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Hypoelliptic Heat Kernel on Nilpotent Lie
Groups

Malva Asaad, Ph.D.

University of Connecticut, 2016

ABSTRACT

The starting point of our analysis is an old idea of writing an eigenfunction expan-
sion for a heat kernel considered in the case of a hypoelliptic heat kernel on a nilpotent
Lie group. One of the ingredients we have is the generalized Fourier transform. The
formula one gets using this approach is explicit as long as we can find all unitary irre-
ducible representations of the group. In this thesis we consider a nilpotent Lie group
of step n as an illustration of this technique. First we apply Kirillov’s orbit method to
describe all unitary irreducible representations for the group. This allows us to write
the corresponding hypoelliptic heat kernel using an integral formula over a Euclidean
space. As an application, we describe a short-time behaviour of the hypoelliptic heat

kernel in our case.
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Chapter 1

Introduction

1.1 Generalities

Sub-Riemannian spaces are spaces whose metric structure is viewed as a constrained
geometry, with motion only possible along a given set of directions, changing from
point to point. Sub-Riemannian geometry emerged through various subjects, includ-
ing Riemannian geometry, optimal control theory, quantum physics, and classical
mechanics. Very recently, it appeared in the field of cognitive neuroscience to model
the functional architecture of the area V1 of the primary visual cortex, as proposed by
Petitot in [37], and then by Citti and Sarti in [12]. In this context, the sub-Riemannian
heat equation has been used as basis for new applications in image reconstruction (see
[7]). From the analytical point of view, sub- Riemannian geometry is the geometry
underlying the theory of hypoelliptic operators (see [6, 21, 32, 40] and references
therein) and many problems of geometric measure theory ([10], [3]).

Roughly speaking, a sub-Riemannian manifold is a C* manifold M together with



a smoothly varying distribution H endowed with a positive definite quadratic form
at each point. Riemannian manifolds are special cases where H = T'M. From this
structure, one derives a distance on M, the so-called Carnot-Carathéodory distance.
For every pair of points p and ¢, the distance between p and ¢ is defined as the infi-
mum of the length of horizontal curves (curves on the manifold whose tangents are
in ‘H) joining p and ¢g. Of course, a natural question is whether every pair of points
can be joined by a horizontal curve. At the end of the 30’s, Raschevsky [39] and
Chow [11], proved that a sufficient condition for the existence of horizontal curves is
that the Lie algebra generated by the horizontal vector fields is equal to the all tan-
gent space to the manifold at every point. This condition usually called a Lie bracket

generating condition, played subsequently a key role in different areas of mathematics.

Forty years later, in the celebrated work of Hérmander [28], the Lie bracket gen-
erating condition was proved to be a sufficient condition for the hypoellipticity of the
second order differential operator in the form sum of squares, even if the operator is
not elliptic (for this reason this condition is also known as Hérmander’s condition).
Starting from this work, the interplay between sub-Riemannian geometry and the
analysis of PDEs become stronger. Since then, many estimates and properties of the
kernel in terms of the sub-Riemannian distance have been established (see for exam-
ple [6, 8] ). For some particular structures, it is moreover possible to find explicit
expressions of the hypoelliptic heat kernels. In general, this computation can be per-
formed only when the sub-Riemannian structure and the corresponding hypoelliptic
heat operator have symmetry properties. For this reason, the most natural choice in
this field is to consider invariant operators defined on Lie groups.

The heat equation on a sub-Riemannian manifold is a natural model for the descrip-



tion of a non isotropic diffusion process on a manifold. It is defined by the second

order PDE

do(tx) = Auolt,x), t>0, veM

¢<Oa x) = ¢0($)

where Ay is the sub-Riemannian Laplacian, which is a hypoelliptic, but not elliptic,
second order differential operator, and will be called a hypoelliptic Laplacian or sub-
Laplacian.

In this thesis, we will consider the case when M = ( is a nilpotent Lie group equipped
with a natural sub-Riemannian structure, and it will be shown that the subLaplacian
Ay is the sum of squares of left-invariant vector fields, considered as differential op-
erators. In this case, the solution to the heat equation will admit a right-convolution

kernel, i.e. there exists a function p;, called hypoelliptic heat kernel, such that

Qb(tv I) = 6tAH¢<O= $) = ¢0 *pt<l’>

The goal of this thesis is to describe such a hypoelliptic heat kernel in a way that
allows to study further its properties such as short and long time behavior of such
kernels. Results of this kind have been first provided in [29] in the case of the 3D
Heisenberg group and for 2-step nilpotent free Lie groups, and then for general 2-step
nilpotent Lie groups (see [5]), and more abstract expansion has been presented in
[1] of heat kernels for 2-step groups that are not nilpotent, namely SU (2), SO (3),
and SL (2). An eigenfunction expansion for the hypoelliptic heat kernel on SU (2)

has been also studied in [4]. Moreover, in [9] the authors present expression of the



hypoelliptic heat kernel on the following 3-step Lie groups: Engel group that is the
nilpotent group with the growth vector (2,3,4), and Cartan group that is the free
nilpotent group with the growth vector (2,3,5).

The method to find an explicit formula for p; on nilpotent Lie groups is based on
a generalized Fourier transform (GFT). The idea of using the GFT to compute the
hypoelliptic heat kernel is not new: it was already used on the Heisenberg group in
[29] at the same time as the Gaveau formula was published in [23] and also in the
paper by Agrachev et al paper [1]. Informally speaking, GFT can be viewed as a
generalized eigenfunction expansion. This requires a complicated machinery such as
direct integrals, therefore applying it to an object such as an unbounded operator is
not possible in general. This fundamental difficulty has not been addressed in [1], but
we make it precise in the case of a connected simply connected nilpotent Lie group
G. We also want to point out that even though there are choices to be made for
an appropriate measure on a general sub-Riemannian manifold, the use of the GFT
forces one to use a Haar measure. This complicated interplay between algebraic and
sub-Riemannian structure in the case of Lie groups still needs more study.

The main ingredient in our analysis is Kirillov’s orbit method. This technique
allows us to describe explicitly the unitary dual of GG, that is, the space of equivalency
classes of irreducible unitary representations of G. We address the domain issue in
Theorem 4.2.12 which does not assume that G is nilpotent. But the description using
the orbit method reduces this abstract description to function spaces over a Euclidean
space as can be seen in the proof of Theorem 5.1.1. This is our main result, and the
explicit formula for the hypoelliptic heat kernel on a nilpotent group in this theorem
is the result of applying the GFT to the hypoelliptic Laplacian on GG, and then using

the inversion formula for this transform. In particular, this formula uses a heat kernel



for a certain differential operator on a Euclidean space. This operator is a second
order differential operator with polynomial coefficients and a polynomial potential.
We present the ingredients of both Kirillov’s orbit method and this Schrodinger-like
operator in the case of the Heisenberg group and an n-step nilpotent group. In these
cases this operator is the Schrédinger operator with a quadratic potential on a certain
RY. For related results we refer to [30, 31]. The dimension of this Euclidean space
and the degree of the potential depend on the structure of G in terms of the orbit
method. This connection with the heat kernel for such operators provides a way to
prove bounds and functional inequalities for the hypoelliptic heat kernel. We only
mention a simple estimate in the paper, but we expect that this approach will be used
in the future. Moreover, it would be interesting to see if the short time estimates one
gets from this analysis can be formulated in terms of the sub-Riemannian distance.
Our main new example in the current paper is an n-step nilpotent group, though we

also mention previously studied examples, such as the Heisenberg group.

1.2 Outline of this thesis

This thesis is organized as follows: in Chapter 2, we start by reviewing some elemen-
tary definitions. In particular, we present our main example G,,; that is an n-step
nilpotent Lie group of the growth vector (2,3,...,n + 1). In Chapter 3, we review
Kirillov’s orbit method for nilpotent groups and illustrate it by describing explicitly
the irreducible representations of the group G,;. This turns out to be an inductive
generalization of the computations carried out in [34] for the Heisenberg group. In

Chapter 4, we recall basic definitions from sub-Riemannian geometry, in particular



for left-invariant structures on Lie groups. Moreover, we present definition of the
hypoelliptic operator Ay and show how to compute the generalized Fourier trans-
form of such operator. In Chapter 5, we present our main theorem which gives an
explicit formula for the hypoelliptic heat kernel on nilpotent Lie gropus. Then we use
the generalized Fourier transform and its properties to describe the hypo-elliptic heat
kernel on the group G,.1. Finally, we use the formula for the hypo-elliptic kernel
to study the short-time behaviour of heat kernels. In that we are motivated by the
approach introduced by Séguin and Mansouri [41]. Note that we avoid introducing
assumptions as in [41, p.3904], as we can use the explicit expressions we derive using

the orbit method, and thus avoid ambiguities in their assumptions.

The research presented in this PhD thesis appears in [2].



Chapter 2

Basic theory of nilpotent Lie
groups and Lie algebras

In this chapter we go over some basic definitions that we will need for the next
chapter. Mainly we go over some elements of Kirillov theory. Also we describe our

main example GG, .1 which is an n-step nilpotent Lie group.

2.1 Nilpotent Lie groups

Consider a Lie algebra g. We define the descending central series of g to be the
series of subalgebras g, i € N, where g = g, and g = [g,g®] and therefore
verifying: g = g D g®® D .... We say that g is a nilpotent Lie algebra if there
exists an n € N such that g"*" = 0. If in addition we have that g™ # 0, we say
that g is step-n nilpotent. A nilpotent Lie group G is the unique simply connected
Lie group with nilpotent Lie algebra g. In the nilpotent case the exponential map

exp : g — G becomes an analytic diffeomorphism, which enables us to identify G with



R™ where n = dim g. Indeed, we define coordinates on G by exp(t; X7 + - - -, X,,) ~
(t1,- -+ ,t,), and by the Baker-Campbell-Dynkin-Hausdorff formula exp(X) exp(Y) =

exp(Z), where:

Z=X4Y + [XY]4 X [XY] - oV X Y]

(see for example [14, Section 1.2] for the exact formula), which is a finite expression

when G is a nilpotent group.

2.2 Coadjoint orbits and polarizing subalgebras

Let G be a nilpotent Lie group with Lie algebra g, and denote the dual of g by g*.

