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Three Essays in Macroeconomics of Fiscal and

Monetary Policies

Wei Wang, Ph.D.

University of Connecticut, 2015

Abstract

This dissertation studies the effects of inflation on long-term economic growth and
economic inequality through the interactions of fiscal and monetary policy. Inflation is
generated through the faster growth rate of nominal money supply. The fiscal policy in
discussion includes different tax schedules, productive government spending, unproductive
government spending, and transfer. Chapter one examines the effects of inflation on the
distributions of income, earnings, consumption and wealth. We build a dynamic general
equilibrium model in which consumers differ in terms of their earning abilities and time
preference. Money is introduced via a generalized cash-in-advance constraint. In the
guantitative analysis, we first calibrate the model to match the income and wealth
distributions in the United States, and other key features of the U.S. economy. We then

conduct a series of counterfactual experiments to quantify the distributional impacts of



inflation. Chapter two discusses the growth effects of inflation. We build a monetary search
model with two subperiods. One subperiod captures the frictional, decentralized trading
and bargaining between buyers and sellers. The other subperiod is the centralized,
neoclassical growth model. The long-term economic growth is promoted by the productive
government spending and the growth rate is endogenously determined. More money on the
one hand generates inflation, and on the other, it facilitates stochastic trading and therefore
enhances the assets accumulation. Chapter three investigates the question about how the
property of the progressive tax affects the relationship between economic inequality and
long-term economic growth. We find that heterogeneity has positive (negative) effects on
capital accumulation and economic growth if and only if the marginal tax function of the

progressive tax is concave (convex).



Three Essays in Macroeconomics of Fiscal and
Monetary Policies

Wei Wang, Ph.D.
B.A. in International Economics and Trade, Nankai University, 2006

M.A. in Economics, University of Connecticut, 2011

A Dissertation
Submitted in Partial Fulfillment of the
Requirements for the Degree of
Doctor of Philosophy
at the
University of Connecticut

2015



Copyright by

Wei Wang

2015



APPROVAL PAGE

Doctor of Philosophy Dissertation

Three Essays in Macroeconomics of Fiscal and
Monetary Policies

Presented by

Wei Wang, B.A., M.A. in Economics

Main Advisor

Richard M.H. Suen

Associated Advisor

Kanda Naknoi

Associated Advisor

Kai Zhao

University of Connecticut

2015



ACKNOWLEDGEMENT

| am deeply indebted to my academic advisor, Prof. Richard M.H. Suen, who has
introduced me the fascination of macroeconomics and inspired my interests in it, taught
me the way to think, organize, and express ideas from a macroeconomic perspective, and
patiently trained me the way to conduct high quality academic research. Prof. Suen is the
one of most responsible scholars that | have ever seen. | really appreciate the numerous
efforts and time that he put into guiding my dissertation, into improving the quality of my
scientific writings, and into helping me land a job. Due to his encouragement and support,

I can smoothly finish my doctoral study and dissertation.

| would like to express my heartfelt gratitude to my associate advisors Prof. Kanda Naknoi
and Prof. Kai Zhao for their careful guidance and generous help. Prof. Naknoi is a
knowledgeable and dedicated macroeconomist. She kindly provided her best knowledge to
help me explore the related literature and findings. Prof. Zhao is an exceptional mentor
who always guide me on any aspects related to macroeconomics, economics, and so on.

He is a nice and considerate person to work with.

| wish to thank Prof. Steven Ross and Prof. Ling Huang for their support and comments in
my defense. | also thank all my professors at the University of Connecticut for equipping
me with economic and analytical skills. I would also thank all staff members and my fellow
graduate students in the department of Economics for their continuous support and
invaluable help during my study. They provided me a warm and harmonic working
environment during these years.



I’d like also to thank my parents, Lupei Sun and Changsen Wang, who make my heart
warm and provide generous financial supports for my graduate study. My husband,
Zhiyuan Shen, and my beloved daughter, Emma Shen, always bring great joy in the years

when | wrote this dissertation. 1 wish | could express them how much I love my family.



TABLE OF CONTENTS

1 Anticipated Inflation and Economic Inequality in a Cash-in-Advance Economy 1

L.1IntroduCtion ... ..o 1
L12TheModel .. ... .o 4
121 CONSUMEIS . . oottt e e 4
1.2.2 Production Function . .. ......... ... .. i o 10
1.23Government . . ... 11
1.2.4 Competitive Equilibrium ... .......... .. ... ... .. .. 12
L3 Calibration . . ... 16
LAFRINAINGS . . .o e 19
1.4.1 Benchmark Economy . .......... .. .. .. i, 19
1.4.2 Policy Experiments . .. .......... i 20
L5 CONCIUSION . . .o 26
1.6 APPENAIX . oo e 39
1.6.1 Derivation of Euler Equation .. .............. ... o039
1.6.2 Balanced Growth Equilibrium ........................ 39
2 Inflation and Economic Growth in a Search-Theoretic Model of Money 42
2.1 INtroduCtioN . . ..o 42
22TheModel . ... . 44
2.2.1The Environment .. ............. i 44
2.2.2 Centralized Markets . . ........... ... 44
2.2.3 Decentralized Market . . ............. ... ... ... 48
224 GOVEINMENE . ..ottt 58



225 Equilibrium .. ... 59

2.3 Quantitative Analysis . ......... . . 63
231 Calibration . ... . 63
232Results . ... . 65

2.4 APPENAIX . . .ot 69
2.4.1 Proof of Proposition3.......... .. ... .. i, 69
2.4.2 Derivations of (50)-(54) . . ... ..o i 74

3 Progressive Taxation, Inequality and Growth 78

3L INtrodUCtioN . . ..ot e 78

3.2The Baseline Model . ........ .. . i 79
321 CONSUMEIS . . o\ e et e e 79
3.2.2Production . .. ... 81
3.23GOVEINMENt . .. ... 81
3.2.4 Competitive Equilibrium .. ........ .. ... o oo 82
325MainResult ... .. 84

BB EXIENSIONS . ettt 86
3.3.1Ex0genous Growth . . ... 86
3.3.2Endogenous Growth . . .......... ... .. .. .. ... 88

B4 APPENAIX . .o 93
3.4.1Proof of Proposition 1 .............. oo, 93
3.4.2 Proof of Proposition5............ .. .. i 95

References 97

Vi



1 Anticipated Inflation and Economic Inequal-
ity in a Cash-in-Advance Economy

1.1 Introduction

This paper examines the effects of anticipated inflation on economic inequality. To achieve
this, we develop a dynamic general equilibrium model in which consumers differ in their
earning abilities and subjective discount factors. Money is introduced through a cash-in-
advance (CIA) constraint. A calibrated version of the model is able to match the extent
of income and wealth inequality in the United States and replicate certain key features of
the U.S. economy over the period 1960-2010. We then conduct a series of counterfactual
experiments to quantify the impact of inflation on different groups of consumers.

