adolphson, Sperber and Liu showed that L;(T") is in fact a polynomial of degree
P! (see [1, 2, 12, 13]). Hence for [ > 1, if a generalized Hasse-Davenport relation
were true, i.e. G;(x™) = G;(x)" for all n > 1, then by the same argument as in
Section , we get that L;(T') is a polynomial of degree 1. This would contradict
the fact that L;(T) is a polynomial of degree p'~! > 1 when [ > 1.

By [17, Theorem 3], L;(T) is a polynomial of degree at most p'~* and has nonzero
reciprocal roots in C of absolute value /g. Thus, since G;(x) is the linear coefficient

of L;(T) up to a sign and L;(7") has constant term 1, we have

Gool=1 Y S<r'va

p root of Li(T)

I

where the sum is over all the complex roots p of L;(7). When [ = 1 and x is

nontrivial, the above inequality turns into an equality, i.e., |G;(x)| = /¢ (Theorem
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1.2.1)). For [ > 1 generally we have |G;(x)| # /¢, which can be seen computationally:
for ¢ =3,5,1=2and all x: F* — C*, we have |G2(x)| # \/q-

2.3 Definition over the p-adic numbers

To define the generalized p-adic Gauss sums, set F, = Z,/(p) as before. The p-adic
Gauss sums will use multiplicative and additive characters taking values in C,. Recall

the basic p-adic Gauss sum definition

Gla) == Y wla) g .

z€Fy

Just like for its complex version, we replace Trg, /r,(x) by the p-adic trace Tr(w(x))

first and then substitute t = w(x). This gives

Gla) = — 3 wl(a) M = — 37 4o,

z€Fy t€pg—1
Since Tr(t) € Z,, we may now replace ¢, by any p-power order root of unity in C,.

Definition 2.3.1. Fix an integer [ > 1 and ¢y € C,. For 0 < a < ¢ — 1, the

generalized basic p-adic Gauss sum of level [ associated to a is

. 7a 2, pf-l
Gila) = — Z t*“C;E ) _ _ Z " C;;rtmrtp et
t€pg—1 t€pg—1
Since the multiplicative group p, 1 = {t € Z; : t9=1 = 1} is isomorphic to Fy by

reduction mod p, with inverse the Teichmiiller map w, when [ = 1, the generalized

basic p-adic Gauss sum G (a) is the same as the basic p-adic Gauss sum G(a).
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Example 2.3.2. Forp=¢g=5,1=2andi:=w(2) =2+5+2-5°+--- € Zs, we

have the following table.

a Go(a)

0] —Cs5— <55 - C;E)l - C2751 = —(C25 — C275 - 215? - 2251
1| =Cas + 0G5 — iCo5 + Gos' = —Cas +1CJ5 — G35 + (35
2| —Cos (st G —Gos = —Cos + ¢+ G35 — (B

3| —Cos — iChs + 1Cos + (ot = —Cos — i + 9G35 + (3n

In the definition of G;(a), the factor ¢~ is a p-adic multiplicative character p,—1 —
C, and C;(t) is a continuous p-adic additive character Z, — C of order p' restricted

to frg—1.

Definition 2.3.3. For a p-adic multiplicative character x: p,—1 — C; and a con-
tinuous p-adic additive character v: Z, — Cj, the generalized p-adic Gauss sum

associated to x and v is

t€ERg—1

Every p-adic multiplicative character p,—, — CJ is of the form x,(t) = ¢t~ for
a unique integer 0 < a < ¢ — 1 and every finite order continuous p-adic additive
character Z, — C; has p-power order by continuity. Unlike the continuous additive
characters of Z, valued in C*, continuous p-adic additive character Z, — C do not
necessarily have finite order since there is infinitely many subgroups of C; arbitrarily
close to 1. The continuous p-adic additive character Z, — C; of order dividing P
are in one-to-one correspondence with the additive characters Z,/p' — C, and by

a counting argument they are of the form 1 ,(t) = C];l;r(vt) for some v € Z, that is
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uniquely determined in Z,/p'. Additionally, v, has order exactly p' if and only if

v € Z;. When v = 1, we define the basic p-adic additive character 1, = 1,1 and note

that () = ¢ and Gi(a) = G(xa, t).

Definition 2.3.4. Fix an integer [ > 1 and ¢, € C,. For 0 < a < ¢ — 1, the

generalized p-adic Gauss sum of level [ associated to a and v is

le - Z 2 aC t’U)

t€Rg—1

This definition includes the previous Gauss sums over C,: Gi(a) = G;;(a) and
G(a) = Gy1(a). When v € p,_1, by the change of variables ¢ — t/v as in the proof

of Lemma [1.1.3] we get

Grola) == Y (t/v) ¢ = v"Gi(a), (2.3.1)

t€pg—1
where v* = Xa—(U) However, for general v € Z;, this change of variables is invalid since
t/v may not be in p,—y for t € p,—1. Hence, like for the complex-valued generalized
Gauss sums G,(x), the generalized p-adic Gauss sums G ,(a) do not reduce to
a simple multiple of Gi(a). If v € Z) and we set vo = w(v), s0 vy € fig—1 and

v = vy mod pZ,, then by a similar argument we get
Gro(a) = v5Glu v (). (2.3.2)

Thus it suffices to understand the Gauss sums Gy, (a) for v € 1 + pZ,.
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2.4 Properties of generalized p-adic Gauss sums

In this section, we narrow down the degree of generalized p-adic Gauss sums over Q,,
state the analogue of Stickelberger’s congruence for Gj(a) (proved by Blache [4]) and
Gy (a) (one of our main results), and use it to find |Gy, (a)|,. Then we state a partial
analogue of the Gross—Koblitz formula, which will be gradually proved throughout
Chapter 4.

2.4.1 Degree over Q,

From Definition [2.3.1], we have Gi(a) € Zy[(4—1, ] = Zg[(p)-

Theorem 2.4.1. The Gauss sums Gi(a) lie in Z,[Cy] for all 0 < a < g —1. More
precisely, Q,(Gy(a))/Q, is an extension of degree dividing p'~*(p —1)/(a,p — 1) that
lies between Q,((yr) and Q,.

Proof. We follow an analogous approach to the proof of Theorem Recall that
g =71, Q) = Qp(41,¢,) has degree fp'~(p—1) over Q,, and the Galois group
Gal(Qy(()/Qp) = Z/fZ x (Z,/p')” = Z)fZ x L /(1 + p'Z,) is generated by the
automorphisms ¢, oc: Qq(() — Qq((y) for ¢ € Z) that matters only modulo P,
which are determined respectively by ¢,(¢,-1) = (71, ¢p(¢) = ¢ and 0.((y) = G
0:(¢;—1) = (4—1. The automorphism ¢, is the Frobenius automorphism as in the proof

of Theorem [1.4.1} Applying ¢, to G(a) and using the facts: (1) ¢,(t) = ¥ for any

t € pg—1, (2) Te(t) = Te(t?), (3) ¢p: fig—1 — fg—1 is a group isomorphism, we get

6, (Gi(a)) Q _ Z (tp)faggr(t) @ _ Z (tp)faggr(tp) ©) Gi(a).

tepg—1 tepg—1
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This implies that Gy(a) lies in Q,((,), the fixed field of Gal(Qq(¢)/Qp(¢t)) = (Dp)-
Hence G(a) lies in Zy[(,], as claimed. Thus Q,(G(a))/Q, is totally ramified, since
Q(G)/Qy i

Since Z) = p, 1 x (1 +pZy), we get (Zp/pl)X >~ 1 X (1+pZ,) /| (1 +9'Z,),
where for | > 2, (14 pZ,) / (1 + p'Z,) = Z,/p'~" when p is odd and (1 + 2Z,)/(1 +
2'7) = Ly /2 X Ly /2% when p = 2. For ¢ € Z, we have

0.(Gila)) == Y 79 = Giola).

t€EUg—1

We would like to know for what ¢ € Z, we have G| .(a) = Gi(a). Following the same

steps as in (2.3.1)), for ¢ € p, 1 C Z) we have
Gic(a) = c*Gi(a).

From Corollary (independent of this result), we get |Gi(a)|, # 0 and so Gy(a) #
0. (Note that in the proof of Theorem we used the Archimedean absolute value
to get G(a) # 0, but in the generalized case, we only know the upper bound |G;(x)| <
p'~1/q and so we are forced to use the p-adic result.) Hence o.(G(a)) = Gy(a) for
¢ € pp— if and only if ¢* = 1. The set {c € p,—1 : ¢* = 1} is a subgroup of order

(a,p — 1) in the cyclic group u,-1. Galois theory implies

Pp-1) P p—-1)

Q,(G(a)) : Q] divides e o=11 (@p=1)

Hence, Q,(G(a)) is an extension of degree dividing p'~'(p—1)/(a,p—1) over Q, that
lies between Q,((,1) and Q. O
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Computations suggest more is true: for odd p, a # 0 and ¢ € Z) (that matter

only modulo p'), we believe G, .(a) = G(a) if and only if c@P~ = 1.

Conjecture 2.4.2. For odd p and a # 0, Q,(Gi(a))/Q, is the unique extension of

degree p(p — 1)/(a, p — 1) that lies between Q,((,1) and Q.

Remark 2.4.3. For v € Z} C Z), we may replace G(a) by Gi,(a) in Theorem
2.4.1) Conjecture and any later formula regarding G,(a) since that amounts to
replacing ¢,y in Gi(a) by another root of unity C;l of order p'. However, for v € Ly—1Ly,

G(a) does not generally lie in Zy[(,].

2.4.2 Computing generalized p-adic Gauss sums

We work parallel to Section in order to give a formula for G;(a) as an element
of Z,[(,] instead of as an element of the composite extension Z,[(,| of Z,, which is
how it arises from its definition. To this end, we borrow the notation of Section [1.4.2]
Since Gy(a) is written as a sum over ¢t € y,_1 C Z,, an important difference is that
now we work entirely over the p-adics rather than over both p-adic and finite fields.
Thus, we will not need the lifting w, which simplifies the notation in the following
theorem. Recall that for any polynomial g(X), we denote by d(g) its degree and by
s(g) the coefficient of X¥9)~1 (if d(g) = 0 then we define s(g) = 0).

Theorem 2.4.4. Fiz0<a<qg—1,1>1 and ¢y € C,. We have,

Gi(a) = Z d(g) S(Qa)C*fS(g)/d(g)’

pl
g(X)|(Xe=1-1)

where the sum is over all the monic irreducible factors g(X) of X9t — 1 in Z,|X],

ga denotes the minimal polynomials of t=* over Q, for any root t € p,—1 of g(X).
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The main differences compared to Theorem are: (1) the sum in Theorem
runs over g(X) in Zpy[X] rather than in F,[X], (2) ¢, has been replaced by (,
and (3) s(g) in the exponent of (, is a p-adic integer rather than an element of [,

and thus makes sense modulo p'.

Proof. For any monic irreducible polynomial g(X) that is a factor of X?~'—1 in Z,[X],
we know that d(g) necessarily divides f (recall ¢ = p’) and the trace Tr: Q, — Q, of

any root of g(X) is equal to —-Z~s(g). Hence, collecting together in G(a) all t € 1,

d(g)

with a common minimal polynomial over Q,, we have

Gila) = — Z Z 4o CI;JCS(Q)/d(Q)7 (2.4.1)

g(X)|(Xa=1-1) \ root of g(X)
where the outer sum is over all the irreducible monic factors g(X) of X97! — 1 in
Z,|X] and the inner sum is over all the roots ¢ € p,—1 of g(X).
In addition, if ¢ is a root of g(X), then it lies in p,—1 and the full set of roots of

g9(X) is {t,t?, . ,tpd_l}, where d = d(g). It follows that

St =t () () (0
t root of g(X)

). (2.4.2)

Denote by S(g,a) the sum in (2.4.2)). It is in Z, and invariant under Gal(Q,/Q,),
so S(g,a) € Z,. For t € p,—1 with minimal polynomial g(X) over Q,, the minimal
polynomial of ¢~ over Q, is a monic irreducible factor g,(X) € Z,[X] of X9t —1.

In addition, since Q,(t7*) C Q,(t), the degree d(g,) divides d(g). It follows that
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S(g,a) = Trg 4, /0,(t7) = —%s(ga). Plugging this formula into (2.4.1]), we get
D a

d(g) fe
Gilw) = > 5sle)e, ",
g(X)|(xa=1-1) ¢

which is what we wanted and can be used to encode Gj(a) in Sage. O]

By Remark [2.4.3, G, (a) does not generally lie in Z,[(,] for v € Z) —7Z. There-
fore, we can’t hope for a formula that would allow us to encode it in Sage at the

present time.

2.4.3 Stickelberger’s congruence

From the previous section, we know Gi(a) € Z,[(,]. Every element of Z,[(,] can
be expanded in powers of 2z := (,; — 1, the standard uniformizer of Z,[(,]. Blache’s
analogue of Stickelberger’s congruence below gives the leading term of this expansion

for G;(a) in terms of the base p digits of a.

Theorem 2.4.5 (Blache). For every 0 <a <gq—1 andl > 1, we have

aptai+-taf_1

z aptair+-+ar_1+1

Gi(a) = l' : s mod 2 =
Qp-ayp- - Af_1-

where a = ag + a1p + agp* + -+ +ay_1pf Tt with 0 < a; <p—1 for 0<i < f—1.

Proof. See [4]. We also give a more elementary proof in Section [3.2] that avoids Witt

vectors altogether. O

Example 2.4.6. Substituting (o5 = 1 + 25 in Example [2.3.2] we have the following

table.
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a Gs(a)

0 1+4z§+22§+3225%2?mod22

1 22+22§+2z§’+z§+---5%m0dz§
2 3z§+2zg’+4z§+zg+~~zZ—?modzg’
3 z§+z§+323+223+---52—%modz§

Corollary 2.4.7. With notation as in Theorem for every 0 < a < qg—1 we

have agtaytagttap_

|Gl(a)| _ |Zl agtartagttapy _ (1) pl=1(p-1)
g p

Proof. The modulus in Theorem has larger exponent than the power of z; on

the right side, and aplai!---ay 1! € Z). Also |z, = |(p — 1|, = (1/p)/@ ' e-0) O

We are able to show an analogue of Stickelberger’s congruence for the generalized

p-adic Gauss sums G ,(a).

Theorem 2.4.8. For every0 <a<q—1,1>1 andv € 1+ pZ,, we have

ap+ai+-+ar_
ZO 1 f-1

aotar+-+ar_1+1
Gio(a) = l| ' ; mod z =
Qg:Qq: - Af_1:

)

wherea:a0+a1p+a2p2+---+af_1pf*1 with 0 <a; <p—1for0<:< f—1.
Proof. See Section [3.1] O
Theorem [2.4.5]is a special case of the above theorem for v = 1.

Remark 2.4.9. By (2.3.2) and Theorem m if veZy, and vy = w(v), then

Za0+a1+~-~+af—1

— @ — ,a”l aptai+-+ap_1+1

Gio(a) = v5Gi/m(a) = vg .~ ; mod z )
Qgp-Qp----Af_1-:
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Corollary 2.4.10. With notation as in Theorem for every 0 < a < q— 1,

vE 1+ pZy 1 >1 and n > 1, we have

agtajtagt-tay g

1 = 1(p—1)
Gl, a = |z aptaitaz+-+ay_q _ <_>
Gro(a)lp = [zl 5

Proof. The modulus in Theorem has larger exponent than the power of z; on

the right side, and aplai!---ay 1! € Z);. Also |z, = [(p — 1|, = (1/p)/@ ' e-1) O

In fact, we can improve the exponent in the modulus of the congruences in both
Theorem and Theorem if we use different uniformizers of Z,[(,] instead of

2 = ¢y — 1. Following the notation and results of Appendix B, for n > 0 or n = oo

let
xr  XxP XP
Ln(X):X+—+—2+"'+ —.
p p p

(o)

For each choice of (,; and integer n big enough compared to I, a uniformizer of Z,[(,]

can be singled out using a root of L,(X): for [ > 1 and n > [ such that
PP 4 p I >, (2.4.3)

there is a unique root m,,; € C, of L,(X) with p-adic valuation 1/(p"~!(p — 1)) that
is closest to z; = (,p — 1. This 7, is a uniformizer of Z,[(,:] by Corollary When
[ = 1, the inequality holds for any n > 1, and when n = oo the condition
is dropped. Blache actually states Theorem in [4] using the uniformizer
Teo, instead of z;.

We will write n > [ when n > [ > 1 and (2.4.3)) holds.
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Theorem 2.4.11. For every 0 <a<qg—1,v€1+pZy, 1 > 1 and n> [, we have

aptai+--+af_1

T,
0 aotai+-+af_1+p—1
Gro(a) NP s mod 7, fome
Qo-Q1: - Qf_1' ’

where a = ag + aryp + agp® + - +a;p’ P with0<a; <p—1for0<i< f—1.

Proof. See two proofs in Chapter 3: Sections [3.3.2] and |3.3.3] O

Note the higher power of 7, ; in the modulus of this theorem compared to Theorem
2.4.9l

In order to compute the 7, ;-expansion of G;(a) in Sage, we need a way to ex-
press (, in terms of m,;. Theorem implies (,; = AH,(7,,;), where AH,(X) =
exp(Ln(X)) = exp(Ln(X)) € Q,[[X]]. Hence, we may simply substitute (,; =
AH, (7,,) in and get the 7, ;-expansion of Gy(a) € Z,[(] = Zy[m,,).
Example 2.4.12. Fixp=¢g=5,n=101=2,v =1 and (o5 € C5. Using Sage and
substituting (25 = AHs(ms) in Example 2.3.2) where AH,(X) = exp(X + X°/5 +

X?5/25), we get the following table. Compare the exponents in the moduli with those
in Example [2.4.6]

a Gg,l(a)

0| 14+dmy,+my+4ms+--- = ”0—? mod 75 ,
1|moo + 3#%72 + 37?%?2 + 37@?2 +. = % mod 7r§’72
2| 3w+ 75572 + ﬁ%% + 27r§?2 4= % mod 7872
3| mdy + 27T, +7ih + 7l + - = T2 mod 7,

In the above example, it looks like G 1(a) € 75 4Zy[m5 5] and from Example m,
we have G(a) € m*Z,). These are not coincidences and follow from one of the proofs

of Theorem [2.4.11] See Corollary for the precise statement.
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2.4.4 A partial analogue of the Gross—Koblitz formula

Besides being used to get a higher modulus in our analogue of Stickelberger’s con-
gruence, we wonder if the uniformizers m,; of Q,(¢,) allow us to lift Theorem
to an equality for [ > 2 and n > [. For n = =1, we have m; = 7 and the Gross—
Koblitz formula lifts Stickelberger’s congruence (or equivalently Theorem [2.4.11)) to
an equality. For [ =1 and n > 1 or n = oo, we have m,; = m, and Baldassarri’s
generalization of the Gross—Koblitz formula (Theorem lifts Theorem to
an equality.