Recall that a Lie group G acts on its Lie algebra g by the adjoint action
Ad, X = gXgtgeG X ey,
and G acts on the dual space g* by the coadjoint action as follows
Adil(X) =1(97'Xg),9e G leg" X €g.

This map is of central importance in the reprentation theory of nilpotent Lie groups.
It will turn out that the set of (equivalence classes of ) irreducible unitary represen-
tations of GG is naturally parametrized by the orbits of g* under the coadjoint map.

The orbit of [ in g* under the coadjoint action Ad* is denoted by O;.



The differential d(Ad*). of the coadjoint map at the unit e € G may be written
ad* : g — End(g")
and given by
((ad"X))(Y) = (Y, X]), X,V egleg

Definition 2.2.1. For an element [ € g* we define its radical by

rad,:={Y € g:l[X,Y]=0for all X €g}.

An equivalent description of the radical is given by

rad; ={Y € g: ((ady)" 1) (X) =0 for all X € g},
and rad; is a subalgebra of g.

Proposition 2.2.2. If g is a Lie algebra and | € g*, its radical rad; has even codi-

mension in g. Hence coadjoint orbits are of even dimension.
Proof. See [14, lemma 1.3.2] O
The next step in Kirillov’s method is to find a polarizing subalgebra.

Definition 2.2.3. An ideal m C g is called a polarizing (or mazimal subordinate)

subalgebra for [ if it satisfies

1. rad; C m;

dimrad;+dimg .

2. dimm = + ;
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3. [([m,m]) =0.

The last property means that this subalgebra is subordinate for [, and the second
one indicates that the subalgebra is of maximal dimension. The first property is
actually a result proven first by Pukénszky in [38, p. 157]. Recall that for a nilpotent

Lie algebra such a subalgebra always exists by [14, Theorem 1.3.3 |.

Remark 2.2.4. As [14, p.30] says for each [ € g* its radical is uniquely determined,
but there might be more than one polarizing subalgebra for I. When one wants to
avoid this ambiguity, one can use Vergne’s construction in [45, 46] which gives a
canonical way to choose a polarizing subalgebra for [ € g* and a strong Mal’cev basis

in g.

Example 2.2.5 ( The abelian case G = R™). Here g = R", with all brackets trivial.
For z € G and X € g, we have

(Ad)X = X

thus Ad, = I; hence Ad* = I, all x € GG, and the Ad*-orbits in g* are points. For
all [ € g*, we have rad; = g and the only polarizing subalgebra for [ must be g, since

dimrad; = dim g.

Example 2.2.6 (The Heisenberg group). The Heisenberg group is the unique simply
connected Lie group G5 whose Lie algebra gs is spanned by elements X, Y] and Y5,
where [X, Y]] = Y3 is the only non-zero bracket relation between these generators.
Hence g3 is a two-step nilpotent Lie algebra. The corresponding Lie group G3 can
be identified with R endowed with the operation (a, by, by).(a’, b}, b5) = (a + a’, by +

Vi,by + 0 + 2 4 $(ab) — bya’)) One way to realize g; as a matrix algebra is to let



11

W =aX 4 b1Y; + bYs € g3 correspond to the 3 x 3 matrix

0 a b2
0 0 bl SRR
0 0 0

On the other hand, an element w = exp(xX + 1,Y] + y2Y3) of the Lie group G5 can

be view as
1 =z =z
1
0 1 v |, wherez=ys+ Exyl.
00 1

The adjoint action is give by

0 a by+xby —ay
Ad, W :=wWwt=10 0 by

0 0 0

Let [ € g3, then [ can be written in terms of the dual basis {X*, Y}*, Y5} and we have

| =aX™ + B Y] + BoYy = lag, g,
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therefore we have the coadjoint action

Ad; (W) = l(Ady— W) = l[aX + 0Y) + [ba + (ays — xb1)]Y3]
= aa+ B1by + Pafbe + (ays — xby)]
= ala+y182) + bi(B1 — xPa) + bafa

- la+y1ﬂ2,ﬂ1—z62,ﬁ2

We have now two cases:

Case 1: Py = 0 then (Ad*G3)lap 8, = {lap 0} and we get zero dimensional orbits
which are points in Z+ = RX* + RY; = {l € g5, [(Y2) =0} . In this case, g3 is the
radical and the only polarizing subalgebra.

Case 2: By # 0 then (Ad*G3)lap, 6, = {lor,pr,3,, @, 81 € R} and we get in this case

two dimensional orbits of the form
BYy + Z*.
and in this case rad; = RY5, and as examples of polarizing subalgebras we have

m = Span {3, Y2} or m = Span {X, Y3}

2.3 An n-step nilpotent Lie group G,

We would like to illustrate how to find these objects by considering an n-step nilpotent

Lie group G, also known as a thread-like group. Let g,,+1 be an (n+1)-dimensional
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Lie algebra generated by X, Y1, ..., Y, satisfying

[X,Yi] = Vi1, [X,Y,] =0, and [V;,Y;] =0 for all 4, ;.

This is an n-step nilpotent Lie algebra. A realization of g,1 as a matrix algebra is
obtained by letting W = aX + > | b;Y; corresponding to the (n+1) x (n+ 1) matrix

Of gn+1

0 a 0O 0 b,
0 0 a O 0 bp1
000 a - 0 bp
0 00O a by
0000 - 0 b
0oo0oo0o0-- 0 0

Let G,,41 be a connected, simply connected nilpotent Lie group, with the Lie algebra
Ons+1, then the exponential map exp : g,11 — Gpi1 is an analytic diffeomorphism.

Moreover, if

W= ClX—f‘sz‘Y; € On+1,

i=1
then

w = exp (aX + Z bﬂﬁ-) € Gui1

=1
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can be written as

N
w

L a § % Zn,
01 a ‘;—? Zn—1
00 1 a -+ z,.9
w = , (2.3.1)
00 0 O 21
00 0 O 1
where
-1
a’bj_ .
= =1, ..n. 2.3.2
Z] p (k + 1)|7] Y ,TL ( )

2.3.1 Coadjoint action, coadjoint orbits and polarizing sub-
algebras for G, 4

Suppose

W:aX—i—ZbiYi € Ont1s

i=1

w = exp(rX + Zini) € Gpy1,

i=1
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then the adjoint action is given by

0a 00 -~ 0 &,
00 a 0 0 &
000 a 0 &
Ad,W =wWuw™ = ¢+ 1 1 ;
0000 a &
0000 0 &
0000 0 0
where
J=L g1
&=b+) %(mbj—k — ayji)-

k=1
Finally using the basis {X, Y, ..., Y,} of g,1 and the dual basis {X* Y*,....,Y.*} of

9,1, to see that the co-adjoint action is given by

n i—1 .Z'k_l
Ad, ()W) = U(Adyy W) = CL(Q“‘ZB@' (Z(_l)k+1yi—k 7 ))

=2 k=1
n n {L‘kfj
+ b, Y Br(—1) ,
i=1 < J ng (k=7

for any I = aX*+ > B,Y € gl .
For m € N we define the polynomial function
S ki B (B — )"

fi(@;Bp) = Z(_l) k=i (k=)

k=j

(2.3.3)

where z € R, B,,, = (61, P2, ..., Bm) € R™, 5,, # 0.
Observe that the orbit O; of | = aX* + 1Y +--- + 3,.Y" with £, # 0 under
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the coadjoint action is two-dimensional if m > 3 and is given by

O =0wuBn0..0 =

m—2
{yX* + Y L@ BR)Y] a4 BuY iy € R} :

j=1
Here we identified [ € g* with («,B,,,0,...,0). In case of m = 2 then the orbit of
| =aX*+ /Y] + B2Y5 is again two-dimensional and has the following form:
O = O 0,00 = X"+ qY7 + B2Y5,p,q € R}.
and in this case
rad; = {bQ}/Q + -+ b,Y,, b € R}

Finally, in the case where m = 1 then the orbit of [ = aX*+3,Y}* is a zero-dimensional
orbit (point orbits)
O1 = Oapr0...0) = {aX" + BiY]}.

and in this case rad; = g.

Proposition 2.3.1. For anyl € g, ., and m > 3

rad; =
m—3
. ‘B,
{ bj (Y; - %le) + bmeme2 =+ mem + -+ bnYn}
j=1 "

for some B,,, where f;11(0;B,,) is defined by (2.3.3).

Proof. Note that the definition of the radical is independent of the representative in



17

the orbit, therefore it is enough to compute the radical for elements

m—2

1= fi(0:B)Y] + B.Y. (2.3.4)
j=1
An arbitrary element of g, is of the form

Z:aX+zn:biYi

i=1

and therefore

[X7 Z] = bl}/Q + -+ bn—lyna

Y1, Z] = —aYy,.

Thus
rady ={7 € go1: X, Z] =1[Y1,Z] = --- =[Y,, Z] = 0},

and so we get the relations

5ma = O,

53[)2 =0 1fm:3,
m—2

ﬂmbmfl + Z bjflfj<o;ﬂla >ﬁm> =0ifm = 4.
=2

Recall that 3,, # 0, and therefore it is enough to consider two cases as follows.

Case 1: m = 3. In this case a = by = 0 and the radical is

rad; = Span{Y, Y3, Yy, ... Y, }.
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Case 2: m > 4. In this case we get a = 0 and

Now we can describe polarizing algebras for g, 1 explicitly.

Proposition 2.3.2. Suppose | = aX* + BiY" + -+ B,V € g1 with B, # 0 for

some m = 3, then a polarizing algebra for | is unique, and is given by

m = Span{Y7,...,Y,}.

Proof. By proposition 2.3.1 we see that dimrad; = n — 1 and since dim g,,; = n+1,
we have dimm = n. This means that to find a polarizing subalgebra it is enough to
add one element Y € g,,.1 to rad; such that Y is linearly independent of rad; and the
ideal generated by rad; and Y is not the whole algebra g,,.1. It can be easily seen

that such an m is unique and it is equal to

m = Span{Y7,...,Y,}

as long as m > 3 in (2.3.4). O

For the case m = 2 the orbit is again two-dimensional, but the polarizing subal-

gebra is not unique. For example, the following two ideals are polarizing subalgebras

m; = Span {Y1, Y, ..., Y.}, or

my = Span {X, Y,,.... Y, }.