The effects of inflation have long been a subject of interest to economists. There is
now a large number of studies which explore the empirical and theoretical linkages between
inflation and aggregate economic activities. Theoretical studies on the real effects of inflation
include Tobin (1965), Sidrauski (1967), Stockman (1981), Wang and Yip (1992), and Suen
and Yip (2005) among many others.! These existing studies, however, typically consider an
environment in which consumers are identical and thus ignore the distributional effects of
inflation. The present study departs from this literature by considering an environment in
which consumers are ez ante heterogeneous. Our approach thus differs from Imrohoroglu
(1992), Erosa and Ventura (2002) and Camera and Chien (2014), which have examined

the distributional effects of inflation in an environment in which consumers are ex post

!Empirical studies on the relationship between inflation and economic growth include Kormendi and
Meguire (1985), De Gregorio (1993), Bullard and Keating (1995), Bruno and Easterly (1998) among many
others.



heterogeneous (i.e., they experience different realizations of idiosyncratic shocks). Existing
studies show that predetermined factors are at least as important as idiosyncratic shocks in
explaining cross-sectional variation among consumers [see, for instance, Keane and Wolpin
(1997) and Huggett et al. (2011)]. In the present study, we consider an environment in which
consumers differ in their earning abilities and time preference. Using these two sources of
consumer heterogeneity, our model is able to match the observed patterns of wealth and
income inequality in the United States. This is not the first study that makes use of time
preference heterogeneity to explain economic inequality.? In the literature of incomplete-
market models, Krusell and Smith (1998) and Hendricks (2007) show that introducing this
type of heterogeneity can generate a substantial concentration of wealth at the top end of
the wealth distribution. In the neoclassical growth literature, Suen (2014) shows that time
preference heterogeneity, together with a direct preferences for wealth, can lead to a high
concentration of wealth. In Suen’s (2014) model, the direct preferences for wealth prevent
the wealth distribution from collapsing into a degenerate distribution.® In the present study,
a progressive tax structure is used to serve this purpose. The same approach is also used in
Sarte (1997) and Li and Sarte (2001).

Our main results show that an increase in money growth rate (and long-run inflation)
will in general lower the inequality in real money holdings and consumption. This is the
result of two effects. First, an increase in inflation raises the cost of holding real money
balances. Holding other things constant, this will discourage the consumers from holding

money, which will in turn suppress consumption through the CIA constraint. Second, a

2There is ample empirical evidence showing that consumers discount future values at difference rates. For
a detailed review of these evidence, see Frederick et al. (2002) Section 6.

3Becker (1980) shows that in the standard neoclassical model where consumers have time-additive pref-
erences and different subjective discount factors, all the wealth in the economy with eventually be owned by
the most patient consumers.



faster money growth rate also means that more real money balances is transferred to the
consumers. This will create a pure income effect which promotes consumption. For relatively
poor consumers, the transfers represent a sizable portion of their income. Hence, an increase
in inflation rate will induce them to have more consumption. But for the relatively affluent
consumers, the negative effect of inflation dominates. These two forces together lead to a
more equal distribution of consumption as inflation increases.

The present study is similar in spirit to Erosa and Ventura (2002), Heer and Siissmuth
(2007), Camera and Chien (2014). Erosa and Ventura (2002) also show that when infla-
tion increases, the distribution of wealth becomes more unequal, but their mechanism is
different from ours. They emphasize the heterogeneity in transaction patterns and portfolio
holdings across individuals through costly credit transactions as an alternative to monetary
transactions. In their model, inflation is effectively a regressive consumption tax. They
only discuss about the high-income and low-income families and therefore do not match the
entire income and wealth distributions as we do in this paper. Heer and Siissmuth (2007)
stress the heterogeneity in optimal portfolio holding across individuals and they explain the
mechanism through Fredstein channel and stock market transaction costs. Higher inflation,
due to Fredstein channel, increases real tax burden and due to the associated costs, widens
the wealth disparity between the wealth-poor and the wealth-rich. But they didn’t look
at the distributional effects on income and earnings. Camera and Chien (2014) consider
an incomplete-market environment in which money is used for self-insurance purpose. In
the benchmark model where money is the only asset available for self-insurance against
earning risks, an increase in the inflation rate will reduce wealth inequality and raise con-
sumption inequality. When bond is introduced as a competing asset, an increase in inflation

will lower consumption inequality and increase wealth inequality. Similar to the standard



incomplete-market model, their model has difficulty in matching the actual extent of the
wealth inequality observed in the data.

The rest of this paper is organized as follows. Section 2 describes the model environment
and define the competitive equilibrium. Section 3 describes the benchmark parameter values
that we use in the quantitative exercise. Section 4 presents the results from the benchmark

model and the counterfactual experiments. Section 5 concludes.

1.2 The Model

1.2.1 Consumers

Consider an economy inhabited by a continuum of infinitely-lived consumers. These con-
sumers are different in terms of their innate characteristics. Specifically, there are S > 1
different types of consumers. Each type i € {1,2,..., S} is identified by a pair of fixed pre-
determined characteristics (53;,¢;), where 3, € (0,1) is the subjective discount factor and
g; > 0 is labor productivity. Consumers within the same group are identical in all aspects.
The share of type-i consumers in the population is given by A\; € (0,1). The size of total
population is constant over time and is normalized to one so that Zle A= 1.

There is a single commodity in this economy which can be used for consumption and

investment. In each period, each consumer is endowed with one unit of time which can be

divided between labor and leisure. The consumer’s preferences are given by

where ¢;; is the consumption of a type-i consumer at time ¢, and /;; denotes his labor hours.



The period utility function is assumed to be additively separable in its arguments, i.e.,

l1+<,0
u(e,l) = lnc—A1 s
P

where ¢ > 0 is the inverse of the Frisch elasticity of labor supply, and A > 0 is a constant.?