Let K be an extension of Q,((,) containing an element of absolute value r such

that

1 < r < ptp* sttt =n /o7 (2.4.4)

When n = [ = 1, inequality (2.4.4) turns into (1.4.4). The following theorem is a
generalization of Theorem [1.4.14. We borrow the notation from Section [1.4.4!

Theorem 2.4.13. Fiz0<a<q—1,1>1,n>1, (y € C, andv € 1+ pZ, in stan-
dard form mod p'. Fori >0 andr € |K*|, such that holds, there are differen-
tial operators Dy ;: L(r) — L(r) and completely continuous K -linear maps oy : L(r) —
L(r) and ay;: L(r) = L(r) such that (1) each quotient space L(r)/DL(r) is p'~1-
dimensional over K and (2) the induced maps a;: L(r)/D;;L(r) — L(r)/D;;L(r)
and ag;: L(r)/ Dy L(r) = L(r)/Dyis1L(r) satisfy

Gip(a) = (1 = ¢) Tr(a) = Tr(@)

and

Q= Qqf- 1001 f 20---00Q;10Q,
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i.€., the following diagram commutes.

L/DyoL
arf-1 1) @0
o
L/Dys 1L L/Dy, L
A
' L/DysL
2

Proof. See all of Chapter 4. Each section shows different parts of this theorem and

the maps «;, oy; and differential operators D;; are explicitly defined. O



Chapter 3

Proofs of generalized
Stickelberger’s congruences

In this chapter we present several proofs of the generalized Stickelberger’s congruences

discussed in Section [1.4.3] and Section 2.4.11]

3.1 Using Blache’s analogue of Stickelberger’s con-
gruence

We use Theorem to prove Theorem [2.4.8 From (2.3.2) we know that we may
reduce to v € 1+pZ,. In this section we express G, (a) in terms of G;(k) for 1 < ¢ </,
0 <k <qg—1and any v € Z;. Since for our purposes v € Z; only matters mod
p', using Teichmiiller expansions there is no loss in only considering v € Z, such that
v=uvy+uvip+--+uv_1p"" where v; € p, 1 U{0} for 0 <i <1—1. We will refer to

such v as “in standard form mod p'.”

43
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Theorem 3.1.1. Forl > 1, v € Z; in standard form mod pland 0 <a<q—1 we

have

1 i ) )
Gio(a) = ——— Z Gl (10)Gr—1,0,(41) -+ - G, (51-1),

(1 _ q)l—l
i9+i1+-+i;—1=a mod ¢g—1

where the sum is over all integers 0 < i; < g —1 for any 0 < j <1 —1 and in the

Gauss sums Gy, (ix) use compatible (yi: ng' = (pi-1 for alli > 1.

Recall that G, (a) depends also on the choice of (,; even though this is not clear

in the notation. Thus we have to relate choices of ¢, in G;(k) to the fixed (, in

le(a).
Remark 3.1.2. We make two observations:

(1) Forany Il >1and 0 <a < q—1: if v € py_q, Gi(a) = v*Gi(a) and if v = 0,

1—q ifa=0,
Gl,v(a) = Gl,o(a) =

0 if0<a<qg—1.

Thus we may write G;,(a) in terms of the generalized Gauss sums G;(k) consid-

ered by Blache where 1 <i<land 0<k<qg—1.

(2) The above theorem holds for complex-valued Gauss sums G, () as well since all

the operations involved are algebraic.

Proof. Fix1>1,v € Z; in standard form mod p,0<a<qg—1and Gt € Cp. Define
a compatible list {(,i}o<i<; of p™ power roots of unity such that Cgi = (pi—1 for all
1 <4 <. It’s easier to simplify the right hand side. To be able to fit computations,
we set up some notation. Let k = (ko, k1, ko, ..., k1), [k] = {0,1,2,... k}, S(k) =
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ko + k1 + -+ -+ k;—1 and RHS be the right hand side of the formula in Theorem [3.1.1}

Unfolding the definition of G;,(a) and the notation, we get

l
RHS = 1<_1)11 Z Z taiotl_il .. .tl_jlfl ;Drzr(tOUO)Jw~+TT(tl71vz—1)Pl*1
( o q) S(i)=a mod gq—1 ;e,ué_l

_ 1 ti1+i2+~~'+iz—1—at7i1 . _t—il—lCTr(t0v0+~~'+tz_1vl—1plfl)
- ((] _ 1)5_1 0 1 =1 Spl
i€fg=2]" \tep,

1 o Tr(tosoe . 1op 1= Z. Z,
— — Z tO C;;r(to o+ +ti—1vi—1p" 1) Z (to/h) 1"'(150/75[,1)“1

—1
(¢—1) tepy_y i€[g—2]’

The inner sum S(to,t1,...,%_1) factors as follows.

S(to,try ... ti1) = (Z(tg/tl)“> (Z(to/tQ)i2> ol D (/i)

i1=0 i2=0 1;—1=0

Each of the sums in parenthesis is a geometric series. For any 1 < j <[ —1, we know

that t; € pu,—1. Hence, for any 1 < j <[ —1 we have

q—2 ) q— 1 if ty = tj
> (to/t) = .
;=0 0 if to 7é tj
Therefore, we have
(q_1)l*1 if ty=t;=ty=---=1_1

S(to,tr, ... ti1) = .
0 if to#t;forsomel <j<Il—-1
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Plugging S(to,t1,...,t—1) back into RHS and setting ¢ = to, we get

1 [ v v, B
RHS — — (q — 1)171 Z taaC};Il‘r(to o+tivip+ -+t 1v_1p! 1)5(]507751’ o ,tlfl)
iENé_1
1 —a ~Tr(tvo+tvipt--+tv_1p' 1) -1
=—W2t Syt (4=1)
t€pg—1
_ Z tfac;lzr(tv)
t€pg—1
= Gl,v(a).

]
Example 3.1.3. Let p=¢=5,a=3,1=2, (35 € C5, i =w(2) and v =7 —5in

standard form mod 25. Then we have

Gai5(3) = = (Goi(0)G1_1(3) + Goi(1)G1_1(2) + Goi(2)G1_1 (1) + Ga4(3)G1_1(0))

I N N

(G2(0)G(3) — iGa(1)G(2) — G2(2)G(1) + iGa(3)G(0)) .

Theorem follows if we show that the summand with the biggest p-adic ab-
solute value in Theorem is the one where ig = a and i; =0 forall 1 <j <[—-1.
This looks deceptively easy, but we need a non-trivial combinatorial result to show
it.

Let [m] ={0,1,2,...,m} and a = ag+a;p+- - -+as_1p’ ! be the base p expansion
of a € [q — 2], where we recall ¢ = p/. We denote by S(a) = ag +a; + -+ +ay_; the
sum of the base p digits of a, n = (ng,ny,...,ns_1) € Z/ an f-tuple of integers to
which we associate the sum of its components S(n) = ng +ny + --- + ny_; and the

base p expansion B(n) = ng+nip+---+ns_;p/~1. Note that with this notation, we
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have S(a) = S(a) and B(a) = a, but generally B(n) is not the base p expansion of an
integer since the components n; need not be in [p—1] = {0,1,2...,p—1}. We define
n > 0 to mean that n; > 0 for all 0 <7 < f — 1. The question we are considering is:
for fixed non-negative integers a < ¢ — 1 and S, what are all possible f-tuples n > 0

such that B(n) = a mod p/ — 1 and S(n) = S?

Lemma 3.1.4. Let ¢ =p/, 0 < a < q—1 and S be non-negative integers. If S is not
of the form S = S(a) + m(p — 1) for some non-negative integer m, then there are no
possible f-tuples n > 0 such that B(n) = amod ¢ — 1 and S(n) = S. On the other
hand, if S = S(a) +m(p — 1) for some non-negative integer m, then all the possible

f-tuples n > 0 such that B(n) = amod ¢ — 1 and S(n) = S are given by

n=a+my(—1,0,0,...,p) +mi(p,—1,0,0,...,0) +---4+ms_1(0,0,...,0,p, —1),

for all possible non-negative integers m; with m = mo+my+---+mys_y. In particular,
when S = S(a), m = 0 and so there is only one f-tuple n = a with the desired

properties.

Proof. First, notice that by further reducing B(n) = a mod ¢— 1 modulo p—1 (using
p=1modp—1), we get S(n) = S(a) mod p—1. Hence, S = S(n) = S(a)+m(p—1)
for some integer m. So, only such values of S are allowed to begin with, because
otherwise there is no f-tuple satisfying the requirements. In addition, we claim that
m > 0. Since 0 < a < q—1, B(n) = amod ¢ — 1 and B(n) > 0, there is a non-
negative integer mg such that B(n) = a + mo(q¢ — 1). Adding mg to both sides and

unfolding the notation, we get

ng+mo+mp—+---+ nfflpfil =ayt+ap+- -+ af,lpffl + mopf. (311)
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Reducing modulo p, we have ng+mg = ag mod p. Since ng,mg > 0and 0 < ag < p—1,
there exists a non-negative integer m; such that ng + my = ag + myp. Plugging this

into [3.1.1, canceling ay and dividing by p, we have

ny +my + n2p+ <o nfflpf72 =ay + a2p+ cee (lfflpf72 + mopffl.

Again, reducing modulo p, we have n; + m; = a; mod p. Since ny,m; > 0 and
0 < a; < p—1, there exists a non-negative integer msy such that n; +m; = a; + mop.
Continuing this process, we have non-negative integers mg,mi, ma, ..., ms_1 such
that n; +m; = a; +mppfor 0 <i < f—2and ny_y +my_1 = ay_1 +mpp. Summing

up all these equalities, we get

(no+n1+---+nsq)+(mo+mi+mo+---+myp_y) = S(a)+(mo+mi+---+mp_1)p.

Therefore S = S(n) = S(a) + (mo+my +---+mys_1)(p— 1) and so m = mg +my +
-+ 4+my_; > 0 as claimed. In addition, S = S(a) gives m = 0 which implies that
m; = 0 for 0 <1 < f — 1 since all m; are non-negative. So we get that n; = a; for
1 <i < f—1. Hence there is only one f-tuple, namely n = (ag, a1, ...,ar_1) that
answers our question for S = S(a). In general, for S = S(a) + m(p — 1), we know

that n +m = a + p(mq, ma, ..., ms_1,mp). Rewriting this equation, we also have

n=a-+my(—1,0,0,...,p) + mi(p,—1,0,0,...,0) +---+ms_1(0,0,...,0,p, —1),

which concludes our proof. O]

Using Theorem [3.1.1} Lemma and Blache’s analogue of Stickelberger’s con-
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gruence for Gy(a) (Theorem [2.4.5)), we present the first proof of a Stickelbeger-type

congruence.

Proof of Theorem[2.4.8, Let 0 < a < g—1,1>1and v € 1+ pZ, be in standard
form mod p!. Theorem implies

Guult) = = S Guli0)Gitn (1) -+ G (i1), (31:2)

i0+i1+-+i;_1=a mod g—1

where the sum is over all integers 0 < i; < ¢ —1 forany 0 < j <[ —1 and in
the Gauss sums G, (ix) use compatible (: Cgi = (i1 for all i > 1. To prove the
theorem we now show that Corollary implies the unique summand with the
biggest p-adic absolute value in Theorem is the one where iy = a and i; = 0 for

all 1 <j <[—1: by (2.3.1) and Theorem [2.4.5] we have

G1(a)G116,(0) - Gr,_, (0) = Gi(a)G1-1(0) -+ - G1(0)
Zlél0+a1+-~+af71

aptai+-+tay_1+1
aO!a1! tee CLf,1!

mod z;

The theorem follows by the non-Archimedean property of the p-adic absolute value

provided all the other terms in the sum (3.1.2) have smaller absolute value. By
Corollary we have

S(ig)+S(i1)p+-+S(iy_1)pt 1
1 pl=1(p-1)

1Gili0) Gt oy (i1) -+ - Gy (i1 ]y = (]3)

Let B(i) = S(ig) + S(i1)p+-- -+ S(i;_1)p"~". Our task is to find all (ig, iy, ...,i_1) €
[¢ — 1) that minimize B(i). To do this, we use Lemma|3.1.4, Set i, € [p — 1] for all

k € [f —1] to be the base p digits of i; = i;o+1i,1p+- -+ _1p/ ! for any j € [ —1].
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We want B(i) = ig+4;+---+4,—; in Lemma m Thus, we let the components of n
be ny, =i +i15+---+ioy for all k € [f —1] and note that S(n) = > ik =
S(ig) +S(i1) 4+ -+ -+ S(ii—1). Lemma[3.1.4]says that S(n) = S(a) + ;i[(l];”—kle)[ff_oll]" some
m > 0. Hence, B(i) = S(n) + S(i)(p— 1) + S(i2) (7 — 1) + -+ S(ir1) (' — 1) =
S(a)+(p—1)M where M = m+S(i1)+S(i2)(1+p) - - - +S(i_1) (1 +p+- - 4+ > 0.
Thus, B(3) is minimized precisely when B(i) = S(a). This happens only when m = 0,

tj=0forall 1 <j<Il—1andi, =a, as claimed. O

Remark 3.1.5. If we knew Theorem for v = 1, the above proof shows Theorem
2.4.11| for any v € 1+ pZ, since for all i as above, we have B(i) = S(a) + (p — 1)M
for some M > 0 and M = 0 if and only if i = (a,0,0,...,0).

3.2 A new proof of Theorem 2.4.5

Blache’s proof of Theorem relies on a p-adic series representation of the additive

character t — Tlr(t). We present a more elementary proof.
D y

Proof of Theorem [2.4.5 Let 2 = (,; — 1. Then

Z (1 + 2) ™0

t€pg—1
- Tr(t)\ &
= — t@
> e ()
t€pg—1 k>0

== | > <Trk<t>> 2

k>0 t€Eug—1

Let Hy; be the coefficients of T(T—1)(T—2) - - - (T —(k—1)) = HpxT*+ Hy 1 T* 1+
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—|—Hk 1T—|—Hk0 and Oak Zte,uq ) ( rk(t)>. Then

Cop= Yt (Trlit)>

t€Hg—1

k
:% >N HiiTe(t)'t

tE,uq 1 1=0

'ZHk’L Z t—i—tp—k..._i_tpf_l)itfa

t€EUg—1

k.ZHm 2. 2

t€pug—1 notni+-+nyg 1=t

B X () T et
k! =0 No, N1, ...,Nf1

notni+--+ny 1=i tEpmg—1

g—1 S(n)
= — H .
k! Z kS <n0,n1,...,nf_1

n>0,5(n)<k
B(n)=a mod ¢g—1

< ¢ )tno+n1p+~~+nlf—1pf1—a
no, M1y e, Mf1

Therefore, the first non-zero Cj,, in the sum G(x, ;) is the one that minimizes S(n)
such that B(n) = amod ¢ — 1 and n > 0. Lemma implies that this happens

only when n = a and k = S(a). In that case, we get

q—1 S(a) q—1
Cus) = 55—~ Hs) .5 = ,
-S(a) S(a)' §(@),S( )<a0,a1, ceesar CL(]!(J,l! . ~af,1!

and so the corollary follows. O
Remark 3.2.1. Note in particular the following:

1. Liang Xiao noted that replacing z; by a variable X everywhere in the above
proof, we get a Stickelbeger-type congruence for power series. This was our

inspiration for the following proofs of Theorem [2.4.11]
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2. Following the strategy in the above proof, we get another proof of Theorem
. To do this it is convenient to use v € Z; in standard form mod P
and expand Tr(tv) = Tr(tvg) + Tr(tvy)p + - -+ + Tr(tvi_1)p"~! using Tr(tv;) =
tv; + (tv)? + - - - + (tv;)?’" for all t € gy and 0 <4 <1 — 1. Since this other
proof of Theorem has the same main ideas as the above proof, we omit

the details.

3.3 Stickelberger-type congruences through AH(X)

A first step in the proof of the generalized Stickelberger’s congruence with the higher
exponent in the modulus (Theorem is to represent the additive character
Y Zy — C restricted to 1, as a power series evaluated at ¢ € i, 1. Blache [4]
used this technique to prove Theorem [2.4.5 but did not realize that with a few more
observations, his proof leads to a higher exponent in the modulus for p # 2. We first
prove Theorem for n = oo, i.e. for the Gauss sums G;(a) with respect to the

uniformizers m = Ty ;.

3.3.1 Power series representations through AH(X)

We start by recalling some notations and results. As in Appendix A, let AH(X) =
el = > AX'=1+ X+ -+, where L(X) = > X7 /pi. Both series converge on
the openzi(;it disc in C, and AH(X) is the Well—krifzvn Artin—Hasse series, which is in
Z,[[X]] (see Lemma and the discussion after it). However the numerical equality
AH(z) = eX® only holds in general for |z|, < (1/p)"/®~Y. In fact AH(7) # 2™ =1

for any non-zero p-adic root m of L(X). By Theorem , for any primitive p'-th root
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of unity ¢, in Cp,, where [ > 1, there is a unique root m of L(X) in C, such that
¢ = AH(m). Therefore we can use the Artin-Hasse series to represent p-th power
roots of unity, which will help us get a handle on the Gauss sums G;(a). With this

in mind we write

f-1 o1
Gl(a) - — Z t—aC;l-HP—i—...-&-tP _ Z t—a AH(Wl)t+tp+"'+tp .

tEpg—1 tepg—1

Since it is easier to deal with power series, for any z € Z, we have

AH(X)™® = (14 (AH(X) - 1)"® .=} (Trliz)) (AH(X) — 1),
k>0
Definition 3.3.1. For 0 < a < g — 1, the Artin—-Hasse Gauss series associated to a
is
Gla, X)=— 3 =0 AH(x)H
l€pg—1

Note that in particular G(a,m) = G(a) for any [ > 1. Hence G(a, X) is a power
series representation of Gy(a) for all levels [ > 1. The goal now is to understand the
power series G(a, X).