Finally, for m = 1 the zero-dimensional orbits are one—point orbits, namely,

O(oc,,@ﬁ,o,...,[)) - {la,ﬂl,(],...,O} )

in which case rad; =m = g,,41.

19



Chapter 3

Kirillov’s orbit method

Kirillov’s theory gives an explicit description of irreducible unitary representations
of a nilpotent Lie group. The main ingredient of Kirillov’s theory is the set of the
orbits of the coadjoint action. Namely, the coadjoint map allows to describe all
irreducible unitary representations of G: the set of equivalency classes of all irreducible
unitary representations of G are naturally parameterized by the orbits of g* under
the coadjoint action. In this chapter, we first review Kirillov’s orbit theory following
[34], [14, Section 3.1], and then apply it to an n-step nilpotent Lie group G,,;1 which

allows us to describe explicitly all irreducible representations of G, ;.

3.1 Induced representations for nilpotent Lie groups

To apply Kirillov’s orbit method to the representation theory of nilpotent groups
we first recall some basic facts about induced representations which can be found in

[14, 22] among many other references.

20
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Definition 3.1.1. The set G of equivalence classes of irreducible unitary representa-

tions of a locally compact group G is called the (unitary) dual space of G.

If M is a closed connected subgroup of GG, we can use the induction procedure
to describe representations of G via representations of M. Suppose (x,H,) is a
representation of M. Then (x, #,) yields a natural representation 7 = Ind(M 1 G, x)
of GG in a new Hilbert space H,. We start by constructing the representation Hilbert
space H,. This space is defined as a Hilbert space of equivalence classes of Borel

measurable vector-valued functions f : G — H, such that

mg) = x(m)~"'f(g),m e M,g € G,

/ 1£()die (g) < (3.1.1)

G/M

where 1 (g) is a left-invariant measure on G/M.

Note that in our case both G and M are nilpotent and thus unimodular, and
therefore such a measure always exists on the homogeneous space G/M (e.g. [14,
Lemma 1.2.13]). In measure-theoretical terms the measure yp is the pushforward of

the Haar measure dg by the quotient map

q(g) == gM. (3.1.2)

For nilpotent groups the induction procedure described above is applied to a
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particular choice of the representation y, namely, for a fixed | € g* we define the

character of M by

Xz (exp (X)) :=exp (2mil (X)), X € m, (3.1.3)

where we used the fact that exp : m — M is a (global) diffeomorphism. In this

case we choose the Hilbert space H,, = to be the Hilbert space of equivalence classes

Tl,m
of Borel measurable functions f : G — C satisfying (3.1.1). Note that the map
g+~ |If(g9)||? is constant on each left coset, so the integral in (3.1.1) exists. The space

Hr, ., 18 a completion of the space of such functions with respect to the inner product

(f1(9), folg)) = / (f1(9), folg))du (9)

G/M

which is again well-defined since (fi(g), f2(g)) is constant on each left coset.
Finally the induced representation 7, is defined by letting G act on the right as
follows

Tim(2)f(g) = f(z7g), forallz € G, f € Hoy s

which is a unitary operation. This is an irreducible representation of G on H, ., and
any irreducible representation of G can be written as an induced representation for
some [ € g* and any polarizing subalgebra m for [ by 3.1.4 . That is, for any [ € g*
and two polarizing subalgebras these representations are unitarily equivalent.

By [14, pp. 124-125] and [22, p. 159] there is an isometry between #, and
L? (R"“ , d:c) for some k with respect to the Lebesgue measure dx. This allows us to
find a representation on L? (Rk, d$) which is unitarily equivalent to 7. Moreover,

we can identify smooth vectors C* of the representation m; ,, with the Schwartz space
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on this R

To make these isometries more explicit in the nilpotent case we need to choose
a weak Mal’cev basis of g passing through m, that is, a basis {X1,..., X,,} of g such
that {X1,..., Xi} is a basis of m, and Span{Xj, ..., X} is a subalgebra of g for any
1 < 7 < n. This basis allows us to have an explicit description of G /M as described

by the following theorem which is based on [14, Theorem 1.2.12 |.

Theorem 3.1.2. Let m be a k-dimensional subalgebra of the nilpotent Lie algebra g,
let M = exp(m) and G = exp(g), and let {X, ..., X;,} be a weak Mal’cev basis for g
through m. Define ¢ : R"* — G /M by

A1,y Tp—g) = exp(21 Xp11) - - - xp(Tp—pXy) - M. (3.1.4)

Then ¢ is an analytic diffeomorphism which is also a measure space isomorphism
from (R”_k,dx), where dz is the Lebesgue measure, onto (G/M, ), where u is the

left-invariant measure on G /M.

Denote

v:R"F — @,

V(1 ooy Tpeg) = exXp (T1Xp41) * oov - €XP (T Xn) , (3.1.5)

and recall that the quotient map ¢ : G — G/M in (3.1.2) is a measure space

isomorphism. Then the map ¢ in Theorem 3.1.2 can be written as

p=qon.
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Observe that the map

VR x M — G, (3.1.6)

(x,m) — 7y (z) m

is a diffeomorphism from R"™* x M onto G. We denote the inverse of this map by

"= (p1, p2), where (3.1.7)
pP1 G — Rn_k,

pQZG—>M

Using the diffeomorphism v and the fact that by Theorem 3.1.2 the map ¢ is a
measure space diffeomorphism from (R"* dz) onto (G,du) we can induce a unitary

isomorphism

J: LA(R"* de) — Ha, (3.1.8)

(Jf) (v (@) ,m) == x; (m)"" f(x), forall z € R"* m e M, f € L*(R"*, dz).

It is easy to see that Jf € Hy, , since it satisfies (3.1.1), and the inverse map is given

by
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J H ey, — (R da),

(J7'h) (z) ;== h(y(z)), forallz € R" ¥ h € Hy, .

Finally, we can describe a unitary representation of G' on L?(R"™* dz) which is

unitarily equivalently to 7. Namely,

(Uim (9) ) (2) == xa (p2 (v (2) 9)) [ (p1 (v (2) 9)) (3.1.9)

for all f € L*(R"*,dx), g € G,a.e.x € R" "
The unitary equivalency of m  and Uj, can be shown by using the map J
I md = Upp.
Note that this unitary representation U, depends on the choice of the weak Mal'cev

basis, but any of these choices gives rise to unitarily equivalent representations.

Remark 3.1.3. We will abuse notation and denote the representation U;n by 7 m

whenever it is clear that the representation space is L2(R" ¥, dz).

The following results [14, Section 2.2] describe the unitary dual G in terms of

these induced representations.

Theorem 3.1.4. 1. Letl € g*. Then there exists a polarizing subalgebra m for |

such that 7y s irreducible.
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2. Letl € g*, and let m,m’ be two polarizing subalgerbras for . Then m m = T w.
(Hence we write m for m . if we are interested only in equivalence classes of

unitary representations.)

3. Let m be any irreducible unitary representation of G. Then there is an | € g*

such that m = .
4. Let Il € g*. Then m 2wy = [ and " are in the same Ad*G-orbit in g*.

To summarize, the map [ — m , is independent of m and gives a bijection between

the orbits g*/Ad*(G) and G

Example 3.1.5. G = R". As is well known, G =~ R" with \ € R" corresponding to

the 1-dimensional representation y, : G — S! defined by

i Ax

xa(z)=e
Furthermore, g = g* = R" and Ad,, Ad} are the identity map for all x € G. Thus
g*/Ad*(G) = R™ and it is easy to see that [ — m; is the map [ — ;.

Example 3.1.6. Lets go back again to the Heisenberg case and describe all the
irreducible representations of G3. From Example 2.2.6 we see that the Ad*G-orbits

in g* are given by
1. the hyperplanes 3,Y5 + Z+ (B85 # 0).
2. the elements of the hyperplane Z+ (one-point orbits).

If | € Z+ then m = g is the only polarizing subalgebra for [, and induction from
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M = expm is trivial. Thus,

m = x1, where x;(expW) =XV T g

and these are one-dimensional unitary representations.

The other representations of GG, corresponding to the two-dimensional orbits are more
interesting. Since m,, is independent of the orbit representative [, or the polarizing
subalgebra m, it is convenient to take orbit representatives | = AY; (A # 0) and

polarizing m = Span {Y;, Y5}. Then
X1 (exp (1Y) + byYy)) = e2imbabe

is a character on M = expm, which induces to a representation m; ,, = Ind(M 1 G3, x1)
on G. Using the argument above we can describe the action of 7, on L*(R,dt). For

(ba, by, a) = exp(aX + b1Y] + byYs) we have
b
(0,0.4) - (b1, bz 0) = (ba +thy + 4, 1,0) - (0,0, + )
then

p1(v(t)g) = p1((0,0,t) - (b1, b2,0a)) = p1(0,0,t +a) =t +a

ab ab
p2(v(t)g) = p2((0,0,) - (b1, ba,a)) = pa(by + thy + 7175170) = (by +tby + 71, by)

Therefore the irreducible representation m , is given by

Tim(ba, b1, @) f(£) = xa (o2 (7 (£) 9)) f (p1 (7 (1) 9)) = 252G 520 £ (1 1 ),
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3.2 Irreducible unitary representations of the group

Gn—i—l

Now we apply the induction procedure described in Section 3.1 to the group G, 1
introduced in Section 2.3.

First we identify a point (b, a) € R™™! with a point in the group G, by

(b,a) :=exp(b, Yy, + by 1Yn—1+ -+ b1Y1 + aX).

Theorem 3.2.1. Let G,,.1 be the n-step nilpotent Lie group described in Section 2.3,

then all (nonequivalent) unitary irreducible representations of Gni1 are as follows.

1. The infinite dimensional representations of G,i1 on the Hilbert space H, =

L*(R,dx) are given by

2mil i By (2)Yy
e (k:l r k)f(x + a>,

7Tl( ) )f(aj) =

b,a
Zi i
By (z) ::Z(k—i)!:Ek k=1,2,...,n, (3.2.1)
=1

for f € L*(R,dz),z € R,l € O@B,0,..0),3 < m < n.