In each period, each consumer receives two types of taxable income: labor income from
work and interest income from non-monetary assets. Let w; be the wage rate for an effective
unit of labor at time ¢. Then the labor income for a type-i consumer at time ¢ is given by
wyeili s Let a;; be the non-monetary assets owned by a type-i consumer at the beginning
of time ¢, and let r; be the rate of return. Then he receives an interest income of 7;a;, at
time ¢. The sum of these two sources of incomes, denoted by y;; = wyeil; s + 11,4, is subject
to a progressive income tax. The total amount of income tax that a type-¢ consumer has
to pay at time ¢ is 74 (y;¢), where 7, : Ry — R, is a continuously differentiable, strictly
increasing and strictly convex function that satisfies 7, (0) = 0 for all ¢ > 0. In each period,
each consumer can accumulate wealth in the form of non-monetary assets and money. Let
M, ; denote the nominal money holding of a type-¢ consumer at the beginning of time ¢, and

let P, be the general price level. The consumer’s budget constraint at time ¢ is then given

by

Cit + Qipr1 — Qg + T 1M1 — Mg = Yiyg — Te(Yie) + its

where m;; = M,/ P, is the real money balances, w1 = P11/ P, is the growth factor of the
general price level, and ; , is a lump-sum real money transfer from the government. Similar

to Dotsey and Sarte (2000), we assume that money is required for consumption purchases as

41t is well known that if the period utility function is additively separable in consumption and labor, then
the utility function of consumption must be logarithmic in order to be consistent with balanced growth.



well as investment. In particular, the consumers are subject to the following cash-in-advance

(CIA) constraint in every period,

Cit + (a1 — air) < myy,

where ¢ € [0,1]. If ¢ = 0, then money is only required for consumption purchases. This
specification is often referred to as the Clower (1967) CIA constraint. If ¢ = 1, then money
is required for both consumption purchases and investment. This specification is first intro-
duced by Stockman (1981). In the present study, we consider the general case in which ¢
can take any value between zero and one.

Given prices and government policies, the consumers’ problem is to choose a sequence of
consumption, labor hours, non-monetary assets and real money balances so as to maximize
his lifetime utility, subject to the sequential budget constraints and the CIA constraints.

Formally, this is given by

o0
max Z Biulcis, lit)
t=0

oo
{ci,tli,t i 4+1,mi 41 50 g S

subject to

Ciit + Qg1 — Qg + T Migp1 — Mig = Yig — Te(Yir) + i (1)
Cip + O(Qigr1 — ig) < My, (2)
aigr1 >0, mig1 >0, i, e[0,1],

and the initial conditions: a;o > 0 and m; o > 0.



Set up the Lagrangian for the consumer’s problem

L = Z Bi{ulcie, lin) + Ciplyie — Te(Win) + Eip — Ci — Qi1 + Qig — Te1Mipr1 + Mg
=0

+0; 1 mie — ciy — d(@irr1 — aig)l},

where (;, and 0;, are the Lagrangian multipliers for (68) and (69), respectively. The first-

order conditions for an interior solution are given by

it = iy +bis, (3)
Alft = Ci,twt5i[1 - T; (Z/i,t)]a (4)
Cir + 9bir = 5, {Ci,t+1 [(1 — Ty (yz',t+1)) Tiy1 + 1} + ¢91,t+1} ) (5)
7Tt+1Ci,t = f3; (Ci,t—i—l + 9i,zﬁ+1) . (6)
Using (70) and (71), we can obtain
Ciz = B; (Ter1Cier1) (7)
Oip = cif — Bi (Tes1Cippr) (8)

Note that the CIA constraint is binding at time ¢ if §;; > 0. As we will see later on, this
condition is always satisfied in any balanced-growth equilibrium. Substituting (74) into (72)

gives the optimality condition for labor hours

Al;ft _ ﬁiwtgi [1 - T:: (yzt)] (9)

Tt+1Cit+1



The intuition behind this condition is as follows. Suppose a type-¢ consumer wants to
increase his labor supply at time ¢ from [;; to l;; + ¢, where ¢ > 0 is infinitesimal. On
one hand, such an increase will lower his current utility by Al7,¢ units. On the other hand,
this will raise the after-tax labor income by wie; [1 — 7} (y;+)] (. This allows the consumer
to hold wye; [1 — 7} (yi+)] (/71 more units of m; 441, which can then be used to purchase
consumption at time ¢+ 1. Thus, the discounted marginal benefits of increasing labor supply
at time t is given by S,wee; [1 — 74 (yir)] (/7t+1¢i141. In the optimal situation, these marginal
benefits are equated to the marginal costs.

Using (73)-(75), we can obtain

9 _ B <¢_1—¢)+ (8;) {[1 =7y Wies)] e + 1 — 6}, (10)

Cit Cit+1 T41 Tt42Ci t+2

which is the Euler equation for consumption. A detailed derivation of this equation can be
found in the Appendix. Equation (78) equates the marginal costs of having an additional
unit of non-monetary asset at time ¢ to its discounted marginal benefits. The intuition of
this equation can best be explained by considering two special cases: ¢ = 0 and ¢ = 1.
When ¢ = 0, the Euler equation becomes

1 B

Tt4+1Ci t+1 - Ti19Ci 112 { [1 o T:t+1 (yi,tJrl)] Tl + 1} . (11)

Suppose a type-¢ consumer wants to increase his future asset holdings a;¢y1 by ¢ > 0
units. In order to balance his budget, the consumer will have to simultaneously lower

misi1 by ((/mr1). > Through the CIA constraint at time ¢ + 1, this will lower ¢; ;.1

5Under the Clower CIA constraint, current consumption c¢;; is determined by the current real money
holdings m; ¢, which is predetermined in the previous period. Hence, the consumer cannot adjust his current
consumption in this scenario.



by the same amount, which will in turn lower future utility by (7rt+1c,-7t+1)71 ¢. On the
other hand, the increase in future asset holdings will generate an after-tax gross return of
{ [1 — T (yi7t+]_):| Tie1 + 1} (. These additional resources will allow the consumer to increase
M2 and ¢; o by {[1 — Ty (yi7t+1)] Tii1 + 1} (/m¢s2. The expression on the right-hand
side of (11) is the discounted marginal benefits generated by the increase in a; 1.
When ¢ = 1, the Euler equation becomes
1 B (8)°

= +
Cit Cit+1  T¢+42C 142

{ [1 —Tin (yi,t+1)] 7“t+1} ;

In this case, the sequential budget constraint and the CIA constraint at time ¢t can be

rewritten as

Top1Mier1 = Yir — Te(Wir) + s

and

Cig + Qg1 — Qg = Myyg.

Suppose a type-i consumer wants to increase his future asset holdings a; 41 by ¢ > 0 units.
In order to maintain the CIA constraint, the consumer has to lower ¢;; by the same amount,
which in turn lowers his current utility by ((/c;+). The increase in a; ;1 has two positive
effects. First, by the CIA constraint at time ¢ 4 1, an increase in a; 41 allows the consumer
to have more ¢; ;1. This will raise his lifetime utility by (5;(/ci++1) . Second, the increase in
a; 1+1 will raise his future after-tax incomes by [1 — Ti1 (yi,tﬂ)] r¢+1C, which allows him to in-
crease m; 1o by [1 — Ty (yi7t+1):| T4+1C /2. This can be used to support more consumption
at time t+2, which will then increase lifetime utility by (3,)° {11 =70y Wige1)] T } €/ (Tegacipn) -
In the optimal situation, the discounted marginal benefits from these two effects must be

balanced by the corresponding marginal costs.