We will rewrite the power series AH(X)™® for t € y,_; so that we can more easily

compute its coeflicients and the coefficients of the Gauss sum power series G(a, X).
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For t € pg—1, we have
AH()()Tr(t) — () L(X)
= exp(Tr(t) X + Tr(t) X?/p + Tr(zf)Xl”z/p2 +--)
= exp(Tr(t)X + Tr(t*) X?/p + Tr(sz"z)XpQ/p2 +-)

= exp((t+ 17+ + 7 VX + (P )X p )

= exp(L(tX) + L(t*X) +--- + L(t" ' X)).
By definition of AH(X) we get
AH(X)™® = AH(tX) AH(#X) - - AH(#' ' X)), (3.3.1)

even though the above calculation of power series breaks down numerically with m
in place of X since L(m;) = 0. This is why it is convenient to work with power series.
Note that for any z € m, and t € p, 1, AH(z)"® = AH(tx) AH(#x) - - CAH®tP " '2)

and in particular

G(t) = (O = AH(m)™® = AH(tm) AH("m) - - - AH(t?' '),

p

Replacing ¢ by the indeterminate 7" in (3.3.1)), we make the following definition.

Definition 3.3.2. The Artin-Hasse additive character series associated to ¢ = p/ is

U(T, X) = AH(TX) AH(T?X) - - - AH(T?" ' X)) € Z,|[T, X]].
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If Te(T) :=T +T"+---+ T, note that

W(T,X) # AH(X)™D .=} (Tr](f)) (AH(X) — 1)*.

k>0

However, for ¢ € 1,1, we do get W(t, X) = AH(X)"® and so

G(a,X)=— ) t7*U(t,X).

tEpug—1

3.3.2 Stickelberger-type congruences for G(a, X) and Gj,(a)

To get a Stickelberger-type congruence for G(a, X), it is convenient to introduce
some more notation. Let f > 1, n = (ng,ny,...,ny-1) € Z, B(n) =ng+mnip+---+
ns_1p/~t € Z and S(n) = ng+n;+---+ny_1. The notation n > 0 means that n; > 0

for all 0 <i < f — 1. Recalling AH(X) = Y, A X", we have

\I/(T,X) _ (Z AnOTnOXnO> (Z Aanmem) o Z AnfilTnfflpf_anffl

no=>0 n12>0 nyg_1>0

— S AugAg e Ay TR et
0 1 -1

where A, = A, A, -+ A Therefore for ¢ € p1,4

ng_1-

Ut X) =) AP xS

n=>0
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and so

G(a,X) == ) t"U(t,X)

tEug—1

- _ Z (Z AnXS(")tB(”)_“)
terg 1 \n>0

- _ Z A, X5 Z B(n)—a
n>0 t€Ug—1

—(1—q) > AX5®)

n>0,B(n)=a mod ¢g—1

The last equality follows from the geometric series identity: for any k € Z

—1 if k=0modg—1

q—2
DDNIED IR I
1=0

t€pg—1 0 if kZ0modgq—1

We can use this computation to get the following theorem.

Theorem 3.3.3. Letq=p/, 0<a<q—1,a=ay+ap+--+ af_lpf_l be the

p-adic expansion of a and S(a) = ag+ a1 + -+ as—1. Then

Xx5(a)
ao! a1! cee CLf,1!

Gla,X)=(1-q) mod X5@+r=1z, [[xP-1]]

and G(a, X)/ X5 € Z,[[XP~1]]*.

Proof. With the notation of the theorem and the previous observations, we have

Gla,X)=(1-q Y 4,0,

n>0,B(n)=a mod q—1
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where A,, € Z,. Lemma implies that S(n) = S(a) + m(p — 1) for some integer
m > 0 and S(n) is minimized when m = 0. Thus S(n) = S(a) and n = a. Since
0<ag;<p—1forall0 <i < f—1and the coefficients of the Artin—-Hasse power
series match the coefficients of the exponential power series up to degree p— 1, we get

A, = % In addition, since AH(X) € 1+ XZ,[[X]], we have A; € Z, for all i > 0.

Hence
Ga,X)=(1 X5 d xS@+r=1z 1mxr-1
(a’ ) - ( _q>a0!a1!"'af_1! mo p[[ ]]
and G(a, X)/X5@ € Z,[[XP~1]]*, as wanted. O

We now use the power series congruence of G(a, X) to prove Theorem [2.4.11}

Proof of Theorem [2.4.11] Recall that G(a,m) = G;(a), where m = 7, is a root
of L(X) = L (X) of absolute value r;. Hence we can simply plug in X = 7 into
Theorem|[3.3.3|and get the desired result when v = 1 and n = co due to the coefficients
being p-adic integers. To show Theorem for n = oo and all v € 1 4 pZ,, it is
enough to recall Remark [3.1.5] Hence we have

S(a
iy @ a)+p-1

mod 7Tls(

Glﬂ,(a) =

(lo!al! e CLf_1!

For n > [ such that n # oo, we have |m,; — m| = R(n,l) < r, where m, = 7o

by Theorem [B.10, Thus |m/m,; — 1| < P~ and so |7rls(a)/7ri(la) — 1] < 7’7", Hence

, which proves Theorem [2.4.11| for all finite n such that

n >l O

Remark 3.3.4. In Theorem we may plug in any = € C, such that |z| < 1 to
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get

f—1 xs(a)

Gla,r) = — Z 7 AH(2)T T == (1—¢)

t€Hg—1

S(a)+p—1 p—1
aola1!~~~af,1! mod z Zp[[-'lf H
and G(a,r)/2°@ € Z,[[zP~1]]*. For z € Z,, the map z — AH(z)™® is a continuous
additive character Z, — CJ for any |r| < 1. When x = 7 is a root of L(X) of
absolute value r; = (1/p)"/@ =1 the map z — AH(m)™*) = C;r(z) is a continuous
additive character of order p'. For x € C, not a root of L(X) and |z| < 1, the map

z + AH(2)™*) is a continuous additive character of infinite order.

3.3.3 Stickelberger-type congruence for G,(a, X) and G ,(a)

Since G, (a) = 71'29(@)/((10!@1! ---ap_1!) mod 7rls(a)+p_1 for any v € 1+pZ,, it is natural
to wonder if this congruence really comes from a corresponding congruence of power
series as it happens when v = 1 by Theorem [3.3.3] We now follow the same strategy

to represent Gy, (a) as a power series. Note that

Tr(tv Tr(tv et Tr(tvy_1)pt 1t
Uro(t) = sz (tvo)+Tr(tv1)p++Tr(tvi_1)p

Tr(tv Tr(tv Tr(tv;_1)pt~?!
:Cpl( o)gpl( 1)P"'Cpl( —0PT

Hence we can decompose 9, in terms of the basic additive characters ¢ for v € Z;

in standard form mod p' as

—1

Yio(t) = Gu(tvo)u(tvr)P - -yt (3.3.2)

Keeping in mind (3.3.1)) and the above computation, we make the following defi-



59
nition.

Definition 3.3.5. For 0 < a < ¢ —1 and v € Z; in standard form mod p', the

Artin—Hasse Gauss series associated to a and v is

1—1

Gola, X) == Y t7"U(tvg, X)U(tvy, X)P- - U(to_y, X)
tepg—1
where we can replace U(tvg, X)W (tvy, X)P -+ U(tv,_y, X)? " by AH(X)™() when

needed.

Note that in particular G, (a, ) = Gy, (a) for all | > 1. Hence G, (a, X) is a power
series representation of Gy, (a) for all levels [ > 1.
We now prove an analogue of Theorem for the more general series G,(a, X)

and then use it to get another proof of Theorem [2.4.11]

Theorem 3.3.6. Let q =p/, 0<a<q—1,a=ay+ap+ - +as_p/~! be the
p-adic expansion of a and S(a) = ag+ a1 +---+as_1. Forv € Z; in standard form
mod p' such that w(v) = vy, we have

XS(a)

CL()! Cll! cee CLf_1!

Go(a, X) = (1 — q)vg mod X5@FP=17, ][ XP~1]]

and Gy(a, X)/ X% € 7, [v][[XP~1]]*.

Proof. We need a way to get rid of the powers of p of the additive character series

1

U (tvg, X)W (tvy, X)P - - U(to_y, X)P' " in Gy(a, X). For any i > 0 we set

AH(X)P =) AP XE,

k>0
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where A,(f) € Z, since AH(X) € Z,[[X]]. Following a similar argument as in the
beginning of Section ?? with A,(f) in place of Ay and using similar notation, for all

0<i<l]—1we have

(T, X)" = AH(TX)” AH(T?X )" --- AH(T" ' X)”'
— Z ADTBm) xSni),
n>0
where n; = (nig,ni1,...,nip-1) € 27, Ag = Aﬁf}}oA,(f),l : ~~A7(fi)7f_l, B(n;) = nio +
niap+---+mn;1p’ 7t and S(ni) = nio+mni1+---+n;s_1. Therefore, for ¢, v; € g1

we have

W (tv;, X)P' = Z A (ty;)B) X Sno),

720
and so

AH(X)Tr) — Z Ag(tvo)B(@) (tvy) B . (pyy_p ) Pl X S@)

n=0

where n = (ng,n1,...,m-1) € (Z'), A, = AQA&)---A(Z:) and S(n) = S(ng) +

=R
3
_l’_

R S(nl,l) = Zi,j NG ;- Thus

Gy(a, X) == Y t*AH(X)"™)

tEpug—1

= — Z Z A(ﬂi) (UO)B(@)(UI)B(E) - (01—1)B(E)X5(2)t3(2)—a

t€ug—1 \ n>0

- — ZAQ(Uo)B(@) (0)P@) . () BlrzD) X S@) Z tB@)—a

n>0 t€pg—1

=(1-gq) Ap (v9) P00 () B0 L () Bu=0) x S@)

n>0,B(n)=a mod g—1
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where B(n) = B(ng) + B(ni) + -+ + B(n_1) and the last equality follows from the

geometric series identity: for any k € 7Z

—1 if k=0modg—1

q—1
=0

t€pg—1 0 if kZ0modgq—1

With the previous observations, we have

GaX)=(1=q) 3 Ayw) ) () O X,
n>0,B(n)=a mod ¢—1
where A, € Z,. Lemma implies that S(n) = S(a) +m(p — 1) for some integer
m > 0 and S(n) is minimized when m = 0. Thus S(n) = S(a), n = (g,0,0,...,0)
and B(ng) = a. Since 0 < a; < p—1forall 0 <i < f—1 and the coefficients of
the Artin—Hasse power series match the coefficients of the exponential power series
up to degree p — 1, we get A,, = % Note that A,(CO) = A, and the coefficients A,(f) for

i > 1 don’t play any role besides the fact that they are in Z, since n = (,0,0,...,0).

Since v € Z; is in standard form mod p', we have Zy[vg, vy, ,v5_1] = Zp[v]. Thus
X S(a)
Go(a, X) = (1 —q)vg mod X5 @17, ][ XP71]
ao!all---af_ll
and G(a, X)/X5@ € Z,[v][[XP~1]]¥, as wanted. O

As a result we have another proof of Theorem [2.4.11]

Proof of Theorem [2.4.11] Recall that G,(a,m) = G;,(a), where m = 7o, is a root
of L(X) = Le(X) of absolute value r;. Hence we can simply plug in X = 7 into
Theorem and get the desired result for all v € 1 4 pZ, and n = oo due to the
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coefficients being p-adic integers. Hence we have

S(a)

T S -1
Gio(a) = — |l 7 mod (ahtp=1,
Qp-Qy: - Af_1-

For n > [ such that n # oo, we have |m,; — m| = R(n,l) < r, where m = 7o

by Theorem [B.10, Thus |m/m,; — 1| < P~ and so |7Tls(a)/7ri(la) — 1] < 777!, Hence

@ Wf’(la)| < @71 Which proves Theorem [2.4.11] for all finite n such that

n > 1. O

Remark 3.3.7. The statements in Remark generalize if we replace G(a, X)
and Tr(z) by G,(a,X) and Tr(zv) respectively for any v € 1 + pZ,. However, the

Tr(zv

collection of continuous additive characters of the form z + AH(z)™") does not

cover all possible continuous additive characters Z, — CJ.

3.4 Stickelberger-type congruences through AH, (X)

We follow the layout of Section to represent the additive characters ¢, ,: Z; — C;
restricted to j,—1 as power series evaluated at ¢ € p,—1 for n > 1. We did this before
in the case n = oo, but now we do it for all n > [. Hence we will get infinitely many

power series representations of ¢, indexed by n.

3.4.1 Power series representations through AH, (X)

We start by recalling some notations and results. As in Appendix B, let AH,(X) =
enX) =S A, X =1+ X +---, where L,(X) = 3. X?'/p'. The truncated Artin-

>0 i=0

Hasse series AH,,(X) have disc of convergence D(AH,) given by Lemma By
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Theorem , for n > [ and any primitive p'-th root of unity ¢y in C,, there is a
unique root 7,; of L,(X) in C, such that (; = AH,(m,,). It follows that m,; is the
unique root of L,(X) closest to (,; — 1. Therefore we can use the truncated Artin-
Hasse series to represent p-th power roots of unity, which will help us get a handle

on the Gauss sums Gy, (a). With this in mind, for n > [ and v € Z) we get

le _ Z t CTr (tv) _ Z 4o AHn(ﬂ_nJ)Tr(tv)'

t€pg—1 tepg—1

Definition 3.4.1. Forany 0 <a < ¢—1,v € Z;and n > 1 or n = oo the Artin-Hasse

Gauss series associated to a, n and v is

Grola, X) == ) 7" AH, (X)),
tE€pg—1
Fix n > 1. Note that in particular for all [ > 1 such that n > [, if 7, is the
root of L, (X) closest to ¢, — 1, then G, ,(a,m,;) = Gi(a). So the goal now is to
understand the power series G, ,(a, X).
We will rewrite the additive character power series AH, (X)™®) so that we can

more easily compute its coefficients and the coefficients of the power series G, ,,(a, X).
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For t € py—1, by the properties of the trace map we have

AH,, (X)T0 = O (X)
= exp(Tr(t) X + Te(t)XP/p+ - - - + Te(t) X" /p")
=exp(Tr(H) X + Tr(¢")XP/p+ -+ + Tr(tpn)Xpn/p”)
=exp((t+tP+---+ tpf_l)X S (tp” + 2 RS tp"ﬂ'—l)Xpn/pn)
= exp(Ln(tX) + Lo(tPX) + - - + L, ("' X))

= AH,(tX)AH, (" X) - -- AH, ("' X),

even though the calculation above breaks down numerically with 7, ; in place of X
since L, (m,;) = 0. However, we can plug in any z € D(AH,,) into the power series
equation

AH,(X)™® = AH, (tX) AH, (" X) - -- AH, (" ' X), (3.4.1)

so we have the numerical identity
i(t) = (M = AL ()0 = A, (tm,0) AH, (#7,0) - AH, (8 m,).

Replacing ¢ by the indeterminate 7" in (3.4.1), we make the following definition.

Definition 3.4.2. The Artin-Hasse additive character series associated to n and
q=p'is
U, (T, X) = AH,(TX) AH,(T?X) - - - AH,,(T"" "' X).

When n = oo we get Uoo (7, X) = U(T,X). Fix n > 1. From the previous
computation for ¢ € p,—; U {0} and all [ > 1 such that such that n > [, we have

P(t) = V,(t, m,y). Thus WU, is the power series representation we were looking for
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that generalizes W in the previous section. Moreover, we can use W,, to represent the

more general additive characters 1, through (3.3.2) as

-1

wl,v (t) = \I]n(tvm 7T-n,l)\I}n(tvlu 7T-n,l)p T \Ijn(tvl—lu 7T-n,l)p (342)

3.4.2 Generalized Stickelberger-type congruence for G, ,(X)

To get a generalization of Theorem [3.3.6, we first need to get some estimates on the

absolute value of the coeflicients of G, ,(X).
Lemma 3.4.3. Let K be any extension of Q, and for each 0 <r <1 set

B(r) = {Z X e K[[X]] : |cxlyr™ <1 for all k > O} :

k>0
If g(X),h(X) € B(r), then g(X)h(X) € B(r) and g(X) + h(X) € B(r).

Proof. This follows by applying the strong triangle inequality to estimate the coeffi-
cients of g(X)h(X) and g(X) + h(X). O
Corollary 3.4.4. With the notation of the above lemma, for any 0 < a < g — 1,

v € ZL*

g, =1 o0rn=o00, we have

AH,(X), AH,(X)™™) W, (1, X), Gnu(a, X) € B(R(AH,)),

where R(AH,,) is the radius of convergence of AH,(X) and K = Q, or K = Q,(v)

respectively.

Proof. By Lemma we have AH,,(X) € B(R(AH,,)). The rest follow by Lemma
since they are finite sums of products of AH,,(X). O
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Theorem 3.4.5. Let q=p/, 0<a<q—1,a=ay+ap+ -+ ap_p/~t be the
p-adic expansion of a and S(a) = ap+ay +---+as_1. Forv € Z) in standard form

mod p' such that w(v) = vy and n > 1, we have

X S(a)
Grol(a, X) = (1 - q)vg

d XS(a)+p71 prl
Oaglay!---as_,! o Q0 J

and Gno(a, X) = 321 s0a) g X* € Q,(v)[[XP~Y] with
lgrl, R(AH,)* < 1 for all k > S(a).