.....

2. The one-dimensional unitary representations (characters) on H, = C are given

by

m(b,a) = XA 1€ O p,0...0

Proof. First we describe the representations of GG,,.1 corresponding to the two-dimensional

orbits, that is,
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O(@,Bm.0,..0) =

m—2
{xX* + Z fj(?J%Bm)yj* +yYr LY ye R m > 2}
j=1

with B,, defined by (2.3.3) and

m—2

L= fi(0:BL)Y] + BuY,
j=1
being orbit representatives for (3, # 0 for the polarizing subalgebra

m = Span{Y},Ys,....Y,}.

Then for W = 3", b;Y; and this choice of | and m we see that as in (3.1.3)
i (exp(W)) = 2milW)
defines a character of the subgroup M = exp(m). Using (3.1.6) we identify G with
R x exp(m)

via the diffeomorphism . Now we can describe the action of m, on L*(R,dz). For

(b,a) = exp(b,Yy + by—1Yn—1 + ... + 01Y1 + aX) we have
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pl(v(x)g) = p1 ((0,...,O,x)-(b,a)):pl((O,...,O,x+a))

=z +a,
p2(7($)g)ZPQ((()?""Oax)'(bva)):
2\ & & e ’Z“O>>—
(Bn ([B) ) anl (:L‘) ) ?Bl (z)) )
where .
Bk(x)zzzi(kx—z)" k=1,2,...,n

Identifying Hy, . with L* (R, dz) we see that

Tm(b, @) f(z) = xi (p2 (v (2) 9)) f (o1 (7 (2) 9))
— 2mil(X k= Bk(w)Yk)f(I + a).

Now, for the one-point orbit O s, 0,...0) = {aX*+51Y7"}, a, B1 € R, we have seen that

m = g,,.1 and induction from M = exp(m) is trivial. Thus m; = x; is one-dimensional
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and is given by

m (b, Cl) _ 627r7;(o¢a+[31b1)[

with H,, = C. O

3.3 Generalized Fourier transform

We start by reviewing the generalized Fourier transform (GFT) as described in [22,
Section 7.5]. First we assume that G is a separable locally compact unimodular
Lie group of type I (see [14]), and LP(G,C) denotes the space of complex-valued
functions on GG which are square-integrable with respect to the Haar measure dg.
Later we consider this setting in the case when G is an addition nilpotent.

Recall that we defined G to be the (unitary) dual space of G in Definition 3.1.1.
The structure of the dual G can be described explicitly for some classes of groups such
as locally compact Abelian or compact groups. Another class of groups for which one
can find an explicit description of G is of simply connected nilpotent Lie groups as

we described in Section 3.1.

Remark 3.3.1. The GFT is usually defined using the structure of G as a measurable
space, and therefore G should have nice properties such as being countably separated,
since not countably separated measurable spaces are pathological. By [22, Theorem
7.6] this is equivalent to G being of type 1. In particular, if G' a simply-connected

nilpotent Lie group, then by [18, 33] the group G is of type L.

Once we have equipped G with the structure of a nice measurable space, we can
define a Borel measure P on G called the Plancherel measure. Then a possible issue

is how to make a measurable selection of ¢ for £ € G. As observed in 22, p. 230]
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this can be done if G is of type 1. Moreover, if GG is a simply-connected nilpotent Lie
group, the Plancherel measure can be identified with the Lebesgue measure with a
density on R? for some ¢ using the unitary isomorphism J introduced in (3.1.8).

For ¢ € G we will denote by 7¢ a choice of an irreducible representation in the

equivalency class &, and the representation Hilbert space by H, ¢ or He.

Definition 3.3.2. For f € L'(G,C) the generalized Fourier transform (GFT) of
f is the map F(f) (or A) that takes each element of G to a linear operator on the

representation space H,¢ by

F()(©) = F(©) = Flme) = /G f@)g g, for P—aceed.  (331)

As is known, the Fourier transform F(f), f € L'(G,C) N L*(G,C), is a Hilbert-
Schmidt operator for almost all ¢ € G with respect to the Plancherel measure P, and
the map & — f(§ ) is a P-measurable field of operators which allows for use of direct
integrals, and can be used to find a spectral decomposition of differential operators
on L*(G,C). In particular, one can prove the Plancherel Theorem and the Fourier
inversion formula in this abstract setting (e.g. [22, Theorem 7.44]). The Plancherel
Theorem gives rise to an extension of the GFT (which we again denote by F) to an

isometry

F:L*(G,C) — /AHS (Hne)dP(E), (3.3.2)
G

where HS (H,¢) is the space of Hilbert-Schmidt operators which is a Hilbert space
itself. In the case of G being nilpotent, the Plancherel measure and the space of

Hilbert-Schmidt operators can be described explicitly. As it is done over Euclidean
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spaces, we will use the Fourier transform in Definition 3.3.2 to find a spectral de-
composition for the left-invariant vector field X corresponding to any X € g. In this
we will use the following notation. Let T be a linear operator on L? (G, C), then we

denote by T the following linear operator

T = FTF*, (3.3.3)
where F* is the adjoint of F

F / HS (M) dP(€) —> L2 (G, C).

Remark 3.3.3. We would like to mention here that some of the standard properties
of the generalized Fourier transform are listed in [1], and a few of them should be
interpreted with caution. For example, [1, Equation (18)] gives a formal expression
for the generalized Fourier transform of the Dirac mass measure, which needs an
introduction of an analogue of tempered distributions. We note here that the theory of
tempered distributions have been studied on nilpotent groups (not general unimodular

groups), see [15, 13, 17].
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3.4 The GFT and the Plancherel formula for nilpo-
tent groups

We start by recalling that for connected, simply connected nilpotent Lie groups the
GFT can be described explicitly. In general for an infinite-dimensional irreducible
representation the operator 7 (g), g € G is not necessarily a trace-class operator. Let
S(G) be the space of Schwartz functions on G as defined in [14, Appendix A.2|, then
for f € S(G) the operator m (f) defined by (3.3.1) is a trace-class operator.

By [14, Theorem 4.2.1] for the irreducible unitary representation 7 ,, on L? (R”*k, dx)
identified with Uj y, by (3.1.9) we have that for any f € S (G) there is an integral kernel

ki € S (R x R"*) such that for h € L? (R"*, dz)

<}\(7Tl,m) h) () = /Rnk h(y) ks (z,y)dy.

By [14, proposition 4.2.2] the kernel ks (z,y) is given by

by (a,y) = /M xi (m) f (7 (@) my () dim, (3.4.1)

where y; is the character on M defined by (3.1.3), v is a map R"* — G defined by
(3.1.5), and dm is the Haar measure on M. This is what ter Elst and Robinson call
a reduced kernel in [43, p. 481, (4)].

Now we turn to the Plancherel Formula. Our main goal here is to identify the
Plancherel measure with a measure on a Euclidean space. Let {X7, ..., X,,} be a basis
for a nilpotent Lie algebra g, and let { X7, ..., X} be the dual basis for g*. We can use
[14, Theorem 3.1.6, Corollary 3.1.8 | to find a G-invariant set U of generic coadjoint

orbits in g and two disjoint sets of indices S, T" that partition {1,...,n} in such a way
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that (so-called) jump indices of any [ € U is exactly S. For more details on jump

indices etc we refer to [14, p. 84]. Let

g5 = Spang{X[,i € S},

g = SpanR{X;,j eT}.

Note that the skew-symmetric form B; (X,Y) := [ ([X,Y]) on g has the radical radj,

and therefore induces a non-degenerate skew-symmetric form on g/rad;.

Definition 3.4.1. If [ € g* and { X}, ..., Xo} is a basis for g/rad;, then the Pfaffian
Pf (1) is defined by

Pf (1)* := det B!, where
BYX,Y):=I1([X,Y]),X,Y €g,

I ._ pl

J

First we recall [14, Theorem 4.3.9] combined with [24, p.374, (0.3)], where as

before S(G) is the space of Schwartz functions on G.

Theorem 3.4.2 (The Fourier Inversion). Let {X7,...,X,} be a basis for a nilpotent
Lie algebra g, and let {X7,..., X} be the dual basis for g*. Define U, S, T and

Pfaffian as above, then for f € S(G), f(e) is given by an absolutely convergent

integral
£o)= [ (i 47) F ) [ PEO)
Ungr
where dl is the Lebesque measure on gr.

Note that [ € g* can be identified with a point in a Euclidean space by using
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coordinates of [ in the dual basis { X7, ..., X*}. The following theorem can be found

in [14, Theorem 4.3.10]

Theorem 3.4.3 (Plancherel Theorem). Let notation be as in the previous theorem.

For f € S(G) we have

1712 = / 1 (rum) s PEQO)IdL,
Ungr

where ||Al|gs is the Hilbert-Schmidt norm of an operator A.

Remark 3.4.4. Note that usually we identify U N g5 with an open subset in a

Euclidean space, and therefore dl is simply the Lebesgue measure.

Definition 3.4.5. The measure dP := | Pf(1)|dl is the pushforward of the Plancherel
measure on é, namely, P is a Borel measure defined by the identification G =~
9"/ Ad* G. We will abuse notion and call this pushforward measure the Plancherel

measure.

In our setting we can explicitly identify the ingredients needed for application of

these theorems.

Proposition 3.4.6. For G, the space g is isomorphic to R"™! and the Plancherel

measure is given by

dP - ‘)\n,1|d)\1d)\2 t d)\nfl.

The Plancherel identity then becomes

1712 = / 17 () Bas sl dMdAs -~ dAs,
]Rn—l
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where m; are the unitary representations described in Theorem 3.2.1 andl = (A1, ..., A\p_1)

is identified with a point in R™ 1.

Proof. If {Y,..., Y[, X*} is the dual basis for g}, the indices {1,...,n + 1} can

be partitioned as S ={2,n+ 1} and T' = {1, 3,4, ...,n} so that

(g;kH—l)T = SpanR{Y’:7 Y;—% s 7Y1*}7

and the generic orbits are of the form

U= {Zaﬂ;*jLaX*: anyé()}.

=1

Thus we see that
(g;H)T NU = {)\n_lYn* F oY oMY N ER N, # O} .