1.2.2 Production Function

On the supply side of the economy, there is a large number of identical firms. In each period,
each firm hires labor and rents physical capital from the competitive factor markets, and

produces output according to a production technology
Y, = K& (X, N,)' ™ H?, ac(0,1) and1—a>p>0,

where Y; denotes output at time ¢, K; denotes capital input, N, denotes labor input, X,
is a labor-augmenting technological factor, and H; is the infrastructure capital provided by
the government. The technological factor is assumed to grow at a constant exogenous rate
so that X; = p! for all £, where p > 1 and X, is normalized to one. Both X; and H; are
taken as exogenously given by the firms. Since the production function exhibits constant
returns to scale in private inputs (i.e., K; and NN;), we can focus on the choices made by a
single representative firm. Let R; be the rental price of physical capital at time ¢. Then the
representative firm solves the following problem

max { K (X,N,)' " Hf — w,N, — R,K,},

K¢,Nt

and the first-order conditions are

Rt == OéKta_l (XtNt)l_a Htg, and Wt = (1 - Oé)Xthé (XtNt)_a Htg (12)

Let 6 € (0,1) be the depreciation rate of physical capital. Then the rate of return from

non-monetary assets r; is given by r, = R; — 4.

10



1.2.3 Government

The government in this economy implements both fiscal and monetary policies. In terms of
monetary policies, the nominal supply of money (Wf) is assumed to grow at a deterministic
time-invariant rate y > 0 in every period, so that M, =1 +u)M,, for all t > 0. A fraction
w € (0,1] of the newly printed money (i.e., seigniorage) is distributed to the consumers

through the lump-sum transfer, so that
S
P N, =@ (M, — M;) = wuld,. (13)
i=1

To simplify the analysis, we assume that each type of consumer receives a fixed proportion
of the seigniorage revenue in each period, so that P¢,;, = Eiw,uﬁts and Zle &, = 1. The
rest of the seigniorage revenue is used to support government expenditures.

As for fiscal policies, following Guo and Lansing (1998) and Li and Sarte (2004), we
assume that the progressive tax function is given by

Te(ye) = ﬁt(yt)1+%v (14)

where s is a positive constant, and 7, > 0 is a time-varying parameter. Under this specifi-
cation, the average tax rate (ATR) and the marginal tax rate (MTR) faced by a consumer

with total taxable income ¥, are given by

AtR="W) e and TR = 90

= (14 2)7y .
. ) (14 i)

Hence, the degree of progressivity, defined as the ratio between the marginal tax rate and

11



the average tax rate is given by (1 + ), i.e.,

MTR

Degree of Progressivity =

The government is required to balance its budget in each period. In particular, all the tax
revenues collected by the government, together with a fraction (1 — @) of the seigniorage
revenue, are spent on infrastructure investment (/;) and unproductive government spending

(G¢) . The government’s budget constraint at time ¢ is given by

S
[t_l'Gt:'

=1

NiTe(Yiz) + (1 — @) <;) , forallt>0. (15)

The stock of infrastructure capital then evolves according to
Ht+1 = It -+ (1 - (S) Ht; for all ¢ Z 0. (16)

Finally, we assume that a fraction v € (0, 1] of aggregate output is used as unproductive

government spending in every period, i.e., G; = vY;, for all ¢t > 0.

1.2.4 Competitive Equilibrium

To define a competitive equilibrium, we first define ¢; = (c14, €4, --.s Cst)s It = (l1g, oy -y lsit),
a; = (a1, Aoy, ..., ase), My = (Myy, Moy, ...,msy) and & = (&4, &y, -, Egy) as the cross-
sectional distributions of consumption, labor hours, non-monetary assets, real money hold-
ings and lump-sum transfers at time ¢. The exogenous policy instruments in this economy in-
clude a sequence of progressive tax functions {7, (-)};-, , and the parameters { [y, T, Eq s ey ES} )

Given these policy instruments, a competitive equilibrium of this economy consists of se-

12



quences of distributions {c, l;, a;, m;}°,, aggregate inputs {K;, N;}2,, policy variables

{Mf, I;, &}, and prices {wy, ry, Ry, P, }2,, such that

(i) Given prices and government policies, the allocation {c;,l; 1, i1, Mi11 15, solves a

type-t consumer’s problem.

(ii) Given prices and infrastructure capital, the aggregate inputs {K;, N;}:2, solve the

representative firm’s problem in every period.

(iii) The government’s budget is balanced in every period, i.e., (43) holds. Nominal money
supply is determined by M,,, = (1 + u)M,.
(iv) All markets cleared in every period, i.e.,
S

S S
K=Y XNawy,  Ne=> Neiliy  and M, =P Amyy, forallt.
=1 =1

=1

Balanced Growth Equilibrium In the following analysis, we confine our attention to
balanced-growth equilibria. A balanced-growth equilibrium is a competitive equilibrium

that satisfies the following additional conditions:

(i) The real rate of return from capital is constant over time, i.e., r; = 7* > 0 for all ¢.

(ii) The supply of labor by each consumer is constant over time, i.e., ;; = [} € (0,1) for

all ¢t and for all .

(iii) The average tax rate and the marginal tax rate faced by the consumers are constant

over time.

(iv) All other variables are growing at the same constant factor .

13



The common growth factor v can be derived as follows. Suppose condition (i) is satisfied,

i.e.,, 7, = r* >0 for all t. Using (79), we can get
oK (XN, T HE = 4 6.

Since NV, is constant in any balanced-growth equilibrium, the above condition holds if K~ X,'~*H}

is constant over time, i.e.,

a—1vyv1i—afrro __ a—1 yv1—aryo
Kt Xt Ht - Kt-i-l Xt+1 Ht-l—l

N (Xt—i—l)l_a — o= (Kt+1>1_a < H, )Q _ 1o
Xt Kt HtJrl

Conditions (i) and (iii) in the above definition require that the after-tax return from capital,
ie., [1 — Ty (yi,tﬂ)} 7441, is time-invariant in a balanced-growth equilibrium.® This can be
achieved by setting 77, = 7 (y")” for all ¢+ > 0. Under this specification, the average tax rate
and the marginal tax rate faced by a consumer with total taxable income y; are now given
by

ATR =19 (%) , and MTR = (1+ s)n (%) :

In these expressions, we have essentially removed the growth trend ~' from the income
variable. Hence, the resulting average tax rate and marginal tax rate are time-invariant in
any balanced-growth equilibrium. Condition (iv) in the above definition implies that all the

aggregate variables, including w;, K;, H; and (Mf / Pt) , will share the same growth trend ~*

6Note that, cross-sectionally, different types of consumers with different levels of taxable income will face
a different after-tax return from capital in the balanced-growth equilibrium.
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in any balanced-growth equilibria. Hence, we can write each of these variables in terms of
the common trend and their detrended counterpart, i.e., w; = y'0*, K; = fytE*, Gy = 7'g*,
and (Mf /Pt) = ~'m*, where {@*,E*,?,Tﬁ*} is a set of stationary values that needs to
be determined. Similarly, all the individual variables, including c¢;, a;;, mi, §i,t and v,
will share the same growth trend +" in any balanced-growth equilibria, so that ¢;; = ~'¢},
air = yar, miy = ytml, & = vtfz, and y;, = ~'yF for all 7. The set of stationary values

S
{cl, ar,m?, fi T } are also endogenously determined in the balanced-growth equilibrium.