Proof. We only need to replace AH(X) by AH,(X) in the proof of Theorem [3.3.6]

and then apply Lemma |3.4.4] ]

Note that when n = oo, R(AH.) = 1 and the condition on the coefficients
of Gy.(a, X) says that they lie in Z,[v]. Hence this theorem generalizes Theorem
[3.3.6] The coefficients of Gy, ,(a, X) match those of G (X) = G, (a, X) up to degree
p" ™ —1 and are therefore in Z,[v], but beyond this point they are not guaranteed to
be in Z,[v]. When a = 0, the above theorem implies Theorem , but for a > 0
we would need a better bound on the coefficients of Gy, ,(a, X). In any case, we know

from previous proofs that indeed when we plug in X = 7, ; we do get Theorem [2.4.11]

3.4.3 Degrees of extensions over Q,

We now deduce some consequences and make conjectures about the degree of G, ,(a)

and G ,(a)/ W,f’(la) over Q,(v). For simplicity, in this section we denote by | - | the

p-adic absolute value |-|,. From Theorem [2.4.11] we have Gl,v(a)/wi(la) € Zplv, mn )™,
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but much more is true. Recall that v € Z, is in standard form mod p' if v =
vo + vip + vap® + - + u_p' ! with v; € py—y U{0}. It follows that for such v, we
have Z,[v| = Z,[vo, vy, ..., v_1].

Corollary 3.4.6. With notation as in Theorem [2.4.11) and v € Z; in standard form

mod p', we have Gy ,(a )/Ws(a) € Zylv, 77", s0 Giu(a) € Zv aS@p=1)

» gl » gl

Proof. The first statement is clear for n = oo and for n > [ it follows from Theorem
by plugging in X = m,; and Theorem [2.4.11] The second statement follows

from the first one upon multiplying by =, (a) O]

Recall that Q,(m,;) = Q,(¢,) (Corollary [B.8)) is an extension of @Q, of degree
o(p') = p"~'(p — 1). The following lemma gives the degree of 7, over Q, for any

positive integer m.

Lemma 3.4.7. Let p be an odd prime, m a positive integer and d = (m,p—1). Then
Qp(ﬂfgl) = Qp(ﬂg,l) and [Qp(mn,) : Qp(ﬂg,l)] =d.

Proof. Since d divides m, it is clear that Q,(n};) € Qu(7%;). To show the equality
and prove the lemma, it is enough to show that [Qp(m,,) @ Qu(m)] = d. We will
do this by finding the subgroup of Gal(Qy(m,,)/Q,) fixing Q,(7}). First recall
2y /(1 +p'Zy) = Gal(Qp(()/Qp) = Gal(Qy(7,,)/Qp) by the map ¢ — o, where o,
is the automorphism defined by oc(¢,) = (. Since Z7 /(1 + P'Zy) 2y x (1+
pZ,)/(1+p'Z,) 2 Z/(p—1)Z x Z/p''7Z and these two groups Z/(p—1)Z and Z/p'~Z
have relatively prime orders, it is enough to see how ¢ € y,—1 and c € 1 + ka; act
onﬂmforlgkgl—l.

Let ¢ € pp1, i.e. ¢ € Z; with ! = 1. Then we know that o.(m,,;) = cm,,; and so

oc(myy) = mr is equivalent to ¢™m? = w7 or ¢™ = 1. Hence the only ¢ € y,_; that
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fix 7", are the ones that satisfy ¢* = 1.
Now let ¢ € 1 —i—ka; for some 1 < k < [ — 1. There exists z € Z; such that

c =1+ pFz. From the AH, isometry, we get

0e(m00) — m| = [AH,(0c(m0,)) — AH(7,,)|

= |C;l _Cpl‘
= 1¢y 1
= 1Ge — 1
:Tfk.

Let w € Zy[m,,]* such that o.(m,;) = um,;. Then from the above computation we

get
_ "
=11 = o)y — 1] = T Toll T gt
’ ’ |71 r

Then o.(m,) = w7 is equivalent to u™m", = w7, or u™ = 1. Since by the above
computation u € 1 + Wikl_lZ;, we know that u could only be a p* power root of

unity. So |u— 1| = r; for some 1 < ¢ <. This means that 7’{’ el ry, or equivalently

pF—1 1
(1) pl=1(p-1) _ (1) pt—I(p-1)
p p '

Thus p* — 1 = p'~t or equivalently p'~t(pF~** — 1) = 1. Hence | = t, p = 2 and
k = 1. So for odd primes p, we get that u™ # 1 for any m which implies that the only
¢ € Z7 that fix 7, are the one that satisfy ¢* = 1. Hence [Qy(mn,) : Qp(72))] = d,

as wanted. ]

By this lemma, we get that [Q,(m,,) : Qp(ﬂf’(la))] = [Qp(7ny) : Qp(wfl(a)’p_l))] =
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(S(a),p—1) and [Q,(mpy) : Qp(r2")] = p—1. In addition, Wéi(a)’p_l), nb7 ! and m, are

respective uniformizers of Q, (7, (S(a ) Qp(mh ) and Q,(m,;) and so Z [7(5; (a),pfl)],
Ly, P ] and Zy|m,,] are respective rings of integers of Q,(m, (S(a 1) ) Qp(m? ) and
@p(ﬂ'n,l)-

We now recall Conjecture [2.4.2] and add to it based on Corollary [3.4.6)and Lemma
3.4.7, Keep in mind (a,p—1) = (S(a),p—1), v € Z} only matters mod p' and Q,(v)

is the same as the field generated by the Teichmiiller digits of v in its p-expansion.

Conjecture 3.4.8. For odd p, v € Z; in standard form mod P and a # 0, we have

Qp(Giw(a))/Qu(v) and Qu(Giu(a )/Ws(a )/Q,(v) are the unique extensions of degree
P Hp—1)/(a,p—1) and p'~" that lie between Q,(v)(¢,y) and Qpy(v). In other words,

Q,(Gro(a)) = Qy(v) (x5 @27 and Q,(Gy,(a)/731") = Qy(v) (7?71,

The containments

Qy(Gio(a)) € Qp(v) (a5 @ D) and Q,(Gyu(a) /755" C Qp(v)(xlS@#=D)

as well as the degrees of the extensions Q,(v) (7 @»=Y) and Q,(v)(7P~!) over Q,(v)

follow directly from Corollary and Lemma [3.4.7, The question then becomes:
are these containments in fact equalities?

First, notice that pa = a~Y mod ¢ — 1 where a/=" = ar_1 + app + a1p® +

-+ as_op’~! and thus G;,(pa) = Gi,(a). Hence in our analysis we may assume

a is not divisible by p. To support Conjecture for v = 1, we use the following

strategy based on Galois theory. Recall the notation form the proof of Lemma |3.4.7|

Since Z; = i, X (1 +pZy,) and the values of ¢ only matter modulo p', then we
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want show that the subgroup of (Z,/p')* which contains all the values of ¢ such that
0.(Gi(a)) = G,(a) lies entirely in p,—;. This follows if we can show that for any
0§a<q—1andallcoftheformc:1+psz0rsome1§k§l—1andz€Z§,
loe(Gi(a)) — Gi(a)| # 0. Similarly, the same values of ¢ need to be checked to show
that [o(Gi(a) /(") = Gala) "] #0.

To get started, we show the following lemma.

Lemma 3.4.9. Let x be an algebraic integer in an extension of Q, with maximal
ideal m such that * = 1 mod m. Then for any positive integer n = p*n’ with n' not

diwvsible by p we have

|z — 1| if k=0

| | ||z — 1] if k>1and|zx—1|<mnr
" —1| =

Y

e — 1P if <]z —1] <y for some1 <1<k

|z — 17" if k>1and|x—1|>r.

-
where r; = (%) PUeTY At the critical values |z — 1| = 7y, the above equality turns
mto <.

Proof. Let x =1+ 2z with z € m. Using the binomial theorem we have

Note that the assumption 2 = 1 mod m means |z| = [z — 1| < 1 and that »},;, =7,
for any [ > 1.

First, suppose that n is not divisible by p. Then for i > 2, |(7)2'| < |2?| < |2] =
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Inz| = |(7)z|. So the first term in the above sum has a bigger absolute value than
the others. By the non-Archimedean property of the p-adic absolute value we have
|z — 1| = |z] = |z — 1].

Now we consider n being a p-th power n = p* for some k > 1 and use induction
on k. Assume first that n = p. Since for 0 < i < p, (’Z’) is divisible by p exactly once
we have \(’Z’) 2!| < |pz| for all 1 < i < p. By the non-Archimedean property of the

p-adic absolute value

p .
|2P — 1| < max {'()z’
1<i<p ?
1

and equality holds if |z|P # |pz|, i.e. when |z| = |z — 1] # 1 = (l>pj This is the

b= (.21}

p

reason we avoid this case in the statement of the Lemma.ﬂ From this, one can easily
see that

Ipllz =1 if |x—1]<m
2P — 1] = ) (3.4.3)
|z —1p  if |z —1]>mn

So if we replace x with 2P in |3.4.3| we get

o 1 Ip||lz? — 1| if |aP —1] <7
a’: _— = .

|aP — 1|P if |27 —1] >r

By (3.4.3) we have: |z — 1| < ry implies |2P — 1| = |p||lz — 1| <715 r < |z — 1] < 1y

implies |2 — 1| = |z — 1P < ry; |x — 1| > ry implies |2? — 1| = |z — 1|? > 1. Hence

"'When z is a root of unity of order p, for example, |z — 1| = r; # 0, but |z? — 1| = 0.
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we get
(

IP?llz —1] if |z —1|<r

27 =1 =q|pllz =1 if ri<|z—1]<ry-

o —1P° if |x—1]>re
\

Now let n = p* for k > 3 and assume that the lemma is true for n = p*~!. Then by
replacing x with z? and (3.4.3)) we have

(

[p* 2P — 1| if 2P -1 <r
k
27 =1 = qpF 2 — 1P if v < [aP — 1] < rpyq forsome 1 <1<k —1
|z — 17" if 2P — 1] > rp
\
(
Ip*||z — 1 if |z—1]<mr

= QPP Y|z =1 if < |z —1] <1y for some 1 <1< k-

k—1

if |x—1]>ry

o7~ 17
\

Thus the lemma follows by induction for n any power of p.
Finally if n = p*n’ with n/ not divisible by p we have |z*" — 1| = (2™ )" — 1| and
thus

(
|pk||m”/—1| if |m”/—1| <r

n 1

27 =1 = ¢ |pF|a" — 1P if r < |2 — 1| < 7y for some 1 <1< k -

|z — 1]P" if [z — 1] > 7
\

Now the lemma follows from |z — 1| = |z — 1|. O
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We now show two lemmas that support our Conjecture |3.4.8|

Lemma 3.4.10. For p odd and S(a) divisible by p, we have

Qp(Gila) = Q).
Proof. Let b > 0 determine the next term in the m,; expansion of Gy(a):

Gi(a) = Bus@may” + Bas@momay T+

Then7 applylng Oc forc=1 —|—pk7 we get
06(G1(a)) = Bas@, > + Ba gy 1om 5@ + -

where 7, ; = 0.(m,,). Using the properties of the Artin-Hasse exponential as in the
proof of Lemma 3.4.7, we let u = 7, ; /7, and get |u—1| = |7 ;=m0 |/| 70| = rioi /71

Then by factoring the corresponding power of 7, ; in each summand, we get
0.(Gi(a)) — Gi(a) = By siaymy” (W5 — 1) + By sqayspmy (@O 1) 4.

By Lemma for S(a) not divisible by p, we have [u%(@ —1| = |u—1| > |u*@+° 1]

a)+b _

no-matter what b > 0 is since |u( 1| always has a factor of |[u — 1] < 1. In

addition, b > 0 and | B, g(q)| = 1 imply that

S(a a S(a)+b a
[Basiamns (5@ = 1)| > [Bos@amay @@+ — 1))
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and so by the strong triangle inequality of the p-adic absolute value, we get
S(a a
|0:(Ga) = Gal = [Bus@ms” (u¥@ — 1) # 0

as wanted. O]
In addition we have the following lemma.

Lemma 3.4.11. For odd p and c € 1 + pZ, we have

0e(Gru(@)) = Gru(@)] # 0 or |oo(Gy(a)/mss) — Gyo(a) /x557] # 0.

Proof. Let ¢ € 1 + pZ, and suppose

|0e(Gro(a)) = Gro(a)] = 0 and |0o(Gro(a)/m05") = Gruola) /mas”| = 0.

Let w = 0.(m,,) /7 and so by a similar reasoning as before |u — 1| < 1. Hence we

get
0.(Gry(a)) — uS(“)GM(a)

Oc (7Tn,l ) S(a)

0o(Gr(a)/m3) — Gyo(a) 20| =

This implies that (%@ — 1)G),(a) = 0 and thus u is a root of unity. Lemma m

implies that this is not the case for p odd. O

In the future, if we can show that for odd p and c € 1 + pZ, we have both

|0:(G(a)) — Gro(a)] # 0 and |o.(Gru(a)/758) — Gio(a) /7557| #0,

then Conjecture follows.



Chapter 4

Proof of a partial generalization of
Gross—Koblitz formula

In this chapter we will focus on proving Theorem We denote the p-adic
absolute value by | - | since we will not use the Archimedean absolute value. Tt is
useful to keep in mind the sketch of the proof of Step 1 of the Gross—Koblitz formula
in Section [[.4.4]

4.1 Trace formula on L(r)

Fix a finite extension K of Q,((,). For r € |[K*|, let

L(r) = {Zan”EKHXH : \gnlr"—m},

n>0

5
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n>0
m%({] gn|r™} since K contains an element ¢ such that |c¢| = 1/r, which implies that

as in Section|1.4.4] This is a K-Banach space with respect to the norm

L(r) has an orthonormal basis {1,cX,c?X?,...,}. This point is particularly impor-
tant since it implies that £(r) is an infinite-dimensional vector space over K where
traces and determinants of completely continuous linear maps of L£(r) are natural
generalizations of their finite-dimensional counterparts. In general, completely con-
tinuous linear maps between Banach spaces are limits of continuous linear maps with
finite-dimensional image. See [I1, Section 5, p. 348] for more details on completely
continuous linear maps and why their traces and determinants are well-defined. Also,
note that for r = 1, £(1) is the Tate algebra over K and for general r € |K*|, L(r)
is a scaled version of it.

The goal of this section is to represent the Gauss sum Gj,(a) as the trace of
a completely continuous linear map «;: L£(r) — L(r) for any r in an fixed interval
(1,b) for some b > 1 depending on «;. Following [I1, p. 353|, the composition of
a completely continuous linear map with a continuous linear map in any order is
completely continuous. We will construct «; as the composition of three linear maps
among which one is completely continuous and thus «a; is completely continuous as
well. From the definition of £(7), it is easy to see that r; < o implies L(ry) C L(r1).
In other words, this means that a power series converging on a disc around the origin
also converges in a smaller disc around the origin. The inclusion map L(ry) — L(r1)
is a completely continuous linear map. Note that if r; = r9 = r the identity map
L(r) — L(r) is not completely continuous. If that were the case then every continuous
map would be completely continuous since you can compose it with the identity

map. For any g € L(r), the multiplication by g map g: £(r) — L(r) (denoted
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by the same symbol) is a continuous linear map. Dwork introduced the linear map

U,: K((X)) = K((X)) induced by

X/Pif pln
U (X") =

0 if p fn

and for t € 1, ; we have W, (¢) = t'/P, where t'/? is the inverse image of the Frobenius
automorphism of ¢. We denote by ¥, the composition of ¥, by itself f times, where

q = p’. The restriction W,: L(r) — L(r?) is a continuous linear map too.

Theorem 4.1.1. Let r € |K*| such that r > 1 and g(X) € L(r). For0<a<q—1,

the composition map ¥, o0 X °g(X): L(r?) — L(r9) given by

L) — £(r) Z20X, x-ap ey 2 £
satisfies

(q—1)Tr(Tg0 X g(X)) = > tg(t)

t€Epg—1

and is completely continuous for r > 1.

The above trace formula holds for r = 1 as well even though W,0X %g(X): L(1) —
L(1) is not completely continuous. Condition r > 1 is necessary so that r¢ > r and
the inclusion map L£(r?) — L(r) is well-defined. The map U, : X *L(r) — L(r) is
continuous and well-defined since a < ¢ — 1 and thus ¥ (X “*¢g(X)) € K[[X]] for any
power series g(X) € K[[X]].

Proof. See [11, Theorem 3.1, p. 341] for the case r = 1, where £(1) is the Tate algebra.

The proof generalizes for all r € | K*| such that r > 1. O
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The right hand side of the formula in Theorem becomes Gy, (a) if we were
to find a power series g(X) such that g(t) = ¢,(t) for all t € p,_1. Here is where we

need the power series representation of the additive characters (3.4.2): for ¢ € ;1

-1

Ui(t) = W (t, mny) and ¢y, (t) = W, (tvg, 0,0 W (t1, 0 )P - -+ Uy (b1, mnt)P

where

U, (T, X) = AH,(TX) AH,(T"X) - - - AH,(T"" " X).

Previously we plugged in 7' = ¢ and considered V¥, (¢, X) as a power series in X,
whereas in this chapter we set X = m,; and consider U,,(T, 7, ;) as a power series in
T. Since we are used to working with power series in X, we use X in place of T" and
let

QnJ(X) = AHn(Xﬂ'n’l),

so that

U (X, 700) = Oy (X)0, 0 (XP) - 0, (XP7H.