The Pfaffian is a polynomial on gj ; such that

Note that {Y,* |, X*} is a basis for g,41/rad;. Identifying (g%, )7 with R""! and
letting dA; - - - d\,—;1 be the Lebesgue measure, we have | Pf(1)| = |A\,—1|. If 7 is the

representation corresponding to

l - An—IY; + >\n—2Y7;k—2 + - + )\1}/1*,
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the Plancherel formula becomes

112 = / 17 (i) s A ldAadAe - dAs,
Rn—l

and the Plancherel measure is identified with the following measure on R"~!

AP = [Mp1|dNid)s - - - dAp_r. (3.4.2)
O

Example 3.4.7. For n = 2. We have the Heisenberg group case with the Lie algebra
g3 = Span{Y, Y}, X} and the dual algebra g5 = Span{Yy, Y, X*}. The indices
{1,2,3} partition as S = {2,3} and 7' = {1} so that

<g§>T = SpanR{Y;}a

and the generic orbits are of the form

U={leg [(Y2) #0}.

Thus we see that

(g3)r NU = {BY5, B2 # 0}.

The Pfaffian is a polynomial on gj such that
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Identifying (g%)r with R and letting d\ be the Lebesgue measure on R, we have

| P£(1)| = |A|. If mm is the representation corresponding to
[ =\Yy,
the Plancherel formula becomes

112 = / 1T (mom) IErsIA A,

and the Plancherel measure is identified with the following measure on R

dP = |\|dA. (3.4.3)



Chapter 4

Sub-Riemannian (Geometry

In this chapter, we start by reviewing some standard definitions in sub-Riemannian
geometry, and in particular, how a natural left-invariant sub-Riemannian structure

on nilpotent Lie groups is constructed.

4.1 Sub-Riemannian manifolds

Let M be an n-dimensional connected smooth manifold, with tangent and cotangent

bundles denoted by T'M and T*M respectively.

Definition 4.1.1. For m < n, let H be a smooth sub-bundle of T'M, where each
fiber H, has dimension m and is equipped with an inner product g which smoothly

varies between fibers. Then

1. the triple (M, H, g) is called a sub-Riemannian manifold of rank m;

40
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2. H is called a horizontal distribution on M, and the inner product g a sub-

Riemannian metric;

3. sections of H are called horizontal vector fields, and curves on M whose velocity
vectors are always horizontal are called horizontal curves, i.e. a Lipschitz conti-
nous curve v : [0,7] — M is said to be horizontal (admissible) if §(t) € H. ) for
almost every t € [0,7]. We use Vecy (M) to denotes the set of horizontal smooth

vector fields on M, i.e. Vecy(M) ={X € Vec(M), X(p) € H,, p € M}.

Assumption 4.1.2 (Hérmander’s condition). Throughout this paper we assume that
the distribution # satisfies Hormander’s (bracket generating) condition; that is, hori-
zontal vector fields with their Lie brackets span the tangent space T, M at every point

pE M.

Given a horizontal curve v : [0,7] — M, the length of ~ is

1) = [ oGO0

The distance induced by the sub-Riemannian structure on M is the function

d(p1, p2) = inf{l(7), 7(0) = p1, Y(T) = p2}

The hypothesis of connectedness of M and Hormander’s condition guarantee the
finiteness and the continuity of d with respect to the topology of M (Chow’s Theorem).
The function d(.,.) is called the Carnot-Carathéodory distance and gives to M the
structure of a metric space. In turn, this affords us the notion of a horizontal geodesic,

a horizontal curve whose length (locally) realizes the Carnot-Carathéodory distance.
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Theorem 4.1.3 (Chow 1939, Rashevsky 1938). If H is bracket generating and M
15 connected, then any two points py,ps € M are joined by a horizontal path whose
length is finite. Thus d(p1,p2) < 00, and d is easily seen to be a distance function on

M. The topology induced by d is equal to the manifold topology for M.

Definition 4.1.4. Let H be a distribution. Its flag is the sequence of distributions

H' C H? C ... defined through the recursive formula
HY =H, HT i=H 4 [HH]

A sub-Riemannian manifold is said to be regqular if for each i = 1,2, ... the dimension

of 7—[?1 = 7—[; + [H;, H,| does not depend on the point p € M.

Remark 4.1.5. In this thesis we always deal with regular sub-Riemannian manifolds.

In this case Hormander’s condition can be rewritten as follows:
there is a minimal k£ € N such that H]; =T,M, pec M.

The sequence G = (dimH, H?, -+, H*) is called the growth vector. Under the reg-
ularity assumption, G does not depend on the point and £ is said the step of the

structure.

Definition 4.1.6. Let (M, H,g) be a sub-Riemannian manifold.

1. Locally we can assign to (H,g) a set of m smooth vector fields spanning H.

Suppose these vector fields can be chosen so that they are orthonormal with
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respect to g

H, = Span{Xi1(p),..., Xm(P)}, & (Xi(p), X;(p)) = 6,

then we say that the sub-Riemannian manifold M is trivializable.

2. If M is analytic and the vectors {X7, ..., X,,} are analytic vector fields, we say

the sub-Riemannian manifold (M, H,g) is analytic.

3. M is regular if for

Hl = H, 7’[2‘+1 = ,HZ + [/Hl,/H]

the dimension of H;(p), ¢ = 1,2, ... does not depend on the point p € M.

4.1.1 Left-invariant sub-Riemannian structure on Lie groups

Let G be a Lie group with Lie algebra g := T.G. As usual we identify T,G with the set
of left-invariant vector fields on G as follows. First consider smooth diffeomorphisms

L, and R, of G, namely, the left and right translations by an element p € G

L,:hw— phhed,

R,:hw— hp,he€G.

Notation 4.1.7. For any X € g we denote by X the unique left-invariant vector
field such that X (e) = X, that is, for any f € C™ (G)
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d

Xf(g):= o _Of (9e%) = = _Of(Retxg), (4.1.1)

where R, : G — G is the right translation by an element p € G

The Lie group G can be equipped with a left-invariant Riemannian metric as
follows. First an inner product (-,-). on T.G = g determines a left-invariant metric
on G by the identification dL, : g = T.G — T,G, for any p € G. Then we can define

the corresponding Riemannian metric (-,-) on G by

(X, Y)p = ((dLp), (X)), (dLp), (Y))e (4.1.2)

for any p € G and X,Y € g. Another way to write this is as the pull-back (dL,)" g =
g. Conversely, if a Riemannian metric on G satisfies (4.1.2), then it is called left-
invariant.

Now we can describe a similar construction in the sub-Riemannian setting.

Definition 4.1.8. Let GG be a Lie group with Lie algebra g, H be a distribution
satisfying Hormander’s condition (Assumption 4.1.2), and g be a sub-Riemannian
metric. We will say that (G, H, g) is equipped with a left-invariant sub-Riemannian

structure if

1. the distribution H is left-invariant, that is, H,. is a linear subspace of the Lie
algebra g such that
H, = L,H. for p € G;

2. the metric g is left-invariant, that is,

g, (X,V) =g, ((de_l)p (X), (dLy1), (Y)) peEG.X,Y €.
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Finally, we observe that all left-invariant sub-Riemannian manifolds are regular

and trivializable according to [1, Remark 5, p. 2627].

4.2 The hypoelliptic Laplacian

As we observed in the introduction, there are several choices that need to be made to
define a natural hypoelliptic Laplacian corresponding to the sub-Riemannian struc-
ture at hand. One of these choices is of a measure, and as is seen from [1, Remark
16] in the case of Lie groups equipped with a left-invariant sub-Riemannian struc-
ture the Haar measure is a natural choice: the Popp measure defined in [35] and the
Hausdorff measure are both left-invariant, and therefore are proportional to the left
Haar measure.

Once the measure is chosen, an operator defined as a divergence of the horizontal
gradient is the usual sum of squares operator. Note that the argument in [1] has a
mistake, and for more detailed discussion of related issues we refer to [26, 27]. But
no matter which point of view we use, in the case of a nilpotent Lie group all these
approaches give the same result: the sum of squares operator. A hypoelliptic operator

can be defined as follow:

Definition 4.2.1. A partial differential operator L on a manifold M is said to be
hypoelliptic if Lu € C*(2) implies u € C*(£2) for every distribution v on M, and

every open subset {2 C M.

Note that, by standard elliptic regularity results, every elliptic operator is hypoel-
liptic; its corresponding parabolic heat operator is hypoelliptic as well.

In this section we construct the hypoelliptic Laplacian as the natural generaliza-
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tion of the Laplace-Beltrami operator A in the Riemannian setting. Recall that A is

defined as the divergence of the gradient:
A¢p = div(Ve)
Here the gradient V is the unique operator from C*(M) to Vec(M) that satisfies:
(Vo, X)(p) = do(X)(p), p€ M, X € Vec(M)

where (., .) is the Riemannian metric, and the divergence of a vector field is the unique

function satisfying div, X = Lxp where p is the Riemannian volume form.

Definition 4.2.2. Let (M, H, g) be a sub-Riemannian manifold, the horizontal gradi-
ent is the unique operator grady from C*(M) to Vecy (M) satistying g,(gradgd(p),v) =
do,(v), p € M,v € H,.

Locally gradyg can be given by

gradpd = Z(inéb)Xi,

i=1

where {X7, -+, X,,} is a local orthonormal frame for (M, H, g).
As for the sub-Riemannian divergence, denoted by divy, we will need to define a
sub-Riemannian volume form, denote by py. For detailed construction we refer to

Montgomery’s book in [Mon02] where py is called the Popp’s measure.

Definition 4.2.3. Let (M, H,g) be a sub-Riemannian manifold. Then the hypoel-
liptic Laplacian is

App = diUH(gdeﬁb)
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In local orthonormal frame, Ay can be written as

Aup=> (Lx,¢+ Lx,¢Tr(adX;))
=1

The hypoelliplicity of Ay follows from Hormander’s Theorem

Theorem 4.2.4 (Hérmander’s Theorem). Let L be a differential operator on a man-
ifold M, that locally in a neighborhood U is written as L = Y"" | Lx, + Lx, where
{Xo, X1, , X} are C* wvector fields. If Lie{Xo, X1, -+, X} = T,M, Vp € U,

then L s hypoelliptic.