=1

We now outline the steps for computing a balanced-growth equilibrium.” For given value

of r*, we can solve for the value of y* = {y},73, ..., U5} using

o= (0-122) +i(%)2{[1—<1+x>n@mr*+1—¢}, (a7)

,n-* 7T*

where 7 = (1 + p) /7 is the growth factor of the general price level in the balanced-growth
equilibrium. Equation (17) can be obtained from the Euler equation in (78). Once y* is

determined, the value of {E*, w*, /l%*, N*, fﬁ*} can be obtained by solving

(v+9d— 1)/5* (r + 6 Z AT 4 (1 — @) pm*. (18)

TA detailed derivation of the equations mentioned below can be found in the Appendix.
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i — 1+1_ {Zwl— n(@)] - <1—¢><v—1>%*}. (22)

Equation (46) follows from the government’s budget constraint and the law of motion for
infrastructure capital. Equations (47)-(49) can be obtained by combining the first-order
conditions in (79). For each i € {1,2,...,S}, the value of {¢},a}, m;,[}} can be obtained by

solving

yr = gw*ll +rrar,

G+ o(y—1)a; =m

* o 1 61 @*gi o K\ 22
Ay = 2 (2) 20— o) (23)
(D) + i = B[~ (@) + Ep (21)

Equation (51) follows immediately from the first-order condition in (76). Equation (24) is
the consumer’s budget constraint along the balanced growth path. Finally, we need to make
sure that the distribution of individual asset holdings {a}, a3, ...,a%} is consistent with the
aggregate variable k* obtained from (48). To achieve this, we will need to solve for the value

of r* that clears the market for physical capital, i.e.,

ZA ar.

1.3 Calibration

The main purpose of the numerical analysis is to quantify the effects of monetary policy
based on the model developed above. To this end, we first construct a parameterized version

of the model and show that it is able to replicate certain features of the U.S. economy. The
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benchmark parameter values are summarized in Table 1. Some of these values are chosen
based on empirical evidence. Others are chosen to match certain real-world statistics. The
details of this procedure are explained below.

One period in the model is one year. The share of capital income in total output («) is
0.36. The value of p is set to 0.20, which matches the empirical estimates reported in Glomm
and Ravikumar (1997). The Frisch elasticity of labor supply (1/¢) is set to 0.40, which is
consistent with the empirical estimates obtained by MaCurdy (1981) and Altonji (1986). As
explained earlier, the degree of progressivity (1 + s) can be measured by the ratio between
the average income tax rate and the marginal income tax rate. Using TAXSIM data over
the period 1960-2010, we obtain an estimate of 1.877 for the degree of progressivity, which
means » = 0.877.% As for the parameter ¢ in the CTA constraint, Dotsey and Sarte (2000)
suggest that for industrialized countries with well-developed financial markets (such as the
U.S. and other OECD countries), the fraction of investment that requires cash is likely to
be close to zero. Hence, we set ¢ = 0 in our benchmark model. We also set w = 1 and
&, = 1 for all i in the benchmark model so that all the seigniorage is distributed evenly to
the consumers.

The remaining parameters are calibrated to match some targeted statistics. First, the
growth factor of the technological factor (p) is chosen so that the common growth rate
(v—1) is 2.06%, , which matches the average annual growth rate of real per-capita U.S.
GDP over the period 1960-2010. Given a = 0.36 and n = 0.20, the required value of p

is 1.0141. Second, the benchmark money growth rate (u) is chosen so that the inflation

8Data on the average federal income tax rates and the marginal federal income tax rates in the United
States over the period 1960-2010 are available from the website: http://users.nber.org/~ taxsim/allyup/fixed-
ally.html. We choose to use the data based on a fixed 1984 sample of taxpayers. To get the value of s, we
first compute the ratio between the average tax rate and the marginal tax rate for each year and then take
the average over the entire sample period.
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rate (m* — 1) is 4.07%, which matches the average annual growth rate of the Consumer
Price Index over the period 1960-2010. Given v = 1.0206, the required value of p is 6.21%.
Third, individual’s subjective discount factors and labor productivity are chosen to match
the distributions of wealth and income in the United States. We use the data from the
2007 Survey of Consumer Finance (SCF) as reported in Diaz-Giménez et al. (2011). In the
quantitative analysis, we partition the population in the model economy into ten groups,
i.e., S = 10. This partition is intended to mimic the income groups reported in Table 5
of Diaz-Giménez et al. (2011). The only difference is that we have discarded the bottom
1% of the income distribution, which has a negative average income in the SCF data.’
Hence, the first group in our model represents the bottom 1-5% of the income distribution
and the tenth group represents the top 1%.!° The average income and average wealth for
group i € {1,2,...,5} in the balanced-growth equilibrium are given by ¥ and (af + m;),
respectively. In the calibration procedure, we compute the value of { B1,yBay s B 371} so that
the income ratios {y;/ g’fg}f;ll match the values reported in Table 5 of Diaz-Giménez et al.
(2011). Similarly, the labor productivity parameters {eq,e3,...,e5} are computed so that
wealth ratios {(a + m7) / (@} + m})};_, match their real-world counterparts. The value of
g1 is set to 0.1.11

Five parameters remain undetermined up to this point, these include the preference
parameter A, the depreciation rate of physical capital §, the subjective discount factor for the
top 1% of the income distribution 4, a scale parameter in the progressive tax function 7 and

the share of aggregate output used as unproductive government spending v. These parameters

9The consumers in our model economy will never have a negative before-tax income.

10The other groups represent the 5-10%, 10-20%, 20-40%, 40-60%, 60-80%, 80-90%, 90-95%, 95-99% of
the income distribution.

1 This normalization is innocuous. The same results can be obtained if we set eg = 1 and choose the value

of {e1,€9,...,£5-1} so as to match the observed value of {(a} +m})/ (a} + ﬁﬁ)}f;f .
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are chosen so that the benchmark balanced-growth equilibrium has the following features:
First, the average time spent on working is about one-third, i.e., Zle AilF = 0.33. Second,
the capital-output ratio is 3.0. Third, the ratio of total tax receipts to aggregate output
is 7.8%, which matches the U.S. data over the period 1960-2010.'2 Fourth, unproductive

government spending accounts for about 67.5% of all the government spending.'® Fifth, the

long-run rate of return from physical capital (r*) is 6%.