Recall that |m, ;| = r, = (1/p)Y/@ " »=1) " Therefore by Lemma and (B.3), the

series 0,,;(X) converges precisely on the open disc of radius

R AHn 2 n—I+1 n+1
R<0n,l) — ¥ — p(P+p Feppn T —n) /(pntT) > 1. (4.1.1)

T

In particular R(fuy) = 1/r; = p"/@ ' ®=1) Thus ¥, (X, m,,) converges precisely on

the open disc of radius

ptp?tetpn Tl n
n

RV, (X, 7)) = R(0,)" " =p i
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When n = oo, we get R(W(X, ma,)) = pt/@ *ae-1),

Definition 4.1.2. For n > [ and v € Z; in standard form mod p', we set

-1

@n,l,v (X) = \Ijn(X'Um ﬂn,l)an(lea 7Tn,l)p e \Ijn (le—la 71-n,l)p

We need to find a suitable r > 1 so that the power series representation ©,,;,(X) of
1,(t) lies in £(r) and thus we can apply Theorem[1.1.1] We already know the disc of
convergence of U, (X, m,,) from the above computations. Since R(¥, (X, m,;)) > 1,
raising U,,(X, m,;) to powers of p increases the radius of convergence, so we know
that R(0,,,,(X)) > R(V, (X, 7). When v =1, 0,,,1(X) = ¥, (X, m,;) and so we

cannot do any better than r < R(V, (X, m,;)) for all v € Z; simultaneously.

Definition 4.1.3. Let
1<r< R(\I/n(X, Wn,l))q — R(le)p — p(p+p2+...+pnfl+l_n)/pn

and define o;: L(r) — L(r) as the composition

7a®n,l,v(X

L(r) = L) = N () o

ie, o =V,0X7O,,.

When n = oo we have 1 < r < p/@*#=) For n = = v = 1, we get condition
in Key fact 1, except for r # 1. We need this additional constraint later on so
that the quotient spaces L£(r)/D;;L(r) are finite-dimensional, where D;; are certain
differential operators matching D; in Section when n = [ = v = 1. Even in

the case n =1 = v = 1, one can show in special cases that L£(r)/D;L(r) is infinite—
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dimensional over K by direct computations as in [11, proof of Lemma 1.1, p. 333]. For
sufficiently big n, we have 1 < p¥/ @ =1 < petp*++p""=n)/p" and thus we may
take K = Qq((,1). Otherwise for any n >> [, we set K to be the smallest extension of
Qq4(¢,t) that contains an element ¢ such that 1 < |¢| < ptp* ot ) fp

Therefore by Theorem we have

Gio(a) = (1 —q) Tr(a). (4.1.2)

4.2 Differential operator and trace on L(r)/D;(L(r)

Our goal now is to define a differential operator D;: L£(r) — L(r) that induces a map
g L(r)/DioL(r) — L(r)/D;oL(r) such that G;,(a) = Tr(a;). This is useful since
we will show that the space L(r)/D;oL(r) is finite-dimensional over K as opposed
to L(r). In order to define the differential operator D, generalizing D, in Key fact

2, we use the commutativity property that o; and D; need to satisty:
;o Dyg = Digoqa.

For this reason, it is useful to rewrite ©,,,,(X) in oy = ¥, 0 X7%0,,;, using the

following power series.

Definition 4.2.1. For n > [, we set

Oy (X) = ﬁen,l (X’”) .
=0



This is useful since 6,,;(X) can be expressed as Q/H\J(X)/@(Xp) and

f-1 _ . -
Vo (X, 7000) = [ On (XP’) — (X)) /61 (X9).
=0

Hence we get

1

On10(X) = /‘z/r-z\,l(Xvo)@z(le)p .. @(le_l)pz_ll
011 (X 100) 0 1 (X T01)P -+ Oy (X P01 )P

81

(4.2.1)

The operator 1, used in the definition of o; has the following useful properties: for

any ¢(X),h(X) € K((X)), we have

d d
By the first property in (4.2.2) and —a = ’“q(le) = q% — qua7 we get

N = -1 __
Xa/(q—1) I1 Hn,l(Xvi)Pi i=0
i=0

which holds as an operator on K[[X]](X%(=1). We let

-1

1 d —~ i
DZ,O = -1 __ (o] X dX (o] Xa/(q—l) H Qn’l(XUi)p
Xea/la=D T] Gn,l(Xvi)Pi i=0
i=0

(4.2.2)

(4.2.3)

so that the commutativity relation oy o D;g = D o qoy is satisfied by the second

property in (4.2.2). By (4.2.3), we have D;q is an operator on K [[X]](X%(~Y) so

it is not clear that D, is a well-defined differential operator on £(r). However, we

now rewrite (9/71\1(X ) as the exponential of a polynomial for finite n (power series when
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n = 00), which will lead to a simpler formula for D;,. This formula will make it
clear that D; is a differential operator £(r) — L(r) and reduces to the operator Dy
introduced in Chapter 1 when [ =n =v = 1.

We begin by rewriting 0/,1\ 1(X) as follows:

Oni(X) = J[AH.(m.X")

=0
oo

_ Hexp(Ln(Wn,lXpi))
=0
= exp iLn(ﬂ'n,lXpi>>
n p’"LX i+m
- e[Sy

n—1
= exp ZLk(ﬂ'n,l)ka>,

where the last equality follows from the fact that for k£ > n, the coefficient of X P in
the exponential is L, (m,;) = 0. Hence, for finite n, Q/n\J(X) is the exponential of a

n—1
polynomial f(X) := 3 Ly(m,,)X?". Then for any g(X) € K[[X]], by the product

k=0
rule we get
a ! d
Dia(g(X) = —a(X) + 3P X (Xu)g(X) + X o(X).
Hence we have
d
Dy = e ’Xf (Xv;),

which is obviously a well-defined operator on L(r) for finite n. When n = oo we will

show at the end of this section that f/(X) € £(r) is only true for r < p"/@ "=1),
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d

Forv=1l=n=1, we get D1g= X5

Section [1.4.4]

+ 2% +7X = Do, which we recognize from

Remark 4.2.2. We motivated the definition of D;( using the desired commutativity
relation a; o Do = D o qoy. However, to define D; o we were originally inspired by
Baldassarri’s paper [3], which defines the same operator for [ = 1 and any n > 1 or

n = OoQ.

The relation «; o Dy = D; o qoy induces the linear map a;: L£(r)/DoL(r) —

L(r)/DoL(r) and we have commutativity of the diagram below.

Dy o

L(r)——=L(r)/DioL(r) —=0

lqal lal lal
Dy o

L(r)—=L(r)/DioL(r)—=0

By [1I}, p. 358] this implies Tr(gay) — Tr(ay) + Tr(a;) = 0, so

(¢ —1) Tr(ay) + Tr(ay) = 0.

Therefore by (4.1.2) the Gauss sum G ,(a) is a trace:

Gio(a) = Tr(a). (4.2.4)

Later on we will show that the space £(r)/D;oL(r) has K-dimension p'~! and thus
(4.2.4) gives us G, (a) as a trace on a finite-dimensional vector space over K. This is
an improvement compared to (4.1.2)), which realizes Gy, (a) as a trace on an infinite-

dimensional vector space over K.



84
4.3 Decomposing «; and @; as compositions
Now we generalize the decomposition of « in terms of a; in Chapter 1.

Definition 4.3.1. Let 1 < r < p@t#* 4" 1=n)/p" " For all 0 < i < f — 1 define

o L(r) — L(r) as the composition

X [T528 00 (X0y)7”

L(r) — L(rV/7) xX-uLrtey 2 £,

001 (X ;)P where a; is the i base p digit of a.

l
j=

e, ; =V,0 X “[]

Since a = ap + a,p + -+ af_lpffl and

f-11-1
On10(X) = H H Hn,l((XUJ)pz)pja
=0 j=0
by (4.2.2) we have
ap = Q-1 e} ap -2 O0---00Q100. (431)

In order to define the differential operators D;; that generalize D;, we rewrite oy, so

that their definition becomes evident in light of the desired commutativity relation

i o Dy = Dyipr 0 pag;. As we did for oy we use the function Q/n\,z(X). Since
T gf)l - pc;(:l)7 where a' = a; + a;.1p + - -+ + a;_1p’ 7!, we have
1 -1
@ /(g— —~ :
i = 1 0 hp 0 XD [T 0,0(X0y)”.
Xa(iJrl)/(qfl) H gnJ(ij)pj =0

Jj=0
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For ¢ > 0 we let

—_

-1
d a® /(g o~ j
Dy = — . -0 Xy o X/ [ 0ni(x0;) (4.3.2)
XD T O (Xvy)P” §=0
Jj=0

so that the commutativity relation «;; o D;; = Dj ;11 o pay,; holds by (4.2.2). Since

20

= a, we see that D;, matches our previous definition. Note that D;; are f-
periodic: D;; = Dy ;45 for all ¢ > 0.

As for Dy, using the product rule, we have

n—1

where f(X) = Y Lj(m,,)X?. Hence Dy, is well-defined as an operator on £(r) for
7=0

finite n. It is also clear that D;; generalize the differential operators D;:

d al®
L X Ty

+ X,

where m = 7y .
The relation oy ; 0 D;; = D41 0 pay,; induces the linear map a;;: L£(r)/D;L(r) —

L(r)/D;iy1L(r) and we have commutativity of the diagram below.

Dy ;

0 L(r) L(r) E(T)/IIM[,(T) —0

0—— L(r) 22 £(r) —— L(r)/ Dissr £() —= 0

Note that in this case Tr(az;) is not well-defined since @;; is a linear map between
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two different vector spaces. Nevertheless (4.3.1]) reduces to

Qp =Quf_10Q;f-20---0Q;10Q,

i.e., the following diagram commutes.

We still need to show that when n = oo, D;; is a legitimate differential operator
on L(r). For this purpose we need to show that f/(X) € L(r). Hence we prove the

following lemma which gives the p-adic absolute value of the coefficients of f(X) =
Tt .

> Lj(ma) X7

J=0

Lemma 4.3.2. Forn > [ and i > 0 we have

pi —1

W orosisior ()T ypicio
|Li<7rnl)| = i+1 = pitl )

i : : N\ o 0D .

ST if 1 <i<n (5> if [<i<n
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Let h(k) = o=f—5 — k. Note that (k) — h(k — 1) = -1 — 1 =p*~' — 1 and so

<0 k<l
hk)=h(k=1)=S =0 k=1
>0 k>1

This implies that h(k) is decreasing up to £ = [ — 1 and then increasing after k = [.

Thus for ¢ < [, by the strong triangle inequality we have

Wzil 1 Plflp(ipfl) -
L) = | 2] = (—) 7
p
whereas for [ < 7 < n we have
no_p pitl 2 (i41)
Tl Tl 1\ »-1p-1)
L) = | Ei(nt) — L)) = ‘— > Tt = P ()
P p p
The lemma follows. O]

By Lemma the radius of convergence of f(X) when n = oo is

1 - , ; -
R(f(X)) = liminf T = lim inf p!/ @' G=D)=G+1/p" — 1/ (p-1)
1—00 |Li(ﬂn,l)‘ p 1—00

)

which is precisely our upper bound for r in for n = co. When taking derivatives
the radius of convergence does not change and thus f(X), f'(X) € L(r) for all r <
p"/@*@=1) when n = oo and for any r > 0 when n # oo since in that case f(X) is
a polynomial.

This concludes the proof of Theorem [2.4.13] except for showing that the dimension
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of L(r)/D;;L(r) is p'~, which is the most challenging part of the proof.

4.4 Dimension of L(r)/D;,L(r) for v =1

In this section we find the dimension of L(r)/D;;L(r), i.e., the dimension of the
cokernel of D,;; over K in L(r) for v = 1.

We start by finding the disc of convergence of Q/H\l(X ) and its reciprocal.

Lemma 4.4.1. For anyn > [, the series H/n\l(X) and its reciprocal 1/«9;\[()() converge

precisely on the open unit disc around the origin and therefore
R(6,,;) = 1.

Proof. From the infinite product representation of 0 in (4.2.1)), we have

—~ —

O (X) = 0,0(X)0,.0(XP).

It is easy to see that R(H/n\l) > 0 from expressing H/H\Z(X ) as the exponential of a
polynomial (or power series when n = co). Suppose that R(Q/n\ 1) < 1. Recalling that
when you replace X by X? in a power series the radius of convergence gets closer to
1 (provided it does not have radius 0) and that R(6,;) > 1, we get a contradiction
with

R(B,1) > min{R(0,1(X)), R(6,1(X7))} = R(6,1(X7)).

—

Hence R(f,;) > 1. Now suppose that 6,,(X) converges on the closed unit disc
around the origin and set ¢ = p/. Recall from the proof of Theorem [2.4.11] for any
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t € pg—1 € C, we have the following representation of the additive character :

f-1 ,
() = ¢ =[] s, (4.4.1)
1=0

where Tr : Z; — 7Z, is the trace map. Thus from the infinite product representation

of 0,,;, we have

Oa(t) = 0 (t7) = VB, (1), (4.4.2)

P

This implies that either Tr(t) € p'Z, or G/H\l(t) = 0. Note that there are p/ — p/~1
elements o € F, such that Trg /p, () = o+ +--- + a?’ ™" #£ 0. Hence, by the
Teichmuller lifting there are at least pf —p/~! elements ¢ € pg—1 such that Tr(¢) & p'Z,
and therefore 9/,1\1@) = 0. Letting f — oo, we find infinitely many roots of H/n\ ; in
the closed unit disc around the origin, which contradicts the Weierstrass Preparation
Theorem. Hence, ‘9/n\z converges precisely on the open unit disc around the origin
as claimed. We could run through the same exact argument with the reciprocal

series 1/0/n\l(X) For odd p, this also follows by the identity 9/,:71(—X) = 1/9/71\1(X) SO

obviously this series has the same radius and disc of convergence as Q/n\ 1(X). ]

Since the differential operators D;; only differ from each other by the constant

a?/(g—1), fixc€[0,1)NQNZ, and n > [. Let

n—1

d
D= Xd_X +c+ 7Tn,lX + Ll(ﬂn,l)po + LQ(ﬂ—n,Z)pQXpQ 4+ .4 Ln—l(ﬂn,l)pn_lXp '

! ,
Recall f(X) = > L;(m.;)X? . Hence
=0

d
D=X— X f(X).
dX—I—c—I— f(X)
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For v = 1 and ¢ = a9 /(g — 1), the differential operators D and D;; are the same.
Based on the integrating factor method for solving first order differential equations

or by a similar computation as for D, we may rewrite D as

p-— 1 x4, X0,,(X),
Xel,,(X) dX ’

which holds over K[[X]](X¢) (where -£X¢ := ¢X“! as usual). This can be also
verified directly as we did for D;o. It is clear that Dg = 0 has as solutions the
constant multiples of 1/(Xc¢9/n\7l(X)) = X*CQ/n\J(X)*1 in the extension K[[X]](X¢) of
K[[X]]. In particular, it follows that for ¢ # 0, D is injective on K[[X]]. Since
0,0(X) € 1+ XK[[X]] is a unit, the differential operator D : K[[X]] — K[[X]] is
bijective for ¢ # 0.

Lemma implies that for r > 1, D : L(r) — L(r) is injective even for ¢ = 0

since 0/7;1()()*1 ¢ L(r). The main question is: for
1 <1< R(6,,) = petr’+temom/p, (4.4.3)
what is the dimension d(r) of the cokernel of D (i.e. £(r)/DL(r)) over K 7 To answer

this question we will find d(r) for all » > 0.

Lemma 4.4.2. The dimension d(r) of L(r)/DL(r) over K is the same regardless of

n such that n > 1: let n' >n> 1 and

1 d —
D= ———— 0 X—— 0 Xy (X).
X +(X)

Multiplication by H/JZ(X)/Q/TL/\Z(X) is an isomorphism L(r) — L(r) that induces an
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isomorphism L(r)/DL(r) — L(r)/D'L(r) and thus

dimg (L(r)/DL(r)) = dimg (L(r)/D'L(r)).

Proof. Since

— —

) )
ol oD =D'o22
Hnﬂl enﬂl

the lemma follows if we can show that the ratio @(X)/G/,L_/\Z(X) €l+ XK[X]]isa
unit in £(r). Hence it is enough to show that R(e/,fl/effl) > R(0n)".

Since

[y

n—

n'—1
0,0(X) /0 1(X) = exp < (Lg(ny) — Lg(mn 1)) XP" — Z Ls(wn,,l)xps) ,

Il
o

S

we set 0, = Ly(my) — Lg(m,,) and get

R (@/@;) > min {o@ifn{R (exp (6,X7"))}, min {R (exp (LS(Wn/,l)XpS))} :

n<s<n

By Lemma [4.3.2 for n < s < n’ we have

R (exp (Ls(ﬂ-n’,l)Xps)) < R(es,l)p < R(Qn,lyj-

Let 0 < s < I. By Lemma }4.3.2| we have |d;| = |(7r£il - Wﬁjl)/pﬂ. Theorem [B.10

implies |m,; — | = 7/p° < rfl =7 /p, wheree =p+p>+---+p" " —n>1by
(B.3). Hence |m,y /7, — 1] < r1/(p°r;) < rp and by Lemma we have

s

(7Tn/7l)p o 1 <
Tn,l o

(&

(4.4.4)

psrer




Therefore

165 = |(xh,, — 7)) < rurf T

For |z| < R(0,,)P = p*/?" we have
ps ps_l E/pnis—&‘ < ps_l <
052 | < ryr] T p <rmr; <,
and thus for 0 < s < [ we have

R (exp (6,X77)) = R(0,,)".

s+1

Finally, let | < s < n. By Lemma §4.3.2) we have [d,] = [(7},

From (4.4.4) where we replace s by s+ 1, we have

+1 +1 +1_
165 = |(x, =l )/ < e T

For |z| < R(0,,)P = p*/?" we have
6,27 | < rlrfﬁl_lp‘s/pnfs_a < 7’17“1;5“_1 <y,
and thus for 0 < s < n we have
R (exp (0:;X77)) > R(0,,)",

as wanted.
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s+1

— g /P

]

For r < 1, the series (9/71\5()() € L(r) is a unit by Lemma , and using the same

argument as before for formal power series in K[[X]], we get that D : L(r) — L(r) is
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bijective. Hence, d(r) =0 for r < 1.