Remark 4.2.5. Note that in the Riemannian case (m = n) the operator Ay coincides

with the Laplace-Beltrami operator.

Now, Let (G, H, g) be a left-invarinat sub-Riemannina manifold and assume that

{X1,---, X} C gis an orthonormal basis for H, Then

N (L?Qd) + L);pTr(adXi))

i=1
where X; is the vector field defined by X; = ¢X; for all g € G.

Remark 4.2.6. We say that a Lie group (locally compact ) G is unimodular if the

left Haar measure p;, and the right Haar measure g coincide.

Theorem 4.2.7. Let (G, H,g) be a left-invariant sub-Riemannian manifold. Then,
G is unimodular if and only if Ay => ", L%gb.

See for instance [27].
Let (G,H,g) be a unimodular Lie group equipped with a left-invariant sub-

Riemannian structure of rank k. Our goal now is to see how we can use the GF'T to
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diagonalize left-invariant vector fields, and therefore the sub-Laplacian Apy. This is
really a non-commutative analogue of the Euclidean case. One of the issues we want
to clarify in what follows is the domains of the operators involved. This is something
that is missing in [1], and can be made explicit in the case when G is nilpotent.

Define Ay to be the left-invariant second order differential operator
LI
Anf 3:ZXi [, feCz(G),
i=1

where { X}, is an orthonormal basis of (H,, g.).

The operator Ay is a densely defined symmetric operator on L? (G, dg), where
dg is a right-invariant Haar measure. It has a self-adjoint extension, namely, the
Friedrichs extension, which we will denote by the same Ap. For details we refer to
[44, Section I1.5]. In addition we assume that #H satisfies Hormander’s condition 4.1.2,

therefore the operator Ay is hypoelliptic by [28].

Definition 4.2.8. Let P, denote the heat semigroup e'*#, where Ay is the self-
adjoint (Friedrichs) extension of Ag|ce (e to L? (G, dg), with dg is a right-invariant
Haar measure. By the left invariance of Ay and Hérmander condition (4.1.2), P,

admits a left convolution kernel p; such that

Bt (h) = f #pi (h) = /G £ (he) pe (9) dg

for all f € C°(G). The function p; is called the hypoelliptic heat kernel of G.
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4.2.1 Generalized Fourier transform

We will use the Fourier transform in Definition 3.3.2 and the Fourier inversion formula
to find a spectral decomposition for the left-invariant vector field X corresponding to
any X € g.

To describe a domain for the differential operator X , as well as for the Fourier
transform of X , we turn to the notion of smooth and analytic vectors for a represen-

tation (due to E. Nelson [36], see also [25]).

Definition 4.2.9. Let 7 be a unitary representation of GG in a complex Hilbert space

‘H,, consider the map f, : G — H, given by

fo(g) :=m(g)v for v € H,. (4.2.1)

Then

1. v is an analytic vector if the map f, is analytic, and the space of such vectors

is denoted by HY;

2. v is C* vector, if the map f, is C*, and the space of such vectors is denoted by

Hk.
3. HE = (o HE, then v € H is called a (C>) smooth vector.

It is well-known that HY and H>° are dense linear subspaces of H,, and both are
7 (G)-invariant ([14, p. 230]). By [19, Theorem 3.3] the space H>° coincides with the
Gérding space of finite sums of vectors f (7)v, f € C°(G), v € H,. We will use
the space H:° because it works better with the GFT. In particular, we have that for

req
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f(mve He, forallve HY, f e S(G), (4.2.2)

and if GG is a connected, simply connected nilpotent group, then

P =S (R™F), (4.2.3)

where the first statement can be found in [14, Theorem A.2.7], the second in [14,

Corollary 4.1.2] with J being the unitary isomorphism introduced in (3.1.8).

Definition 4.2.10. Let X € g, 7 € G, then define the differential operator dr (X)

on H, with the domain

D (dr (X)) := {v €My dr(X) (v) = X[, = % . fu (%) exists } ’

where f, (¢/X) =7 (e') v as defined by (4.2.1).

Note that since 7 is a unitary representation, by Stone’s theorem dm (X) is a
closed, densely defined, essentially skew-adjoint operator on H,. Moreover, as noted

in [14, p.226| for any X € g we have

Hy €D (dr (X)),
dn(X) (HX) € D (dr (X)), (4.2.4)

X fo(9) = fan(xyw) (9) ,v € HE, g € G.

Remark 4.2.11. Now we are ready to comment on [1, Proposition 24]. Note that
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to make sense of all the ingredients in the statement, we need to know the domains
of differential operators involved. If we start with H¥ as the domain of dn(X), we
see that for a general unimodular group dm (X) o dm (X) is again a densely defined
second-order differential operator on HY. Observe that this domain might depend of
the representation 7 which makes interpreting [1] difficult.

There are some groups G for which this construction can be made rigorous. The
first example is of the Heisenberg group Hs. We refer to [25, p. 65] for details, but the
main point is that infinite-dimensional irreducible unitary representations mw, € f/]\g
can be indexed by A € R, and the Plancherel measure can be described as a measure

on R. In this case H = H

T

and so is independent of A\. We describe this group
in Example 5.1.5. This construction can be extended to other nilpotent groups as
well, and in particular we can use the fact that dn (X) are differential operators with

common domains if 7 € G are realized as unitary representations on L? (R”*k, d:z:).

The next theorem can be viewed as a rigorous version of [1, Theorem 26]. In this

case (G is not assumed to be nilpotent.

Theorem 4.2.12. For any X € g, 7 € CAJ, veH®, feS(G), then

X2f (r)v = &n (X) F(m) .

Thus A/;;” (7) is a closed, densely defined self-adjoint operator on H, with the domain
H such that for f € S(G)

Apf(m) = (Z d*r <Xi>> fm). (4.2.5)

Proof. The proof is based on properties of the GFT that we formulated earlier. First,
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we observe that for operators f (r) and dr (X) by (4.2.2) and (4.2.4) for f € S(G)

we have

f(m) (M) S M2 €D (dn (X)),

Finally, similarly to [14, p. 124] for f € C>° (G)

Xfm=2 / F(ge™) 7 (g7) dg =

to/f g~")dg =

/ F@)m () x (g7 dg = —dr (X) F(m).

dt

dt

where this limit exists on D (dr (X)), and so in particular on H® by (4.2.4).
The result now follows since we can apply the same argument on the space of

smooth vectors H°. O

Using (3.3.3) we can say that

Ay /@ HS (M) dP(&) — /@ HS (He) dP(§)

is an (essentially) self-adjoint operator for each 7¢ which acts by multiplication by the
operator ()7, d*7* (X;)) on the space of HS (H,¢). If in addition G is a connected,

simply connected nilpotent group, then for 7 = m , and f € C° (G)

AHf 7Tlm = (Zd 7Tlm > A<7Tl,m)
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can be described more explicitly. By (4.2.3) the operator > d*mn (X;) can be iden-
i=1
tified with an operator on L? (R”*k, dx) which we denote by

A (M) =Y Py (X5). (4.2.6)
=1



Chapter 5

The hypoelliptic heat kernel on
nilpotent Lie groups and some
applications

5.1 The hypoelliptic heat kernel on nilpotent Lie
groups

Now we can see that in the nilpotent case there is a natural semigroup corresponding
to the GF'T of the hypoelliptic Laplacian Z; (M1 m), which in turn gives an explicit
formula for the hypoelliptic heat kernel. Note that [1, Corollary 29] can be interpreted
as a version of this formula (modulo the issues we mentioned previously), and in the

nilpotent case we also refer to [43, Equation (6), p. 484].

Theorem 5.1.1 (Hypoelliptic heat kernel).

pe(g9) = /Um * /Rn_k Xt (p2 (7 () 9)) ki (pr (v (2) ), ) dee| PE(D)d, (5.1.1)

o4
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where k! (x,v) is the heat kernel for a continuous semigroup with the generator Ay (Tom)-
This operator is a second order differential operator with polynomial coefficients on
L? (R"*k, dm) and with a non-negative polynomial potential whose degree depends on

the structure of the group G.

Remark 5.1.2. By Remark 3.4.4 we usually identify U N g} with an open subset of
a Euclidean space and dl with the Lebesgue measure. Thus (5.1.1) gives a Euclidean
integral formula for the hypoelliptic heat kernel on G. In addition, we can view
U N g5 as a non-commutative spectrum of a nilpotent group G. This goes back to
an observation in [33] that no discrete spectra arises in this case, and so it is not
surprising that we have an integral formula instead of a series as for a compact Lie

group (e. g. [4]).

Proof. Recall that the heat kernel p; is the convolution kernel defined in Definition

4.2.8
Pf(9)=f*p(g) = /G £ (gh) pr () dh.

The heat kernel p; € S(G), and therefore by (3.4.1) for the representation 7, on
L? (R”‘k,dx) there is an integral kernel k;, € S (R”_k X ]R”_k) such that for h €

L? (R"*k , dm)

@ (ma) ) (@) = [ ) k) (5.1

where

) = [ amn (@™ my@)dm, sy R (519

Here we use Vergne’s polarization subalgebra m to define M. First observe that for
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any f € S(Q)

—

Pf (mim) = f (mim) © Bt (T1m)

is a trace-class integral operator on L? (R”’k, d:v). To recover the heat kernel, we need
to find a function f such that J?(m,m) is close to the identity operator on H; . This
presents two problems: the first is that the identity operator is not a Hilbert-Schmidt
operator, and the second is that in general p; (m,,) is only Hilbert-Schmidt, and
therefore taking the trace in the Fourier inversion formula might be problematic. We
will deal with the first issue by taking an approximate identity in G' which is equivalent
to defining the Dirac 0 function as a tempered distribution, and the second issue has
been addressed in [14] as we explain below.

Namely, let {p,}22, be a bounded approximate identity, that is, ¢, € C.(G)
be a sequence of functions such as in [22, Proposition 2.42]. In particular, for any

h e L?(G)

2
ho o —h

n—oo

and the operator norms of h — h * @, are (uniformly) bounded.