1.4 Findings

This section reports the main findings obtained from the numerical analysis. In Section 4.1,
we summarize the main properties of the benchmark equilibrium. In Section 4.2, we present
the results obtained from a series of counterfactual policy experiments. The purpose of these

experiments is to quantify the effects of inflation on economic inequality.

1.4.1 Benchmark Economy

Major Economic Variables Table 2 summarizes the key statistics in our benchmark
economy and compares them to their empirical counterparts. Apart from the five targeted
statistics, our model is also able to match quite well the average value of the consumption-

output ratio in the United States over the same time period.

12To compute this value, we first obtain data on the personal current taxes received by the U.S. federal
government over the period 1960-2010. These data are available from the National Income and Product
Accounts. We then compute the ratio between these tax revenues and US GDP. The average value over the
sample period is 7.8%.

13 According to the NIPA data, consumption expenditures made by the U.S. federal government accounted
for about 67.5% of all its nondefense expenditures over the period 1960-2010. The rest was used as gross
investment in structures and equipments.
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Economic Inequality Table 3 summarizes the characteristics of the earnings, income
and wealth distributions obtained under the benchmark parameter values. The first column
reports the Gini coefficient of the three variables and compares them to the actual data.
The rest of the table shows the share of earnings, income and wealth held by consumers in
different percentiles of the corresponding distribution. Since we have discarded the bottom
1% of the income distribution, it is not surprising that the extent of inequality generated by
the model tends to be lower than that observed in the data. Nonetheless, our model is able
to replicate the high concentration of wealth and income observed in the U.S. economy. For
instance, in our benchmark economy, the top 1% of the wealth distribution owns about 26%
of total wealth, and the top 1% of the income distribution owns about 21% of total income.
These values are identical to those in the actual data.

Table 4 shows that share of wealth held in the form of money across different groups of
consumers. Overall, income-poor and wealth-poor consumers tend to hold a larger fraction
of their wealth as real money balances. This happens because poor consumers tend to spend
a larger fraction of their income on consumption. Since consumption purchases require the
use of money under the CIA constraint, this in turn generates a strong demand for money

among the poor.

1.4.2 Policy Experiments

Distributional Effect of Inflation: Case I (Benchmark Economy) To gauge the
effects of anticipated inflation on economic inequality, we conduct a series of counterfactual
experiments by changing the growth factor of nominal money supply (i.e., 1) in the bench-
mark economy. In particular, a higher money growth rate would imply a higher inflation

rate in the long-run equilibrium. Since we calibrate our model to the U.S. economy, we only
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consider episodes of relatively mild inflation, namely 2%, 4.07% (benchmark), 5%, and 10%.
The associated value of p are 4.10%, 6.21%, 7.16% and 12.27%,respectively. To analyze other
countries with hyperinflation, we need to recalibrate the model before we can conduct these
experiments. In the policy experiments for our benchmark model, we compute the long-run
equilibrium for each value of pu, holding all other parameters constant. The resulting dis-
tributions of wealth, earnings, consumption (or equivalently real money balances), after-tax
income, non-monetary assets holding, labor supply along with the Gini coefficients for the
first five distributions are reported in Tables 5-10. Our results indicate that, as inflation rate
increases, the distributions of (after-tax) income, earnings and non-monetary assets holding
are becoming more equal and distributions of wealth, consumption and real money balances
are becoming more unequal.

In the following discussion, we will refer to those in the bottom 1-5% of the (before-tax)
income distribution as the poorest, and those who are in the 5-50% of the same distribution
as the poor. Similarly, we will refer to the top 1% of the income distribution as the richest
and those who are in the 50-99% of the income distribution as the rich.

In our experiments, we find that when inflation increases, wage rate increases while the
interest rate is almost unchanged'* for the benchmark model and non-monetary assets hold-
ing drops for all groups. Although the levels of non-monetary assets holding are dramatically
different across groups under certain inflation rate, the decreases across groups are not that
dramatic as inflation increases. Even when inflation goes up from 4.07% to 10%, the Gini
coefficient just changes from 0.7083 to 0.7106. Since the interest rate doesn’t change much,
the change in interest income across groups largely reflects the change in consumer’s non-

monetary assets holding.

4 Equilibrium interest rate decreases from 6.2000% under 4.07% inflation to 6.1970% under 10% inflation.
And this causes all groups hold less non-monetary assets when inflation increases.
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Table 10 shows that an increase in the inflation rate will generate substantial distortions
in the consumer’s labor supply. In general, such an increase will discourage labor supply for
all types of consumers. The reduction among the poor, however, is much larger. According
to equation (51), a higher inflation rate will create a direct negative effect on labor supply.
But an increase in inflation also tends to lower individual income (hence the marginal tax
rate) and raise the wage rate, which will promote labor supply. Our results in Table 10 thus
suggest that these indirect effects are dominated by the direct effect under the benchmark
parameter values. Since consumption are lower for the rich and the richest and higher for the
poorest and the poor under high inflation, and again labor supply decreases for all groups,
so effect of consumption is not the main reason for the shorter hours either. Notice that
the reduction in labor hours is larger for the lower half of the income distribution. This
can be attributed to two factors: the opposite changes in consumption for the poor and the
rich when inflation increases, and the magnitude of wage rate effect is related to consumer’s
predetermined characteristics.

As for earnings, the increase in the effective wage, w*e;, for the poorest, the poor, and
even the rich is dominated by the decrease in individual labor supply, so their earnings
decrease as inflation increases. For the richest, due to their high labor productivity (Table
1b), the effective wage effect dominates, and thus their earnings increases. The decrease
in the earnings for all below-top-1% consumers reaches the peak around the middle of the
distribution, but the lower half has even more decrease in their earnings than the upper
half, so the distribution of earnings becomes more unequal as inflation increases, as shown
in Table 6. Similar patterns, but in opposite direction, are observed when there is a decline

in the inflation rate (from 4.07% to 2%).
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15 as well as the tax payment decrease for

When inflation increases, the before-tax income
all groups. Since the former decreases more than the latter, the after-tax income decreases
for all groups. The changes in after-tax income across groups are very close. Therefore the
distribution becomes a little unequal as shown in Table 8.