Let r > 1. In order to find d(r), we will use a theorem of Robba, which requires
finding the radius of convergence of the solution to the differential equation Dg = 0
for g(X) a power series centered around a “generic point” ¢ with [t| = r > 1 and
r € |K*| (see [14, p. 201] for the precise definition). First, define a norm on the

polynomials K[t] that extends the absolute value of K by

Z aktk

k>0

= sup |ag|r".
k>0

The completion K, of K[t] with respect to this norm is the space of power series in
K|[t]] converging on the closed disc of radius r. Let g € K;[[X — ¢]] be a solution to
Dg=0.

Theorem 4.4.3 (Robba-Young). Let F be a complete extension of Q,. Fiz h(X) €
F[X] nonconst. and let D = X% + h(X) be a differential operator. For r >0 let t
be a “generic point” with |t|, := r and set p(r) to be the radius of convergence of a

—_

nonzero solution to DY =0 in F(t)[[X —t]|; p(r) is defined and continuous.

(i) (Robba) Forr > 0 such that p(r) < r, d(r) := dimp(Ly(r)/DLx(r)) is finite and

p(r) is given by

where C(r) is a piecewise constant function of r.

(11) (Young) If r > 0 is big enough so that |h(t)| > 1, then

olr) = Go) A <"
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Hence Robba’s theorem applies and d(r) = #{z € F : h(z) = 0, |z| < r} with

multiplicity.

Proof. See [14], p. 201] and [I8, Theorem 3.1, p. 16]. Robba lets K be algebraically
closed and complete, but the proof goes through also for K a finite extension of
Qqy(¢,r), which is what we need. The space Ho(r") in Robba’s work is the same as
L(r). The conclusion that C'(r) is a piecewise constant function of r follows from

Robba’s proof. O

Through explicit calculations Lang and Dwork showed that for [ = 1 the spaces
L(r)/D;L(r) = L(r)/Dy;L(r) are all 1-dimensional with basis 1. The dimension, but
not the basis, can also be calculated from the above theorem of Robba—Young.

n—1

For ease of notation, we set Y = X —t and let f(X) = 37" L;(m,;)X?" so that

0ri(X) = exp(f(X)) and D = XdiX +et f1(X).

Applying the integrating factor method, a solution to Dg = 0 in K;[[Y]] is
Y —C
g(¥V) =1+ ) exp(f(t) = [(Y +1)).
Since ¢ € Z, and (;) € Z, for all k > 0, we get

h((3))

When ¢ = 0, we have R ((1 + %)C) = 00. When ¢ # 0 on the other hand, since (z)
does not tend to 0 p-adically we have R ((1 + %)c) =r.

Let < 1 and ¢ = 0. Recall that go(Y) := exp(f(Y)) = 1/6,,(Y) converges
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precisely on the open unit disc around 0 by Lemma [4.4.1] Hence [t| =7 < R(go) = 1
and g(Y') = exp(f(t) — f(Y +t)) converges for all |y| < 1 since |y+t| < 1= R(go) and
gu(y) = exp(F(5)/ exp(f(y + ) = golt)/go(y +1). If g(¥") converges on the closed
unit disc, then go(Y) = go(t)/g(Y —t) converges on the closed unit disc as well since
for |y| = 1 we have |y +¢| = 1 and g(Y —t) converges. This contradicts Lemma[1.4.1]
since go(Y) converges precisely on the open unit disc. Therefore p(r) = R(g(Y)) =1
for all » < 1 when ¢ = 0. Note that the conclusion of Theorem implies d(r) = 1,
which contradicts the fact that d(r) = 0 by our previous argument. However, all is
well since Theorem [4.4.3] does not apply when p(r) > r.

Now let r < 1 and ¢ # 0. Hence [t| =7 < 1 and g(Y) = (1+ ) “exp(f(t) —
f(Y +1t). We know that R ((1+ X)) = r and R(exp(f(t) — f(Y +1¢))) = 1 by
our previous computations and thus R(g(Y)) = min{r,1} = r for all » < 1 when
¢ # 0. The conclusion of Theorem implies d(r) = 0, which matches our previous
computations even though we cannot get this conclusion through Theorem since
the assumption p(r) < r is not satisfied.

We now fix » > 1 and pull out a factor of exp(—f(Y)) = H/TL\J(Y)_l from the second
factor of g(Y'), which by Lemma has radius of convergence

R(@)zlgr.

In order to get the radius of convergence p(r) of g(Y), we need to find the radius of

convergence of

n—1

expUF V) + F(8) — FOV +8) = [ Iﬁexp (-Li(m) (1; )tpikyk) |

i=1 k=1



96

Our goal now is to find the minimum radius of convergence of each piece of the

product decomposition of g(Y") and then make sure that this minimum is unique. We

pi B 1 i—ordp (k)
k)l \p '

Since the radius of convergence of the exponential is 71 = (1/p)"®~1 | we get

1
1\ 7
p

know that

‘Li(ﬁn,l) (Z)tpi_kyk

which implies

1 7pi — +ord (k:))/k
— 1] _ P . .
(é)(p 17 p-1(p-1) pi/lki1 if1<i<l=1
|) | < L pitl ©ordy (k) 1)/Tk
1 I=T1( 1) ordp + . .
(%) Pml e rpi/lle lf l < <N

Let k£ = p®m with m not divisible by p. If we want the minimum radius above, we
only need to focus on the cases where m =1 and 0 < s < i — 1. So we are left to

consider the minimum R,;, of

L_Pii S
1 (p—l plfl(p71)+s>/p _ 1 if 1<i<] -1
» Tpifsfl - -
RZ s — ( N pi+1 + +1>/ s
=1 pi=I(,—1) % p : 1
() A i i<i<n
P e

overalll1 <1 <n—land 0<s<i—1. Forr > 1, Ry,in <1 < r and so the radius of
convergence of g(Y') is p(r) = Rumin provided that this minimum is unique (and that
Rpin is not an empty definition as in the first example below). In this case, Robba’s
theorem says that the dimension d(r) of L(r)/DL(r) is p'~* where i and s are the

unique numbers that make Ry, = ;. Let’s compute some examples.
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Example 4.4.4. Take [ = n = 1. Then there’s no R, ; to consider and the radius of
convergence of g(Y') is 1. Hence, for r > 1 we get by Robba’s theorem that d(r) = 1,
which matches Lang’s computations in [I1, Lemma 1.1, p. 333] (the condition § >

1/(p — 1) may be removed).

Example 4.4.5. Take [ = n = 2 and p > 2. Then we need to consider R; ; for i =1
and s = 0. Hence, R1o = 1/r?~! < 1 and so the radius of convergence of g(Y) is

1/rP~1. Hence, for r > 1 we get by Theorem that d(r) = p.

Example 4.4.6. Take | = 2, n = 3 and p = 2. Then we need to consider R;,
fori =1, s = 0and i = 2, s = 0,1 respectively. Hence, Ry = 1/r’~! < 1;
Ry = pP/r”"~, Ryq = pP~'/rP='. So the radius of convergence of g(Y) is 1/r?~! for
1 <r < p’®D and p?/r?*~! for r > p"/®=1). Hence, by Theorem we get that

for 1 < r < p"/®=V d(r) = p and for r > p/®=V d(r) = p?.

Continuing in this manner, we fill out the following table. The question marks
mean that we do not know the exact answer since there are two radii R;, equal to

each other.
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TABLE 1. Generic radii of convergence of g(Y') for r > 1 and corresponding

dimensions d(r).

R s

T

any

N/A

N/A

N/A

r>1

any

[un

1/rP—1
2_
pP/rP T

p(P=1)/P jpp—1

1<r<pl/-D

r > pl/(P=D)

any

pfl/P/.,ﬂpfl
1/7':‘72_1
p—l/p/Tp—l
PP /rr’
p(pfl)/p/rzﬁfl

p(p72)/z72/rp71

1<r<pl/P?@-1
/P2 (0=1) o < p1/p(=1)

r > pt/PP=1)

any

= O N B O H O O|IN ~» O = O O

p—(P+t1/P jp—1
p—l/p/,,p2—1
p—<p+1)/p2 JrP—1
1/rP3*1
pfl/p/rp2fl
p*2/p2/rp71
p? /et =1
p(Pfl)/p/Tzﬁfl
p<P*2)/ZD2 /Tp271

p(P*3)/P3/r:D*1

1<r< pl/pg(p—l)
p1/PP (1) o pl/PP (0 -1)

> pl/z’Z(pfl)

p=(Pt1/P% jp—1
1/7”:"3_1

4_
pP/rP 1

3

SR
[

any

= O O |lWw N

= o

= O W N = O N

W N = O R WwN

ot

p*(p2+p+1)/p3/rp71
p*(zﬂrl)/zv2 /Tp271
p*(p2+p+1)/p3/rp*1
p*l/P/rP?’*l
p=(P+1)/P? /P -1
p=(pt1)/p% rp—1
1/'1‘:"4_1
pfl/p/Tpsfl
p72/p2/rp271
p*3/p3/rpfl
p’“/?"’s*1
p(pfl)/p/rp“fl
p<P*2)/P2 /Tpe‘fl
p<P*3)/P3 /Tp271
p(P*4)/P4/r:D*1
pp2+p/r116—1
p(p2+p—1)/p/rz>5—1
p(p2+p—2)/p2 /TTJ4—1
p(p2+pf3)/p3 /Tpgfl
p(p2+p*4)/z)4/rp2fl

p(p2+p*5)/p5 JrP— 1

1<r< pl/p“(p*l)
pl/P‘L(P*l) <r< pl/P3<P*1)

r> pl/PS(pfl)

p*(P2+P+1)/P3 JrP— L
4
1/rP 1

2 6_
pP TP/ pp7 1
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Part of the patterns in the table hold in general. Part (ii) of Theorem tells

us the exact radius of convergence is

p(r) = (1/p)/ " Vr/le+ tf'(1)]

provided |c + tf'(t)| > 1.

Case 1: 7 > p/® =10 Then |c +tf'(t)] = (1/p)*" " /@=D=12""" > 1 and so
g(Y) has radius of convergence (1/p)/®=1D=p"""/=D+1 /pp" =1 < 1 This means

that d(r) = p"~! in this case.

Case 2: pl/(plfl(p—l)) <r< pl/(plj(p—l))_ Then |c—|— tf’(t)] _ (1/p)1/(p_1)rpzf1 o
and so ¢(Y) has radius of convergence 1/7"1"’l_1_1 < r. This means that d(r) = p'~* in

this case.

Case 3: 1 < r < pY/@ ' @-D) Then |e+ tf'(t)] = (1/p)/* '@ Dr < 1 and so
[18, Theorem 3.1, p. 16] only tells us that g(Y) has radius of convergence at least
(1/p)Y/®=Vr. However, we claim that p(r) = 1/r? =1 < r and d(r) = p*~* as in Case

2. To show this we use the following theorem.

Theorem 4.4.7 (Kedlaya). The function y = —log(p(e™™)) is piecewise linear, con-

tinuous and convex.

Proof. See [10, Theorem 11.3.2]. O

The convexity property of the function y = —log(p(e™*)) is most useful to us: For

r =e * < 1wehave z > 0 and since p(r) = 1 when ¢ = 0 and p(r) = r when ¢ # 0, we
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get y = 0 and y = x respectively. Doing the same calculation, in Case 1 and 2, we get
respectively y = —(p" ™' =)o —(p" "' —p)log(p)/(p—1) for z < —log(p)/(p'*(p—1))
and y = —(p'~" = 1)a for —log(p)/(p'*(p — 1)) < < —log(p)/(p'"(p — 1)). Since

11

y = —log(p(e*)) must be convex, we must have p(r) = 1/ =1 over the whole

interval 1 < r < p'/P'*=1 a5 can be seen dashed in the following graph.

@' 7 —1) log(p)
p!=2(p—1)

c#0,

1@t —1) log(p)
pl=1(p—1)

Remark 4.4.8. We explain why Theorem [2.4.13| requires r € |K*| such that (2.4.4)

holds. First note that for any n > [ we have

2 n—I+1
+p°+---+ - —
bre p?’;l = < pl/pl 2(p71)'

l<r< R(@ml)p =Dp

This falls into Case 3 above, where d(r) = p'~*

and thus we have a complete proof
of Theorem [2.4.13] The reason we restrict to r > 1 in (2.4.4]) rather than » > 1 as
needed in Theorem is Theorem {4.4.3| which only applies when p(r) < r: when

r =1, p(r) = 1 by continuity, which contradicts the assumption p(r) < r. In fact
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we can construct an explicit example in the classical case | = n = v = 1, where
the quotient space £(1)/Dy;£(1) is infinite-dimensional over K. Hence r > 1 is a
necessary condition. On the other hand, the upper bound in (2.4.4) is needed to make

sure oy: L(r) — L(r) is well-defined.

4.5 Dimension of L(r)/D;;L(r) for any v

For v € Z; in standard form mod p', we follow the same setup as in the previous
section and by part (ii) of Theorem the exact radius of convergence is

-1

p(r) = (/)" D/ e+ ijtf’(t)

if o+ Y ptf (1) > 1.

Analog calculations show that the dimensions are unaffected by v € ZqX:
Case 1: If r > p'/7'7*®=1 then d(r) = p".

Case 2: If p/P' 7101 < < pl/P' (=) then d(r) = ptL.

Case 3: If 1 < 7 < p'/7"7' =1 then Theorem implies d(r) = p'~t.

We need r € |K*| such that

2 n—Il+1
+pS+---+ - _
prp p% n < pl/pl 2(17—1)‘

1<r<R(O,) =p

This falls into the range where d(r) = p'~! (Case 2 and 3 above) as claimed. Hence

1

we have d(r) = p!~! for any v € Z; in standard form mod p'~1, which completes the

proof of Theorem [2.4.13]



Appendix A

Roots of unity over Q, and the
Artin—Hasse series

Roots of unity in C arise as values of the exponential function at 27:Q. The p-adic
exponential series, which converges on the disc D, = {x € C, : |z| < (1/p)¥/~D}
and takes values on 1+ D,, has no root of unity as a value other than exp(0) = 1
since all other roots of unity lie outside 1 + D,. We will see in this appendix that
the Artin—Hasse exponential, which converges on a larger domain, the open unit disc
in C,, takes on all p™™power roots of unity among its values. Also, in the same
spirit as {(pz = e% }z>o being a compatible family of p™®power roots of unity in C,
in the sense that Cﬁ . — Cp—1 for all I > 1, we will use the Artin-Hasse exponential
to get a compatible family {(,}i>0 of p™ power roots of unity in C,. Just as the
representation of roots of unity in C through the exponential function is quite useful,

we will use the representation of p™-power roots of unity in C, through the Artin—

Hasse exponential to get the analogue of Stickelberger’s theorem for generalized Gauss

sums (see Theorem [2.4.11]).

102
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We begin with some notation and definitions. For any power series f(X) in

C,|[z]], denote by R(f) its p-adic radius of convergence, fj its k™ coefficient, and set
| f (X)), := supy{|fx|r*} for any r > 0.
Definition A.1. The Artin—-Hasse logarithm series is

2

¢ xr xr  xv
L(X):Z — =Xt — 5+,
= p p p p

and the Artin—Hasse exponential series is

AH(X) = exp(L(X)) = Y A X" =1+ X +---.

n>0

The series L(X) is like —log(1— X) = >  X"/n where we drop all n that are not
n=1

powers of p.

Lemma A.2 (Dwork). Let p be a prime number and F(X) =" a; X" € 1+ X Q,[[X]].
Then F(X) € 14+ XZ,[[X]] if and only if

PO €1+ pXZ,[[X]).

Proof. See [15, p. 392]. O

From Dwork’s lemma, it is not hard to see that AH(X) € 1+ XZ,[[X]] using the

following argument. By the properties of the exponential function:

x»” X
AH(X?) = exp (Xp+—+—2+--->
p p

and

Xr° p?
AH(X)? = exp (pX—FXp—i-T—Fp—Q—F“')-

Therefore, we get
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AH(X?) (—pX)" P e PP
SR - —lopx+Lx2 LD xs ...
c ; nl pa g CThi

n—S(n
p—1

—

|}—‘

< E=<n

The coefficients (:5)71 are in pZ, for n > 1 because ord,(n!) =

hS]
—

where S(n) is the sum of the digits of n in base p. Hence by Dwork’s lemma, we
immediately get that the coefficients of the Artin-Hasse series are in Z,, so the radius
of convergence R(AH) of AH(X) is at least 1. In [I5 p. 388] it is shown that in fact
R(AH(X)) = 1 and AH(X) converges precisely on m, = {x € C, : |z| < 1}, the
unit open ball around the origin in C,. Since AH(X) € 1+ X 4+ X?Z,[[X]], we have
| AH(x) — 1| = |z| for all z € m), and AH(m,,) C 1 4+ m,,.

Now let’s focus on the power series L(X). It is not hard to show that L(X) con-
verges precisely on m,,, which strictly contains the disc of convergence D,, of exp(X).
Set ro = 0, 7 ==y == (1/p)/@ D <1, 7, := (1/p)/»"'@V D ={zxeC,: |z| <

r=r1} and Dy = {x € Cp,: x| <r} for all I > 1. Note that
O<m<r< << <1, m—1,
and consequently
{0ycD,CDpC---CDyC---Cm,,.

Theorem A.3. In m,, we have L(X) has p"~'(p — 1) distinct zeros with absolute
value r; for 1 > 1 lying in a finite extension of Q, and no other zeros besides 0. In

particular, the zeros of L(X) other than 0 are algebraic numbers in m, — D,.
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Proof. We will use the theory of Newton polygons. For each non-negative inte-
ger [, 1/p! is the coefficient of X7 in L(X) and all other coefficients are 0. Also,
ord,(1/p') = —I, so the Newton polygon of L(X) has break points (1,0), (p,—1),
(p?,—2), (p*,=3),...,(p!, —1),... in this order. The slopes of the Newton polygon

are precisely

1 < 1 < 1 < < 1 <
p—1 plp—1) p*(p—1) pip—1)

with corresponding horizontal lengths

p—1,p(p—1), p’lp—1), ..., p(p—1), ... .