Now we can use the fact that by [14, Theorem 4.2.1] for any function in S (G) its
Fourier transform is not just Hilbert-Schmidt, but trace-class. Therefore for the heat
kernel p; we see that p; (7, is a trace-class operator, and because of the assumptions

on the approximate identity {y,}>°, we see that the convergence under the trace

Tr (@ (Wl,m) o ﬁf (7Tl,m>> — Tr (p\t (Wl,m))

n—oo
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holds. Now we can use the Fourier Inversion formula [22, Theorem 7.44, p. 234] for

nice enough functions h (such as p; * ¢,) on G

hl9) = | Tr(h(r) o 7 ()dP(c).

a
In particular, if A is in addition continuous, this is a pointwise identity. Applying this

formula to Py, we have

(Pion) (9) = (0 * ¢n) (9) =

/éTr(pm(ﬂé) om(g))dP (&) =

[ 1@ () 05 () o) dPL©).

G

In our setting the trace is taken in the representation space L? (R™, dx), and by
Theorem 3.4.3 we can identify G with U N g7 equipped with the Plancherel measure

| P£(1)|dl, so we have that the Fourier Inversion formula for Py, gives

(Pign) () = | To(Bipa(mm) © mum(9)| PEDIdl =
[ ol (i) o i (i) ()] P >
| TG (min) o mnla) [ PO -

/Um ) Tr(mm(g) 0 D1 (mm))| PE(D)|dL,

where we used the fact that the convergence under Tr and therefore under the integral

does not change after composing with the unitary operator m ,(g), and the last line
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uses the centrality of the operator trace. Now observe that if we have a unitary

operator U on L? (R"‘k) composed with a trace class integral operator

(Kf) (x) = f(y)k(z,y) dy,

Rn—k
then U o K is a trace class integral operator with the kernel given by
Uk (x,-),

where U is applied to the kernel k (z,y) in the variable . Then

Tr(UoK):/ Uk (z,x) dz.

Rn—k

Now we can refer to (5.1.2) and (5.1.3) to see that

@ (ria) ) (@) = [ ) k)

where k; is defined by (5.1.3).

Recall that we identify the unitary representation 7, with the representation U ,

defined by (3.1.9), and so applying it to the kernel k! in z we have

(m1m (9) K1) (2,9) = xa (o2 (v (2) 9)) ki (p1 (v (=) 9) . y)

and therefore

(Pipn) (9) ——

/Um . /Rnk Xt (p2 (v (2) 9)) ki (p1 (7 () g) , ) dee| PE(1)] L.
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Now we recall that p; is a convolution kernel, and thus at least

(Pign) (9) = pi(9).

—00

Actually, this convergence is pointwise since the hypoelliptic heat kernel p, is contin-

uous and bounded. Thus

n@= [ [ @96 @) ) del PHOLL

Finally we observe that k! is the heat kernel for Ap (m,) on L2 (R"*,dz) by [43,
p. 481]. Note that this heat kernel corresponds to the initial point y~! (x) v (y) as
can be seen from (5.1.3). Recall that we can use Mal’cev basis which allows us to
write left-invariant vector fields as first order differential operators with polynomial
coefficients. By [14, Theorem 4.1.1] in these coordinates dm  (X;) is a differential
operator of degree 0 or 1 with polynomial coefficients with respect to (xy, zs, ..., T,),
and therefore the operator ZE (m1m) is a second order differential operator with poly-

nomial coefficients on L? (R"7*, dz). O

Remark 5.1.3. The kernel k! (z,y) is called the reduced heat kernel in [43, p. 481]

among other papers, and it is the kernel of the following semigroup

eBu(mm) ) () = [ K (x,y) f(y)dy, f € L* (R, dy).
< Rn—Fk

Remark 5.1.4. Note that we can use some crude estimates for the heat kernel for the
Schrédinger operator such as in [16] to prove heat kernel estimates for the hypoelliptic
heat kernel p;. We use the following statement in [42, Proposition 2.2.8]. For example,

the reduced heat kernel k! in the case when G is the Heisenberg group or the group G,
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introduced in Section 2.3 is the heat kernel for a Schrodinger operator £L = —A + 'V,
on L? (RN ,dx) with a nonnegative polynomial potential V;. In this case V; grows
faster than |z|* for some «, then there are positive constants ¢;, C; (depending on «

etc) such that the heat kernel for £ satisfies

& o o
ks (75; y) < W exp (—Clt (|$’1+ /2 + |y|1+ /2))
for all z,y € RN and 0 <t < 1.

Example 5.1.5 (Heisenberg group). Let Hs be the Heisenberg group identified with
R3 with the multiplication given by

1
(a,b,c)- (a,V,¢):=(a+ad,b+b,c+ + §(ab’ —ba')),

and a Haar measure on Hj then is the Lebesgue measure dadbdc on R3. Let {X,Y, Z}
be the basis of the Lie algebra h with the only non-zero bracket [X,Y] = Z. A
polarizing (non-unique) sub-algebra for an element | = AZ* can be chosen as m =

Span{Y, Z}. Thus the corresponding subgroup is

M =expm = {exp(bY + ¢Z), b,c € R}

identified with R?. The dual space of Hs is given by

1':‘\[3:{7T)\, )\GR}
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where

7 (a,b,¢) : L*(R,C) — L*(R,C)

f(l‘) — e27ri)\(c+rb+%b)f(x+a)'

Then for any f € L?(R,C)

(dmy (X)) f () = [ (),
(dm (V) f (2) = 2midaf (z),

(dmy (2)) f (x) = 2miNf (x).

The Plancherel measure on Hy is dP()\) = |[A|d\/472, where d\ is the Lebesgue
measure on R. By using the ingredients above we are able to define the Fourier

~

transform f(\) of a function f € L?(Hs,C) as an operator on L*(R,C)

<f(>\)h> (@)= [ fla,b,c)(m(a,b,c)h) (x)dadbde (5.1.4)

RS

= | f(a,b, )™ (1 — q)dadbde, h € LA(R,C).

R3

We can define a sub-Riemannian structure on Hj by considering the two left invariant
vector fields X = X (9), Y = Y (g), g € Hs. Then the horizontal distribution is given
by

H = Span{)? : }7}
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and therefore the corresponding sub-Laplacian is
Ay =X24+Y2
The the Fourier transform Ay defined by (4.2.6) is

Ap (m) f(x) = f" (x) = 4m°Na® f (x) = f" (x) = V3 () f (=)
Note that by using the global coordinates (a, b, ¢) the sub-Laplacian is given by

Agf(a,b,c) = <)~(2 —1-172) f(a,b,c)
_ ((aa _ 380)2 +(a+ gac)2> F(a,b,0).

For z,y € R we have

v H@)my(y) = exp(—zX) exp(bY + cZ) exp(yX)

= (y—x,b,c—g($+y)).

The reduced heat kernel is then

() = /M xe(m)p (v (@)mey (y))dm = / PP,y — 2.be— o (e +y))dbie.

R?

Observe that by (5.1.4) applied to p; and h being the Dirac § function (which can be
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made rigorous similarly to the proof of Theorem 5.1.1) we have

(De(A)d) (x) = / pi(a, b, c) (ma(a,b,c)d) (x)dadbde

R3

:/ pe(a, b, C)€2ﬂi’\(_c_$b+a7b)5(x — a)dadbdc
R3

:/ pe(z, b, c)eQ’Ti’\(_C_%b)dbdc
R2

It is equal to the reduced heat kernel k; (0, z) and taking the derivative in ¢ and using
the fact that Y € m, and therefore Yisa skew-symmetric on L? (M, dm), we see that
Ok (0,2) = Ap () ke(0, ) = (— - Vi (a:)) k:(0, ).

dx?

Finally, in this case we can make (5.1.1) explicit. Namely, using the ingredients we

described earlier, we see that the hypoelliptic heat kernel on Hj is given by

pi(a,b,c) = //62””(0*?)/{@ (a+ z,z) dz|l|dl,
R* R
where k! (z,y) is the fundamental solution of Schrodinger’s equation with the gener-

ator
2

d 2 2
(Hf) (@) = -5 — ™S,
In this case this heat kernel can be found explicitly, namely,

l
hi (2,y) = <27r sinh

V2
(2lt)) e~%(®Y)  where
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Thus we can use this form for k! to write an explicit expression for p;

[ b
pe(a,b,¢) = //2l cos (27rl <c+ %)) k! (a+ x,x) dxdl.
0 R

5.2 Hypoelliptic heat kernel on the group G,

In this section we define a sub-Riemannian structure on the n-step Lie group G, 1
described in Section 2.3, and then use the representations of G, to find an explicit
expression for the corresponding hypoelliptic kernel.

In particular, we can use the matrix presentation (2.3.1) of the group G, ;. We

now introduce the isomorphism ¢ between G,,; and R*™! by

o(g) = (a,2z), where z := (21, ..., 2,),

where z is defined by (2.3.2). This isomorphism is a group isomorphism when R"*!

is endowed with the following product

n—1

d
(a,2) - (d',2) = <a+a’,21 +zi,...,zn—|—zﬁzni>
i=0

Now, let us define a left-invariant sub-Riemannian structure on G, as presented in

Chapter 4. Consider two left invariant vector fields X, Xy corresponding to X,Y; €
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On+1 defined by (4.1.1), and let

Writing the group G, in coordinates (a,z) € R""! we have the following ex-

pression for the left-invariant vector fields 3(v1 and )72

= 9

X, =2
1 aa/7

7.0, ,0 @0 a8
27 0z Y92 T 200 (n—1) 0z,

The corresponding hypoelliptic Laplacian Ay on G, is given by
~2  ~2 -
Apf = <X1 + Xo )f7 el (Gna).

Our goal is to find an integral formula for the hypoelliptic heat kernel p; (¢) as defined

in Definition 4.2.8 where g is identified with a point in R**.

Notation 5.2.1. In what follows we denote by R”~! the set

R = {Apr = Ay ooy M) ER L, £ 0}
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Theorem 5.2.2. The hypoelliptic heat kernel on the group G, 1 is given by

pt(CLvZ) =
omi( 'S A Br(az
/ /6 <k§1 BTk )) k?"_l (J,‘ + a, ZL‘) dl’|>\n_1|dAn—17
Rr—1 R

where k?”’l (x,y) is the fundamental solution to a Schridinger equation with a poly-

nomaial potential and

k
By (z,2z) := Z (kizi)'xki,k =1,2,...,n—1,
— !

and
dA,_1 = d)\...d)\,—;

15 the Lebesgue measure.