With the parameter values in our benchmark model, the budget constraint in (24) can
be rewritten as (1 + u)cf =y — 7(yf) — (v — 1)a} + pm*. As inflation increases, for most
of the groups (except the top 1% group), the effect of less saving on non-monetary assets

is dominated by the effect of decreasing after-tax income. Across groups, the change in

yr — 7(yF) — (v — 1)a; reaches its peak around the middle of the distribution. This change

—r)=0-Dai ppe

across groups is then adjusted by the faster growth rate of money supply, v T

effect of decreasing value of real money is so powerful that all groups tend to decrease their
consumption. Since the relatively affluent consumers have more resources left from after-tax
income minus saving, the richer they are, the more their consumption is affected by the mon-
etary policy, i.e. how much the negative effect of higher p affect the group’s consumption
depends on the level of their after-tax, after-saving resources, rather than the change of it.
Meanwhile, all groups will receive an equal lump-sum transfer from seigniorage. This cre-
ates a pure income effect which promotes consumption. The overall effects on consumption
depend on the consumer’s position in the income distribution. For the relatively poor con-
sumers, especially those in the lower half of the income distribution, the lump-sum transfers
represent a sizable portion of their income. Consequently, an increase in transfer will induce
them to have more consumption and hold more real money. But for those in the upper half

of the income distribution, the negative effect dominates. As a result, the relatively affluent

5When ¢ = 0, equation (17) becomes 1 = (%){[1 — (L+x)n(y;)X]r* +1}. Before-tax income is determined
by parameters, v and equilibrium interest rate. In the experiment, r* doesn’t change much here under high
inflation, so is y;.
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consumers will choose to have fewer consumption and hold less money. These two forces
together lead to a more equal distribution of consumption and real money balance, as is
shown in Table 7.

Since both non-monetary assets holding and real money balances for the rich and the
richest decrease as inflation increases, their wealth shrinks a lot. For the lower half of the
income distribution, the two assets adjust in the opposite directions, and their wealth doesn’t
change too much. Therefore, the wealth distribution becomes equalizing. We can tell by
Table 4, money holding counts as rather an important share of the wealth for the poor, so the
increase in their money holding dominates the decrease in their non-monetary assets holding
and their wealth is increasing. For the poorest, money is not as important component in
their portfolio as it’s for the poor, so the poorest has less wealth as inflation increases.

The results for distributions of wealth, earnings, consumption, after-tax income, non-
monetary assets holding, and labor hours under inflation rates of 4.07% and 10% in the
benchmark model are presented as Case I in table 11 in order to facilitate comparison to

other cases.

Case II and Case III The results in Tables 7 suggest that the lump-sum transfers gen-
erated by the creation of money might be an important factor in determining the effects
of inflation on consumption. In the second group of experiments, Case II and Case III, we
consider an alternative setting in which only part of the seigniorage is transferred to the con-
sumers and the rest of seigniorage is invested in infrastructure. In particular, we set w = 0.6
in Case Il and w = 0 in Case 1II. To facilitate comparison with the benchmark economy, we
recalibrate the value of n and A so that the long-run rate of return from physical capital is

6% and the average time spent on working is about one-third. All other parameter values
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are the same as in the benchmark model (i.e., Case I). In particular, the common growth
rate and inflation rate are again equal to 2.06% and 4.07%, respectively. Since ¢ = 0, CIA
constraint implies that individual consumption is equivalent to their real money balances.
Lump-sum transfer is still equally distributed across all consumers. Equation (24) can be
rewritten as (1 + p)cf =y — 7(yf) — (v — 1)a; + wpm*. Both w and p have direct effects
on consumption. We then conduct the policy experiment for 10% inflation rate to show the
distributional effects of inflation in both cases. The results are shown in column 4-7 of Table
11. To conserve space, we only report the Gini coefficients of the individual-level variables.

When inflation rate increases from 4.07% to 10%, we find that equilibrium wage rate and
interest rate go up in both cases. Due to the higher interest rate, the lower half of distribution
now save more in terms of non-monetary assets as inflation increases, while the upper half
still save less as they do in Case I. As a result, the dispersion of non-monetary assets across
groups decreases. We still observe a distortion of labor supply across groups, and the ones
towards the lower end of the distribution decrease their labor supply more as is observed
in Case I. Now both the before-tax income and after-tax income for all groups increase as
inflation increases. For the lower half of the distribution, their interest income increases more
than the decrease in their earnings, while for the upper half, both their earnings and interest
income increase. Income distribution becomes more equal under higher inflation. All groups
consume more and carry more real money balances. The wealth for the lower half increases,
and for the upper half decreases. The higher price harms the capital accumulation on the

aggregate level. Similar results are observed in Case III.

Case IV and Case V In Case IV we generalize the CIA constraint and assume that a

small fraction (5%) of aggregate investment is subject to the CIA constraint. The model is
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recalibrated by adjusting parameters A and 7. Transfer is again equally distributed across
all consumers. By comparing with Case II, the findings are almost the same, so the pattern
in the above results are not quite affected by the value of ¢. In Case V, we change the
transfer allocation across groups. When we let the two groups at the lower end of the income
distribution get no transfer at all and the part of the seigniorage is equally distributed among
the rest eight groups, the same pattern of change is still observed as in Case II. Especially,
the change of consumption across groups. So, there is real effects of inflation on the change of
inequality and other aggregate variables and the numerical findings are robust under certain

changes of the model.

1.5 Conclusion

In this paper, a dynamic general equilibrium model with heterogeneous consumers is used
to study the distributional effects of monetary policy. Money is introduced through a gener-
alized cash-in-advance constraint. The benchmark model is calibrated to match the wealth
and income distributions in the United States and other key features of the U.S. economy.
The effects of inflation on economic inequality are quantified through a series of counterfac-
tual experiments. Our results suggest that, as inflation rate increases, inequality in wealth,
income (both before-tax and after-tax) and earnings also increase. But the distributions
of real money balances and consumption may actually become more equal when inflation

increases.

26



Table 1a Benchmark Parameters

Parameter Description Value
A Parameter in utility function 32.2
© Inverse of Frisch elasticity of labor supply 2.50
« Share of capital income in total output 0.360
0 Depreciation rate of capital 0.0600
» Degree of progressivity 0.877
1) Fraction of investment required cash 0
14 Growth rate of nominal money supply 0.0621

B1o Subjective discount factor of top income group 0.997
w Fraction of newly printed money used as transfer  1.00
n Parameter in the progressive tax function 0.0551
0 Contribution of H; in production function 0.200
p Growth factor of technological factor 1.01
v Fraction of G; in aggregate output 0.0520
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Table 1b Consumer Characteristics

Income Brackets (%) B, Ei
1-5 0.9613  0.1000
5—10 0.9614 0.1911

10 — 20 0.9616  0.2712
20 — 40 0.9620 0.4791
40 — 60 0.9625  0.7992
60 — 80 0.9633 1.264
80 — 90 0.9643 1.904
90 — 95 0.9655 2.542
95 —99 0.9692  4.393
99 — 100 0.9973 27.50

Table 2 Benchmark Results

Model Data

Annual Growth Rate (%) 2.06 2.06*
Inflation Rate (%) 4.07 4.07

Ratios to GDP

Physical Capital 2.95 3.00*
Private Consumption 0.683 0.630
Receipts from Personal Income Tax  0.079 0.078*

Note: Data marked with an asterisk are the targeted statistics.
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Table 3 Inequality in the Benchmark Economy