The slopes are in increasing order tending towards 0 with the smallest one corre-
sponding to absolute value r. In general, a slope m of horizontal length n tells us
that the power series with that Newton polygon has n zeros of p-adic absolute value
p™, counting multiplicity. Therefore L(X) has precisely one root of multiplicity one
at x = 0, p — 1 roots of absolute value r; = r, and in general p'~!(p — 1) roots of

absolute value r; for [ > 1 as summarized in the table below.
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Segment | p*'°P¢ | Hor. length
0 0 1
1 1 p—1
2 T2 p(p—1)
n o P p—1)

In addition, these zeros are simple since L'(X) € 1+ XZ,[[X]], so |z| < 1 =

|L'(x)| =1, and thus L'(z) # 0. O

A naive calculation suggests AH(7) = 1 for every zero 7 of L(X):
AH(7) = exp(L(m)) = exp(0) = 1.
However, this calculation is incorrect. Indeed, since | AH(z) — 1| = |z| for all z € m,,
if L(z) =0 and = # 0 in m,, then | AH(z) — 1| = |z] # 0, so AH(z) # 1.

Example A.4. Let p = 2. By Theorem , there exists a unique root 7 of L(X)

with || =7 = 1. It turns out that 7 = 2 + 2% 4 2° + .. € Z,. Therefore we have

AH(1) =1+ 7+ O(7*) = 3 mod 4.

Hence, AH(7) # 1 since AH(7) # 1 mod 4. What is AH(7) equal to?

It turns out that when L(m) = 0 and 7 # 0, AH(n) is a p™™power root of unity
other than 1. More precisely, we have the following theorem whose statement is

facilitated the following definitions. Let Z denote the set of zeros of L(X) in m, and
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e be the p™—power roots of unity in C,. Analogously, for [ > 0, let
Zy={n€Z:|n|<n}, Z, ={reZ:|r|=n}
and

fp = {C € pyee 2 [C =1 <}y g = {C € pipe 1 [¢ = 1] = 11}

Note that j,; are the p'~th roots of unity in C, and u;, are the roots of unity of order

p'in C,.

Theorem A.5. For alll > 1, the maps
AH:m, = 1+m,, AH: Z — ppeo, AH: Zy — p and AH: Z;)l — ,u;l

are bijections. In addition, for any w € Z;)l, AH(7) is the unique ¢ € 10 such that

¢ — Z Artl <ri=r,

i<p!~!

where A; are the coefficients of AH(X).

To prove AH(7) is a root of unity when L(7) = 0, we will use the following result
that provides conditions under which substitution into a composition of power series

is legitimate.
Theorem A.6. Let f(X) and g(X) be power series in C,[[X]]. For x € C,, if
1) 9(0) = g0 =0,

2) || < R(g),
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3) |gpx®| < R(f) for all k > 1

then we have (fog)(xz) = f(g(x)), i.e., we are allowed to substitute x into the formal

power series equation (f o g)(X) = f(g9(X)).
Proof. See [15, p. 294]. O

Using notation introduced at the start, for |z| < R(g) the third condition in
the theorem says [g(X)|; < R(f), and this implies |g(x)| < R(f). In general,
|9(X)|jz) < R(f) is a stronger condition than |g(x)| < R(f).

Let’s show that the equality AH(z) = exp(L(x)) holds for all z € D, as an
application of Theorem We know that L(0) = 0, R(L) = 1 and R(exp) = r.
Thus the first two conditions are satisfied. Checking the third condition, we have

|Lyz®| < |aP/p| = |L1||z|P for k > 1, and
|2? /p| < pr? = r = R(exp).

Thus, Theorem implies AH(x) = exp(L(x)) when = € D,. In fact, this is the
best we can do since there is an = on the “boundary” of D, (i.e., |x| = r) such that
AH(x) # exp(L(z)): there are p—1 zeros of L(X) with absolute value  and Theorem
[A.5]says AH(z) is a nontrivial p'" root of unity for such z, so AH(z) # 1 = exp(L(x)).

Let’s see how the hypotheses of Theorem [A.6|break down for the equation AH(X) =
exp(L(X)) if z is a zero of L(X) other than 0. Set |z| = r; = (1/p)/@ =1 for [ a
positive integer. We have L(0) = 0, R(L) = 1, and R(exp) = r. Thus the first two

conditions of Theorem are satisfied. However,

l

! — - L
\L(X)|,, = |Lifr}? = |p| 7o = |p| 51 = pl(r/p) £ r = R(exp), (A.1)
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so the third condition is not satisfied.

Now we prove Theorem [A.5]

Proof. Let [ > 0.
Step 1: AH(Z) C ppe and AH(Z),) C 11,

First, note that AH(0) = 1. Let m € Z — {0} have p-adic absolute value 7(i.e.
™ € Z,) for some positive integer I. We will show that AH(;) is a root of unity with
order p'.

In (A.1)) we saw that |L(X)|,, = p'(r/p). If we could get rid of the p' on the right
side, we’d be left with r/p, which is less than r = R(exp), and we would then be able

to make a substitution by Theorem [A.6l To remove the [, consider the equation
AH(X)? = exp(p'L(X)). (A.2)

We will show that substituting X = m; in this equation is allowed and preserves

equality. Then we would get
AH(m)" = exp(p' L(m)) = exp(0) = 1,

so AH(m) is a p'-th root of unity. The first two conditions of Theorem are
obviously true for (A.2)). Let’s check the third condition for (A.2]):

L, = BlL], = (}9) p(r/p) = r/p < 1 = Riexp).

Hence setting X = m; in (A.2) is valid.

To argue that AH(7;) has order precisely p', note that | AH(m;) — 1| = |m| = ;. Since
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we know that in general any p-adic root of unity ¢ of order p™ with m > 1 satisfies
|¢ — 1| = 7y, the claim follows.

Step 2: The mapping AH: m, — 1 +m,, is a bijection.
First, this map is well-defined since AH convergences on m,. Since the difference
AH(X)—1= X+... € XZ,[[X]] and its linear term has a coefficient in Z, the formal
power series Inverse Function Theorem says this formal power series has a composition
inverse B(X) = X + ... € XZ,[[X]]. Now, it is easy to check the conditions of
Theorem are satisfied and therefore the functions B: m, — m, and AH(X) —
1: m, — m, are inverses of each other: B(AH(z) — 1) = = and (AH—-1)(B(z)) =
AH(B(z)) — 1 =z for all z € m;,. Thus AH: m, — 1+ m, is a bijection.

Step 3: The mappings AH: Z — pyee, AH: Z; — p, and AH: Zz,:l — u;l are
bijections.
By step 1, we know that AH(ZZ’)l) C ,u;, for all [ > 1 and by step 2, the mapping
AH: m, — 1+m, is a bijection. Thus, its restrictions AH: Z}’Dl — ;/J;l and AH: Z,; —
p, are bijections. In addition, since Z = {0} UlL>J1 Zy and pyee = {1} UZL>Jl [, We get
that AH: Z — 1, is also a bijection.

Step 4: If m; € Z—{0} has absolute value r; and ¢ € pi, satisfies [(— Y A <
r, where the coefficients A; come from AH(X) = >~ A; X", then ¢ = AI—IZ(§7]:S1

i>0
Since the coefficients of AH(m;) are in Z,,

-1

AH(m) — Z Ami| < |7Tl|ijL1 < |7rl|pH =P

Z'Splfl

(1/p)" =,

so |AH(m) — ¢| = |AH(m) — S+ S — (| <r, where S = Y_._ ., A;w}. Different p'®

i<p

power roots of unity have distance at least r from each other, so ¢ = AH(m). O
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In the proof above, we showed that AH: m, — 1 4+ m,, is a bijection. In fact, this

map is also an isometry: For any z,y € m,, we have

1+ Zi:a,-xijyjl = |z -y

i>2 j=1

| AH(z) — AH(y)| =

Z ai(z’ —y')

1>0

= |z -yl

since |a;z" 7y~ < 1foralli >2and 1 < j <.

Inspired by the proof of the above theorem and the fact that AH: m, = 1 +m,
is an isometry, we wonder if given a root 7 of L, how far away from it do we need to
look to encounter another root of L. In general, it is reasonable to believe that the

roots of L are spread out precisely like the p™ power roots of unity.

Corollary A.7. Let w be a root of L. Then, there are exactly p='(p — 1) roots © of
L with |7 — «'| = r; for all 1 > 1 and no other roots of L. In particular, if ©’ # 7,
then |m' — | > r. Also, for any collection of p roots of L distinct from 7, at least one

of them, say «', satisfies |m — w'| > ro.
Y

Proof. Let m be a root of L. By Theorem [A.F] we know that AH(7) = ¢ for some
¢ € pp. There are precisely p'~(p—1) roots of unity ¢’ with [ —{'| = [(/¢ = 1] =n
for any [ > 1. Now, let [ > 1 and ¢’ as above. Again, by Theorem [A.5], we know
that ¢’ = AH(n’) for a unique " € Z,. Since AH: m;, — 1 4+ m,, is an isometry and

(,¢" € pipe, we have

m — '] = [AH(7) — AH(x)| = [ = {'[ = 7.

The two remaining statements follow by a counting argument. O]

It is possible to prove the above corollary without using Theorem [A.5] Now we
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present a second proof, which is longer, but quite interestingly takes advantage of the

theory of Newton polygons. This technique is due to Blache in [4].

Proof. When m = 0, the closest root of L is at a distance r from it by the Newton
polygon of L we considered before. Now, let 7 be a non-zero root of L. We know that
|| > r. We will prove our theorem by analyzing the Newton polygon of H(X) :=

L(X + 7). The constant term of this power series is

For k > 1, using the binomial theorem and collecting like terms, we get

2

p

H, = Z @W”i_k.
iz0pzk P
Since ord, (’,’:) — i — ord,(k) and ord, (7" 7*) > ordp(ﬂfifk) > 0 for all ¢ such that
p' > k, we have ord,(Hy) > —ord,(k). Furthermore, equality holds if and only if &
is a p'™ power.

Thus, the Newton polygon of H(X) is identical to the Newton polygon of L(X).
Hence, 0 is the unique root of H with absolute value less than r. So, if 7’ is a root of
L different than 7, then a = 7’ — 7 is a root of H and so |7’ — 7| = 1, for some [ > 1.
In particular if |7 — 7| < r, then & = 7’ — 7 is a root of H with |a| < r. But 0 is the

unique such root of H. Therefore, a = 0 and so 7’ = 7. O]

The p'" power map sends elements of oyt to elements of pi,-1 for all [ > 1. How
does this map translate to a corresponding map between roots of L, i.e. between Z,

and Z,-17 The following theorem provides an answer.
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Theorem A.8. Let m be a zero of L with |m| = 1 for some integer 1 > 1. Then:

(i) There exists a unique root m_y of L with |m_1| = r—1 such that AH(m)P =

AH(m_4) and

(ii) m_1 is the unique root of L such that |m_y —m)| < ry =r. More precisely,

M1 — 7| =m/p<1l/p<r.

Proof. To begin with, let m; be a zero of L with |m;| = r; for some integer [ > 2. Then
part (i) of the theorem follows from Theorem since AH(m)P is a root of unity of
order p'~!. In other words, there exists a unique root m;_; of L with |m—1| = -1 such
that AH(m)? = AH(m_41). Part (ii) tells us how to produce m_; directly from m;:
take its p'" power and look closeby. We now focus on proving this. From the proof

of the fact that AH(X) has Z, coefficients, we have

XP2 Xp3
AH(X)P eXP(pX+XP+—+ - +)
AH(XJT)’ - pzp pgp =exp(pX)=1+pX +---
(X¥) eXp(XP+XT+);2 +>

So it easily follows that
AH(X)? — AH(X?) = AH(X?)(exp(pX) — 1).

What values can we plug in for X in the above equality of power series?
We know that the Artin-Hasse exponential converges on m, and exp converges
on D,. Thus we may plug in any = € m, such that |pz| < r or equivalently |z| < pr.

However, pr = pl_p%l > 1 and so we are able to plug in any = € m,,, which is quite
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convenient. Thus, for any z € m,, we have
| AH(2)? — AH(2")| = [ AH(2") (exp(px) — 1)| = [exp(pz) — 1| = |pz],

where the last equality follows from the fact that exp : D, — 1 + D, is an isometry.

Plugging in x = m;, we get
r
| AH(m)? — AH())| = |pm| = ;ly

which we recognize as part of the statement of the theorem. Since AH: m, = 1+m,,

is an isometry and AH(m)? = AH(m,_1), we have
-
mia = | = [AH(m 1) — AH(7y)| = [AH(m)" — AH(m)| = El-

As for the uniqueness, suppose 7 # m_; is another root of L such that |7 — 77| < r.
From Corollary we know that |7 —m_y| > r. Since |m_y —n]| < r, by the strong

triangle inequality, we have
T =7 =|r—mo+mo — | =T —mea| >

which is a contradiction and so the uniqueness follows.

]

Now that we know how to go down from m; to m_1, let’s see how to get back to
7. In pyee, we just take a p™ root, for which there are precisely p choices. A similar

thing happens in Z,e.
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Theorem A.9. Let m_y € Z,-1 for some integer [ > 2.

(i) There exist exactly p distinct roots {m;}1<i<p of L, such that
AH(m ;)P = AH(m—1) for all 1 <i < p.

Moreover, for all1 <i<pandl>2, m; € Z,.

(i) In addition, if we choose a p™ root Wll_/]f of m_1, then {m ;}1<i<p are the only
roots m of L such that

|7r—7r111]i] < Ty
In fact, |m,; — Wllfzﬂ = (r/p)? < (1/p)V/? <y for alll > 2 and 1 < i < p.

Proof. To begin with, let m,_; be a zero of L with |m,_1| = r,_1 for some integer [ > 2.
Then part (i) of the theorem follows from Theorem since AH(m,_1) is a root of

! and there exist precisely p roots of unity of order p' whose p'*

unity of order p'~
power is AH(m_1). In other words, there exist exactly p distinct roots {7 }1<;<, of L
such that AH(m,;)? = AH(m,_1). Moreover, again by Theorem forall1 <i<p
and [ > 2, m; € Z,.

Part (i7) tells us how to produce {m;}i<i<, directly from m;: choose 7rl1 _/ " to be

any one of its p** roots and look close by. We now focus on proving this.

For p odd, for all 1 <i < p we get by the binomial theorem

p—1
1/p\p _ _p P\ _p—k_k/p
(m; —m ) = T — Ti-1t E L i T-1-

From the previous theorem, we know that |77, — m_1| = [m_1 — ;| = 71/p. So, if we

—k_k/p

can show that all the other summands (z)wlp ;7 have absolute value strictly less
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than r;/p for all 1 < k < p — 1, then by the strong triangle inequality

(715 — /)P = 70/ p.

Taking p'" roots, we get

1
i = m 25 = (/)"

as claimed. Now, since ord, (Z) =1forall 1 <k <p-—1, for such k, we have

()

as wanted. For p = 2, for all 1 <17 < 2, we get

= - rl=—r = — < —
pt T = D D

D
1 p—k k/p_l p—k kT Tzf1<'f’z

1/2\2 2 1/2
(71,5 — 7Tl—1) =T — T-1+ 2m iz ] + 2m.

From the previous theorem, we know that |77, — m_1| = |m_1 — 7%;| = /2. Also, we
have

12 1 T1-1 -1
\2775,,;7rl11 = 57’12 = and |2m_q| = 5

Taking square roots, we get

ms — m 3] = (r0/2) 12,
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as claimed.

As for the uniqueness, suppose 7 is another root of L such that |7 — 7rl1 / "l <y and
7 # m; for all 1 <@ < p. By the last statement of Corollary [A.7], we get that there
exists 1 < ¢ < p such that |7 — m;| > ry. From this, the fact that |m,; — W}f’ﬂ < 7Ty

and the strong triangle inequality, we get

| — Wzl—/zﬂ = |m — m + my —Wllfzf = | — m| > ro,

which contradicts our assumption that |7 — /%] < rs.
[

Now, we will use the above two theorems to construct a compatible family of roots
of L that maps to a compatible family of p!" power roots of unity. It makes sense to

define a sequence of p™ power roots of unity {(,};>o to be a compatible family if
(1) Cl = 17
(2) ¢, is a primitive root of unity of order p' for all [ > 1,

(3) ¢y = (-1 forall i > 1.

To define a compatible family of roots of L, we first find equivalent formulations

of the above natural conditions. Note that condition (2) is equivalent to
(2)" ¢y is a p™ power root of unity such that |¢,; — 1| = for all [ > 1,
whereas (3) is equivalent to

(3)" [Cp—1 — C§l| <rforalll>1.
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(3) = (3)" is clear. Whereas, the other direction, suppose (3)’ holds and fix [ > 1.

Cpi—1
¢ (-
v\
However, St is itself a p'™™ power root of unity and so (2)" implies CIZ: = (pi-1. Thus,

P
<

(3) follows. Motivated by the above equivalent formulations, we make the following

Then, since (, is a unit, we get

(i
&

= -1 <r

Kp”l - C£l| -

definition.

Definition A.10. A compatible family of roots of L is a sequence of roots {m};>¢

such that

(1) mo =0,

(2) L(m)=0and |m| =1, forall I > 1,

(3) |m—y — 7| <rforalll>1.

Theorem A.11. L has a compatible family of roots.

Proof. Let m := 0 and pick 7 to be a root of L with |m| = r. Now using Theorem

[A.9] we choose consecutively for each | > 2 a root m of L as required.



Appendix B

Truncated Artin—Hasse
exponential series

At this time, Sage is unable to compute roots of an infinite series (such as L(X) in
Appendix A) in C,. So we are unable to use the results in Appendix A for expressing
p'® power roots of unity in terms of roots of L(X). Thus we follow the layout of

Appendix A and replace the Artin—Hasse logarithm series with a truncations of it.

Definition B.1. For integers n > 0, the truncated Artin—Hasse logarithm series is

n Xpi Xp Xp2 Xpn
—~ p p D p

and the truncated Artin—-Hasse exponential series is

AH,(X) = exp(Ln(X)) = ) S Api X' =1+ X +....

=0

To make notation easier, we also define L..(X) = L(X) and AH,(X) = AH(X).