Remark 5.2.3. Note that the integral should be taken over R"~! but as the inte-

grand is 0 when \,_; = 0, we can instead integrate over R* 1.

Proof. This formula can be derived using Theorem 5.1.1. Recall that we described
all unitary representations of GG,,.1 in Section 3.2, and now we can use these results
to apply Theorem 5.1.1. For this purpose it is enough to consider representations in

the support of the Plancherel measure P. Thus we identify @n+1 with

{7TAn_1 : An,1 € R:}_l} y
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where T, _, is a unitary operator on L? (R, C) defined by

n—1

A, L*(R,C) — L* (R,C),

f (@) — (7% (a,2)f) (2),

(5 )

(A, (a,2)f) (x) == flz+a),

where polynomials By (x) are defined by (3.2.1). Recall that by (3.4.2) the Plancherel

measure on CAJRH is identified with the following measure on R"!

dP(An_l) = |Pf (l) |me (l) = |/\n—1|dAn—1-

Consider the representation 74, _, acting on the representation space L?(R, C). Using
Definition 4.2.10 we consider dma,_, (X;), i = 1,2 which are operators on L*(R, C),

which can be found explicitly as follows. Let A,,_; € R?"! then

[dnn, (X 7] (@) = 5| 7, (€)f (2)
t=0
d
= i, A 00 07 (@)
d !/
=z St n =1,
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d*f
'CAnfl de - VAnfl (x> f (x) 9
where
)\ n—2 /\ 2
Va,_, (1) := 47° nol gty ) 5.2.1
A, ( ) ((n_1)| — (]_1)| ( )

Denote by k"' (z,y) the fundamental solution for the operator & — £, ,. Then
applying Theorem 5.1.1, one gets the kernel of the hypoelliptic heat equation on G, 11

as follows

p(a,z) =

omi( 'S AeBi(a
/ /e (;@2:31 kBi( ))]{;é‘”‘l (x +a,z)de|\,_1|dA,_1.

Rn—1 R
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5.3 Short-time behavior of the hypoelliptic heat
kernel and the Trotter product formula

In this section we recall the techniques used by Séguin and Mansouri in [41], where
they show how the Trotter product formula for perturbation of a semigroup can be
combined with an explicit formula for the hypoelliptic heat kernel to study the short-
time behaviour of this heat kernel.

The following version of the Trotter product formula is well-suited for our pur-
poses. Suppose C' is an operator that can be written as a sum of two operators
C = A+ B. Then we can relate the semigroups generated by A and B with the

semigroup generated by C' as follows (see [20, Corollary 5.8]).

Theorem 5.3.1 (Trotter product formula). Let (T})i=0 and (Si)i=0 be strongly con-

tinuous semigroups on a Banach space X satisfying the stability condition
I[Tn SV || < Me™, for allt >0,N € N

for some constants M > 1,w € R. Consider the sum A+ B on D := D(A) N D(B)
of the generators (A, D(A)) of (T})i=0 and (B, D(B)) of (St)i=0, and assume that D
and (Ao — A — B)D are dense in X for some \g = w. Then the closure of the sum
of these two operators C := A+ B generates a strongly continuous semigroup (U)o

giwven by the Trotter product formula

Ux = A}i_ﬁr(lm[ﬂ/NSt/N]Nx (5.3.1)
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with uniform convergence for t on compact intervals.

As Séguin and Mansouri observed, in most of cases the expression [T'(t/N)S(t/N)]¥
is too complicated to be described explicitly. But in the special case when the oper-
ators satisfy some additional conditions and the Banach space X is a nice function

space such as LP, < p < oo, (see [41, Section 3.3] for details), (5.3.1) takes the form
p (N2
Uf =Tif + Jim + (Z TJ/VN’“BT:;N> F+0®)f,
k=0

where O(t?) is an operator D; acting on f such that ||Dyf|p1 < Mt?| f||: for a
constant M and for all £ small enough.

Note that main result in [41, Theorem 1] uses a number of assumptions formulated
on [41, p.3904]. Some of them are ambiguous (such as Assumption 1 which does not
address the issue of the domains of unbounded operators), therefore we would like to
use more concrete decompositions we have as a result of using Kirillov’s orbit method.
Namely, we consider the semigroup with the generator Z; (7m) on L? (]R"*k,dx)
defined by (4.2.6). That is, we would like to write Ay (m.m) as a sum Al + B! which
and {S!}

are generators of the semigroups {Ttl} respectively, and which satisfy

>0 >0

the following assumptions similar to [41, Proposition 3]. Note that they base their
analysis on the terminology of [1] which in particular leads to potential issues with
[41, Theorem 1]. But in our setting the direct integral terminology is not necessary,
and in particular, all operators and their semigroups are defined on L? (R"™*,dz) |
that is, on a space which does not depend on ;. That is, in the case of nilpotent

groups dependence on elements in the unitary dual G is much easier to track.
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1. For each t > 0, T} is an integral operator with kernel hl(x,y)

(TIf) (2) = / B (e, ) (4)dy.

Rn—k

2. There exists an integrable function H! /v (2, y), uniformly bounded in z by an

integrable function Gi(z,y) for all N > 1, such that
N N-1
t/N) (@)™ B+ o+ Ty B (Th) ") fl@) = / | Hy (@) () dy.

Then [41, Theorem 1] can be interpreted as follows. The operator Ay (mim) is the

tz; <7rl,m>

generator of the semigroup e which is an integral operator on L2 (R""‘“ , d:c)

which can be written as the following expression for all small enough ¢

(et@(m,m)f) (z) = (5.3.2)

/ (HhCr,) + 1 Jim_ (o)) F)dy + (OG7)) ()

where the integral kernels h! and H! are defined above, and as before O(t*?)f is an
operator Dy acting on f, such that || D, f]|z1 < Mt?||f||z: for a constant M and for all
small enough ¢. Combining this with the reduced heat kernel introduced in Remark

5.1.3, we see that

ki (2,y) = hy(z,y) +t lim Hyy(2,y) + O().

Recall that for the Heisenberg group Hjz and the group G,, 11
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Ay (M) = A=V,

where V; is a positive polynomial potential on L? (R, dz). Let

(A'f) () = Af(2) = f'(2)

and B! be the multiplication operator
(B'f) (2) = Vi(2)  (x).

We can write V] (z) as

|2 I 2m—1 12 11
Vi(z) = — (ahy @™ + aby, 12"+ -+ abz? + ajz’ +a))

where m is the degree of the polynomial V; (z), and ab,, and al, are positive constants.

Then [41, Corollary 2] is applicable, the equation (5.3.2) becomes

(etﬁﬂ(m,m)f) (z) = (5.3.3)

2m k
1 _(@-y? I aﬁc e 4o
1t 1—ait —t i i d Ot/ .
/R\/zme < % ;k+1;fcy fy)dy + O f(x)

for f € C°(R). It is clear that for more general Schrodinger-like operators in Theorem

5.1.1 this approach can be used as well without making additional assumptions.
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5.3.1 Application to the n-step nilpotent Lie group G, 1

Recall that for G, the operator Z; is

(B4 (rum)) £ (@) = f" (@) = Vi@) £ (2) . ] € Ce(Gusa).

where by (5.2.1) the potential is given by

2
by . n—2 s ‘
— 4 2 n n—1 J Jj—1 )
Va, , (2) 7 ((n—l)!$ + (j—l)!z )

j=1

We will use the following notation

Ak‘ = ()\la )\2; teey Ak)

Then as we mentioned previously

At f (@) = f" (@),

(BA1f) (z) = — (Anm + JZ_;)\]W> f(x).

Therefore the coefficients of the polynomial potential are

k+1
a?"*1 = Z )\i)\kJeri? k= 07 17 s 72(” - 1)

i=1



Finally, we use (5.3.3) to see that

ATL
(1) (@) =
ket
o2 2(n—1) Z NAkt2-1 &
_\zmy
e~ it
R V4t ; k? +1 Z y

=0
+ (0 f) (x)
with the reduced heat kernel being
ke (,y) =
\/i_me‘(”lzyﬁ 1— X\t —t Z Zk: X)\lk”_l ixiyk_i +O(t%?)
- \/i?e("zi’ﬁ 1— At —t nzl) ﬁiﬁ/\l’“” lz iyt o) |,

where we used that O(t~/2)O(t?) = O(t3/?). Now we can use Theorem 5.2.2 to see

that the hypoelliptic kernel is given by

27 nz—:l/\ By (z,z)
pila,z) = / /6 (’“11 o )\)\n_1|kéx”1 (x + a,z) dedA, 1,

Rn—1 R

74



therefore

pt(a,Z) = \/4—me_ﬂ R €
k+1
2n—1) D NNkto—i &
2 =1 i, k—i 2

=0

n—1
1 a2 27”( > )\kBk)
i=1 X

d[L‘|)\n_1|dAn_1.

Denote by Ps,—1y the polynomial of degree 2(n — 1)

2(n—1) Zk.H )\l)\k ol k . '
Pg(n_l)(l’7 Cl) = /\1 + Z l:1k} 1 2 Z(l’ + CL)Z]Ik—Z.
k=1 1=0

Choosing the substitution

L tPyuoy(z,a) = e P09 4 O(12),

we get the following expression

1 a2
e 4 X
VAt

p(a,z) =

n—1
2mi( S A Bi)
/ e =T (TP @D) L O(82)) dir| Ay |dAn 1 d Ay 5 =
R

n

n—1
1 6_% / 627”(1@2::1 )\kBk)e—tP2(n_1)($,a) di(]|/\n_1 |d/\n_1dAn_2
VAart n

1 a2

n—1
2mi(S AeBy)
e 4 e k=1 Ot dz| M1 |dNp—1d Ay —s.
- / ()it A1 [dA 10

_l_
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The first part is a C'*° function, and one can use special functions to find a more

explicit form of this integral. The second integral is also a C* function which is of

order O(t3/2).
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