119
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The series AH,,(X), unlike the Artin-Hasse exponential series, doesn’t have Z, coef-
ficients and so we can’t plug in any elements of m, that we want. In particular, for
n =0, we get AHo(X) = exp(X), which has radius of convergence r, = (1/p)/®=1,
To compute the disc of convergence of AH, (X) for any n > 1, we need the following

lemma.

Lemma B.2. For k > 1,

1 1 1 1
(e — ) > — (k14—
pk( +p—1> p’“*l( - +p—1)

Proof. Let k > 1. The following inequalities are all equivalent to each other:

! k+ ! > ! E+1+ !
P p—1)  p! p—1
1 1
— 1) (k+— ~ D) (k+14+—
p(p )(+p_1)>(p )(+ +p_1)

pp—Dk+p>{p-1)(k+1)+1

pp—Dk+p—1>((p—-1)(k+1)
pk+1>k+1

p> 1.

Since p is a prime, the last inequality is true and so are all the previous ones. The

Lemma follows. [l

Lemma B.3. For n > 1, the truncated Artin-Hasse series AH, (X)) converges pre-

cisely for all x € C, with |z| < R(AH,,), where

n(p—1)+p

1 1 1
Tﬂ(nJrlJrf) = oy =1 24 g
R(AHn) _ (1) p p—1 _ (1) pntl(p—1) _ (1) P pp+p ;—nﬂp .

p p p
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In addition, the coefficients of AH, (X) satisfy

[ (1 ) 200020

p—1

ord, (A ;) > —{

Proof. One can write

AH,(X) = AH(X) [] exp(—=Xx*"/p"). (B.1)

k>n+1

Each of the exponentials exp(—X?" /p*) converges precisely for all 2 € C, such that

k ) I (kt+-15
L (%) "' Thus their radius of convergence are respectively Ry = (%) el )

pk

By Lemma [B.2] these radii Ry are strictly increasing as k > 1 gets bigger. In

other words, for k£ > 1, we have

1\ 5E) s\ e
G <)
p P

1 I (b 5ty) 1 et (n+ 1454
min (—) = <—> .
E>n+1 \ p P

Let Fop1(X) = [lizna exp(—X?"/pF) = exp(— D konit X?" /p¥). We claim that

(k+14+545)

Hence

Fo+1(X) converges for all z € C, such that |z| < R,41, i.e. R(F,11) > Rpy1. Let

x € C, such that || < R,41. Then for £k > n+ 1, R,11 < Rj and so we have

xpk
pk

< p%l. Thus, by lemma |A.6| the claim follows.

Equation (B.1)) implies AH,,(X) converges for all x € C, with |z| < R, since
R(AH) =1 > R,4+1. We will now show that AH,,(X) doesn’t converge for any other
x € C, and thus R(AH,,) = R,,;1. Let x € C, have absolute value R, and suppose

AH,,(X) converges at z. Since R, 11 < Ry12, F12(X) converges at x. We also know



122

that the AH(X) converges at x. Since R(1/F,;12(X)) > R, by the same argument

as for R(F,,1) > R,y in the previous paragraph, the power series equation

nt1 AH, (X
X ) = ST
implies exp(—X?"" /p"1) converges at x with |z| = R4, (recall R(1/ AH(X)) =
1 > Ry,49 since 1/AH(X) € 1+ XZ,[[X]]). This is a contradiction to the disc of
convergence of this series exp(—X?"" /p"™1) being |z| < R,y as discussed earlier.
Therefore the first part of the lemma follows.
Now we show the inequality in the lemma. By direct computation we see that the

coeflicients of

0o kal- o
exp(=X" /) = 3 Figl > rm X
=0 pm m=0
satisty
(i . ”
Orp{Cighe) =~k = Zp — (12) = (k " p— 1> * P El)l

for i > 0 and ¢y, = 0 for m not divisible by p*. Thus, for all m > 0 we have

ord, (¢ m) > [%J (k - ) J SUm))

p

Denote by h(k,m) the right hand side of this inequality. We claim that h(k,m) is
non-decreasing with respect to k > 1 for all m > 0. Fix m > 0. For £ > 1 such
that 0 < m < p*, we have h(k,m) = 0 so h(k +1,m) > h(k,m). For k > 1 such
that p* < m < p** we have 1 < |m/p*] < p. So S(|m/p*|) = |m/p*] and thus

h(k,m) = —|m/p*|k < 0= h(k+ 1,m). Assume k > 1 and m > p**'. From the
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properties of the floor function we have

e srm e (3] -] (o202
oo ot -
E{JZJk@—i)—l

>k(p—1)—1

> 0.

Thus the claim follows, i.e. h(k,m) is non-decreasing with respect to k > 1 for all

m > 0. Therefore, for kK > n+ 1 and m > 0 we get
ord, (¢ m) > h(k,m) > h(n+1,m). (B.2)
From we get

Anvi = Z Ajcn+17jn+lcn+27jn+2 U CUng(i)JJLlogp(i)j )
JiJn+1:0n415--Jlogy (4) ]
where A; are the coefficient of AH(X') and the sum runs over all 0 < 7, j, < for any
n+1 <k < [log,(7)| such that j + jny1 + Jug2 + - + Jliog, (i) = t- Note that the
sum is finite. Then for i > p"*! ord,(A;) > 0 and (B.2)) imply
[log,, ()]

ord,(Ay,;) > min ¢ ord,(A;) + Z ord,(cx,j,) ¢ = h(n+1,1),
k=n+1

where the minimum runs over all 0 < j, ji < i for any n+1 < k < [log, (i) such
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that j + Jpe1 + Jnao + -+ + jUng(i)J =14. This is precisely what we had to show. [
From this lemma one can show the following theorem.

Theorem B.4. For everyn > 1 orn = oo, the truncated Artin-Hasse series AH,,(X)

is an isometry in its disc of convergence. In other words, for every x,y € C, such

that |z|, |y| < R(AH,) we have

| AH,(2) — AHn(y)] = |2 —yl.

Proof. For n = oo, AH,(X) is the Artin-Hasse exponential series, which was shown

to be an isometry in Appendix A. See Keith Conrad’s paper [7] for n > 1. O

Analogously to the Artin—Hasse exponential series, we would like to know the

layout of the roots of L, (X).

Theorem B.5. Inm,, for anyn > 1 we have L,(X) has exactly p" roots: p'~'(p—1)
distinct non-trivial zeros with absolute value r; for 1 <1 < n and no other non-trivial

zeros. In particular, the zeros of L,(X) other than 0 are in m, — D,.

Proof. The Newton polygon of L,(X) is identical to that of L(X) up to vertex
(p", —n) (see Lemma ) and then it continues with a straight vertical line. Also,
L' (X) €1+ XZ,[X] implies |L] (z)| = 1 and consequently L! (z) # 0 for all x € m,,

These observations conclude the proof. O

We would like to be able to plug in # € C,, with |z| = r,, into AH,,(X) just as we did
with AH(X). So, we want r,, < R(AH,,), which is equivalent to p* > (n+1)(p—1)+1 or
p+1 > n+1. Therefore, this substitution only works for primes p > n. In particular,

it doesn’t work for all primes as it did for L(X).
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The natural follow up question to ask is: for what integers [ < n, we may plug
in x € C, with |z| = r;, into AH,,(X)? In other words, for what [ < n is it true that

r; < R(AH,,). This is equivalent to showing R(AH,)/r; > 1. Hence we get

n(p—1)+p
R(AHn) (1) pPTI(p—1)  pl- 1(10 1)

T

n(p—1)4+p—p" 12

< ) IR T R

—p p+p oo l+1_n)/pn+1

Thus, for n > 1 > 1, we may plug in z € C, with |z| = r; into AH,,(X) if and only if
p+p 4+ +p T >0, (B.3)

Definition B.6. When we say n is big enough compared to [ or n > [, we mean

n > 1> 1 and (B.3) is satisfied.

For n = oo, is satisfied for any [ > 1 and so fits the above definition. For
T, Toot of L,(X) of absolute value r;, is AH,,(7,,;) a primitive root of unity of order
p' for all [ such that ,; is in within the disk of convergence of AH,(X)? In other
words, is there an analogue to Theorem

Fix n > [. We borrow the notation from Theorem Let Z denote the set of
zeros of Ly(X), Zy :=={r € Z : |r| <} and Z, ;= {7 € Z : |x| = r}. We set
D(AH,,) to be the disc of convergence of AH, (X).

Theorem B.7. For all n > 1, the maps

AH,: D(AH,) — 1+ D(AH,), AH,: Zy — py and AH: Z, —
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are bijections. In addition, m,; € Z}’DZ, AH, (7,,) is the unique ¢ € pyeo such that

¢ — g ApaT,| <ri=r,

igpl—l
where A,,; are the coefficients of AH, (X).

Proof. First, when n = oo, the statements of the theorem hold by Theorem [A.5]
Hence, fix integers n > [.
Step 1: AH,(Z,) C p, and AHn(Z;,z) C u;l.

First, note that AH,(0) = 1. Now let m,; € Z,; — {0} have p-adic absolute value
. We will show that AH(m,;) is a root of unity with order p'.

Note that |L,(X)|,, = plrfl = pl(r/p). If we could get rid of the p' on the right
side, we’d be left with r/p, which is less than » = R(exp), and we would then be able

to make a substitution by Theorem [A.6] To remove the [, consider the equation
AH, (X)) = exp(p' L (X)). (B.4)

We will show that substituting X = m,; in this equation is allowed and preserves

equality. Then we get
AH,,(m,1)" = exp(p' L(ma1)) = exp(0) = 1,

so AH(m,;) is a p'-th root of unity. The first two conditions of Theorem are
obviously true for (B.4)). Let’s check the third condition for (B.4)):

DL (X = [P En(X)], = (i) P (r/p) = 1/p < 1 = Riexp).
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Hence setting X = m,; in (B.4) is valid.
Now, to argue that AH, (7, ) has order precisely p', we notice that | AH,(m,,;) — 1| =
|Tn1| = 71 by Theorem . Since we know that in general any p-adic root of unity ¢
of order p™ with m > 1 satisfies | — 1| = r,,, the claim follows.
Step 2: The mapping AH,,: D(AH,) — 1+ D(AH,) is a bijection.
This follows by the fact that AH, (X) is an isometry on its domain (Theorem [B.4)).
Step 3: The mappings AH,,: Z — py and AH,,: Z; — u;l are bijections.
By step 1, we know that AH,(Z,) C p, for all [ > 1 and by step 2, the mapping
AH,: m, — 1 +m, is a bijection. Thus, its restriction AH,: Z, — p, must also be
a bijection. In addition, since Z = {0} U lL>Jl Zy and piyee = {1} U 1L>Jl 1, we get that
AH,: Z — ppe is also a bijection.
Step 4: If m,; € Z — {0} has absolute value 7; and ¢ € e~ satisfies |¢ —
z; 1 Ay, | < 7, where the coefficients A, ; come from AH,(X) = ;AMX", then
i<p'~ i

C = AHn<7Tn,l)-

By the strong triangle inequality, we have
AHp () — Z An,ﬂ;,l < I>II?X1 {‘An,iﬁzﬂ}-
i>ptT
iSpl_l

Since the coefficients of AH,,(X) match the coefficients of AH(X) € Z,[[X]] up to the

coefficient of X?""' 1, Ani € Z, for pt < i < p"* and so we have

-1

. 1—1 —1 —
Ayl < |mlP < Jmg P =07 = (1/p)Y =1

For i > p™*! we have S(|i/p™*']) > 1. Thus, since the coefficients of A, ; satisfy the
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bound in Lemma [B.3] for i > p"*! we get

An Z'7li < max
| hinll =
’ i>pl—1

(1)%;%1@("“*?11))*1)11 B3
p

Hence | AH, (m,;) — S| < 7, where S = Y._ 1+ A’ ,, and thus | AH,(7m,;) — S +

i<p n,l»
S — (| < r by the strong triangle inequality. Different p'" power roots of unity have

distance at least r from each other, so ¢ = AH,, (7). O

From this theorem and Theorem we have many ways to represent the same

p'-th roots of unity.
Corollary B.8. For any n > we have Qpy(1,,;) = Qp(p)-

Proof. By Theorem we have ¢ = AH,(m,;) and so Qp((y) € Qp(mny). On
the other hand, since L, (X) has exactly ¢(p') = p"~!(p — 1) roots of absolute value
(1/p)Y/#®") by its Newton polygon, we get that there are at most p' ! (p—1) conjugates
of T,,;. Hence Q,(m,,;) has degree at most p'~!(p — 1) over Q,. However since Q, C
Qp(¢y) € Qp(mny) and Q,((y) has degree at most p'~!(p — 1) over Q,, the corollary

follows. L

Let’s see how 7, are related to 7, the roots of L(X).

Lemma B.9. Let n > [ and m,; a root of L, of absolute value r;. Then, there exists

a unique root w of L such that

| — | < 7.

In addition, |m)| = r; and |7 — m,] = R(n,l) where R(n,l) = Tg?"“—(nﬂ)plfl(p_l) <

l .
r/p= rf . For n = oo, this means m; = .
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Proof. First, for n = oo, the statement is true by Theorem [A.3] So let n > [ be
integers and m,; a root of L, of absolute value r;, i.e. m,; is within the radius of
convergence of AH, (X). Consider the Newton polygon of H(X) = L(X + m,,).
Since L, (m,;) = 0, we know that the constant term of this power series has absolute

value

n+1

(o]
HO = |L Tnl)| = Ln Tn.l + 7sz pz == 7Tp pn+1 == Tp”Jrl—(n-i-l)pl*l(p—l)
5 ) n,l n,l l
i=n+1

So, ord,(Hy) = pnfm_p(fi“l)(p_l). For k > 1, using the binomial theorem and collecting

like terms, we get

H _ Z (7;;) Pi*k
P ﬂ'n,l .

%
i>0,p'>k

Since ord, (7]’;) =i — ord,(k) and ordp(wﬁff—k) > ordp(ﬁf:l_k) > 0 for all 7 such that
p' > k, we have ord,(Hy) = — ordp(/f)%—% > —ord,(k). Furthermore, equality
holds if and only if & is a p'™™ power.

Thus, the Newton polygon of H(X) is identical to the Newton polygon of L(X)
except perhaps the very first line. To see what happens with the first line, the line
passing through the points (1,0) and (p, —1) has equation y = p_Tll(a: —1). So, its y-
intercept is p%l. Thus, if ord,(Hy) > zﬁ’ then the first line starts at (0, ord,(Hy)) and
ends at (1,0), which completes the Newton polygon H. The condition ord,(Hy) > p%l

is equivalent to

P - -1 1

- o = s (n+ D(p—1) +1,

which is equivalent to inequality (B.3)). This is follows from our assumption n > .
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Hence, H has a unique root of absolute value R(n, 1) := r/prte’+-+p" """

" <r/p<r.
So, if 7 is a root of L, then & = m — m,,; is a root of H and so |a| = |7 —m,y| =1 > 7
for some [ > 1 or |7 — 7| = R(n,l) < r. In particular, there exists a unique root

of L of absolute value 7; such that |m, — 7m,;| = R(n,l) and all other roots of L are a

distance of at least r from ;. O

Hence, if n — oo, then R(n,l) — 0 and so m,; — m. This means that as n
increases the roots m,; of L,(X) closest to m, approximate better and better m; and
at each step we know the exact error by the above lemma.

We can represent any p'-th root of unity ¢ as ¢ = AH,(m,,) for m,; a root of
absolute value r; of L, (X) for some n big enough so that AH, (m, ;) converges or as

¢ = AH(m) for m; a root of L(X) of absolute value 7.

Theorem B.10. For any n > and n' > | such that n’ > n, the roots of L,(X) of
absolute value at most r; are in a one-to-one correspondence with the roots of L (X)
of absolute value at most r; given by 7, — Ty, where my ; is the unique 100t of Ly
such that

‘7Tn’,l — 7Tn71’ <r,

i.e. Tny 1S the unique root of L, closest to m,;. More precisely, T, — Tny| =

n—Il+1__

R(n,l) < r, where R(n,l1) = r/prtr’t-+p "< r/p = rfl < r. Moreover,

AH, (m,;) and AH,/ (7, ;) are the same root of unity.

Proof. If n’ = oo, then the above theorem follows by Lemma except for the
very last statement. For integers n > [ and n’ > [, fix m,; as in the theorem.
By Lemma there is a unique root m of L(X) closest to m,; and in addition

there’s a unique root m, ,; closest to m, which satisfy |7, — 7, = R(n,l) < r and



131

|7 — m| = R(n',1) <r. Since R(n,!) is decreasing with respect to n for n > [, we

have R(n',l) < R(n,[) and thus
|7Tn/71 — 7Tn,l| = |7Tn’,l — 7+ 7T — 7Tn,l| = R(n,l) <.

By a similar argument, any other root of L,/(X) will be at least distance r away from
Tn. 1t remains to show that AH,(m,;) and AH, (7, ;) are the same root of unity.
It is enough to do this for ' = co. Let n > [, (; = AH(m;) and suppose 7,; is the
root of L,(X) closest to m;. Then AH, (7,,) = Czla , for some p'-th order root of unity
(- We want to show that ¢, = (/;. It is enough to show that |(x — ¢ <1 =7,

By the strong triangle inequality we get

|Gt = Cul = [AH(m) — AHp (7))
= | AH(ﬂ'l) — AH(?TTLJ) + AH(?TTLJ) — AHn(ﬂ—n,lN

< max {| AH(m) — AH(m)|, | AH(mny) — AH, (m00)]} -

Using the fact that the Artin—Hasse series is an isometry and lemma we know
that | AH(m) — AH(m,,,)| = |m — mny| = R(n,l) < r. Thus it remains to show that
| AH(7,, ;) — AH,(m,4)| < r. Recall that for & > 0, |Ag| < 1, |A,. x| is bounded by
Lemma and Ay = A, for 0 < k < p™*. Moreover, from the proofs of Step 4 in
both Theorem and Theorem [B.7] we get

| AH(m00) — AHp ()| < max {|Aim], |Anim, |} <7,
1Zp

as wanted. O
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