Shares in Each Group of Total Sample

Gini  Bottom (%) Quintiles Top (%)

Coeff. 1—-5 5—-10 1st 2nd 3rd  4th 5th - 90 —-95 95—-99 99 — 100

Earnings:
Model 0.555 0.26  0.70 299 7.44 12.65 20.07 56.85  9.90 13.19 18.62
Data  0.636 0.10 0.20 1.30 5.70 11.40 20.30 61.30 11.30 16.60 17.40

Income:
Model 0.560 0.33 0.63 289 6.74 11.26 18.31 60.81 10.13 15.81 20.95
Data 0.575 0.30 0.60 2.80 6.70 11.30 18.30 60.90 10.20 15.90 21.00

Wealth:
Model 0.670 0.60 048 2.84 506 7.68 13.71 70.70 10.85 23.06 26.17
Data 0.816 0.60 050 3.70 5.00 7.60 13.60 70.10 10.80 22.90 25.90

Data Source: Diaz-Giménez et al. (2011), Table 5.
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Table 4 Importance of Money Holdings

Income Brackets (%) Share of Wealth held as Money (%)

1-5 17.80
5—10 47.87
10 — 20 28.00
20 — 40 31.18
40 — 60 32.41
60 — 80 28.10
80 —90 26.71
90 — 95 17.98
95— 99 11.98

99 — 100 9.70
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Table 5 Wealth by Groups

Model Experiments

p=621%  4.10% T7.16% 12.27%

Income Brackets (%) 7w = 1.0407 1.02 1.05 1.10
1-5 0.2430 0.2452 0.2415 0.2301
5—10 0.1576 0.1546 0.1585 0.1592
10 — 20 0.2880 0.2860 0.2886 0.2892
20 — 40 0.4131 0.4121 0.4135 0.4144
40 — 60 0.6261 0.6282 0.6253 0.6216
60 — 80 1.118 1.125  1.115 1.101
80 — 90 1.731 1.745 1.725  1.698
90 — 95 3.541 3.563  3.532  3.487
95 —-99 9.406 9.445 9.389  9.304
99 — 100 42.69 42.84 4263  42.30
Gini Coeff. 0.6701 0.6707 0.6699 0.6689
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Table 6 Earnings by Groups

Benchmark Experiments
Income Brackets (%) = 1.0407 1.02 1.05 1.10

1-5 0.0185 0.0194 0.0182 0.0166

5 —10 0.0403 0.0416 0.0397 0.0372
10 — 20 0.0582 0.0596 0.0576 0.0549
20 — 40 0.1069 0.1083 0.1062 0.1031
40 — 60 0.1817 0.1832 0.1811 0.1778
60 — 80 0.2883 0.2897 0.2878 0.2847
80 — 90 0.4352 0.4364 0.4347 0.4319
90 — 95 0.5687 0.5696 0.5683 0.5660
95 —99 0.9472 0.9476 0.9470 0.9460
99 — 100 5.349 5.345  5.351  5.360
Gini Coeft. 0.5216 0.5190 0.5228 0.5283
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Table 7 Consumption by Groups

Benchmark Experiments
Income Brackets (%) = 1.0407 1.02 1.05 1.10

1-5 0.0433 0.0390 0.0451 0.0546

5 —10 0.0597 0.0560 0.0613 0.0697
10 — 20 0.0807 0.0774 0.0821 0.0893
20 — 40 0.1288 0.1266 0.1297 0.1346
40 — 60 0.2030 0.2023 0.2032 0.2047
60 — 80 0.3141 0.3157 0.3134 0.3099
80 — 90 0.4625 0.4670 0.4605 0.4503
90 — 95 0.6366 0.6446 0.6331 0.6153
95 —99 1.127 1.145 1.119  1.080
99 — 100 4.140 4216 4.106 3.935
Gini Coeft. 0.4770 0.4844 0.4737 0.4569
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Table 8 After-tax Income by Groups

Benchmark Experiments

Income Brackets (%) = 1.0407 1.02 1.05 1.10
1-5 0.0308 0.0321 0.0303 0.0274

5 —10 0.0462 0.0475 0.0456 0.0426
10 — 20 0.0707 0.0721 0.0701 0.0669
20 — 40 0.1234 0.1249 0.1227 0.1194
40 — 60 0.2051 0.2066 0.2044 0.2009
60 — 80 0.3310 0.3326 0.3303 0.3267
80 — 90 0.4981 0.4997 0.4974 0.4937
90 — 95 0.7168 0.7184 0.7160 0.7124
95 —99 1.348 1.350 1.348 1.344
99 — 100 0.172 5.172  5.171  5.171
Gini Ceoft. 0.5218 0.5195 0.5228 0.5279
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Table 9 Non-monetary Assets Holding by Groups

Benchmark Experiments
Income Brackets (%) = 1.0407 1.02 1.05 1.10

1-5 0.1997 0.2061 0.1964 0.1755

5 —10 0.0980 0.0986 0.0972 0.0895
10 — 20 0.2074 0.2086 0.2066 0.1999
20 — 40 0.2843 0.2855 0.2837 0.2798
40 — 60 0.4232 0.4259 0.4221 0.4169
60 — 80 0.8039 0.8096 0.8016 0.7910
80 — 90 1.269 1.278  1.265  1.248
90 — 95 2.905 2918 2.899 2.872
95 —99 8.279 8.300 8.269 8.224
99 — 100 38.55 38.63 38.52  38.36
Gini Coeft. 0.7088 0.7083 0.7090 0.7106
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Table 10 Individual Labor Supply by Groups

Benchmark Experiments
Income Brackets (%) = 1.0407 1.02 1.05 1.10

1-5 0.2824 0.2965 0.2768 0.2520
5 —10 0.3215 0.3324 0.3170 0.2959
10 — 20 0.3274 0.3354 0.3241 0.3078
20 — 40 0.3402 0.3451 0.3380 0.3272
40 — 60 0.3467 0.3498 0.3453 0.3384
60 — 80 0.3478 0.3498 0.3470 0.3425
80 — 90 0.3486 0.3498 0.3480 0.3450
90 — 95 0.3412 0.3421 0.3408 0.3387
95 —99 0.3288 0.3292 0.3286 0.3275
99 — 100 0.2966 0.2967 0.2966 0.2964
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Table 11 Sensitivity Analysis

Case [ Case I] Case I11
(Benchmark)
Parameters p=0,&=1, p=0,&=1, p=0,§=1,
w=1 w=20.6 w=20
Inflation Rate 4.07% 10% 4.07% 10% 4.07% 10%
Wage Rate 0.6558 0.6575 0.8306 0.9204 1.0603 1.2468
Interest Rate 0.0620 0.06197 0.0610 0.0613 0.0605 0.0609
K/Y Ratio 29508 29515 29742 29680 2.9873 2.9765
Gint Coefficients
Wealth 0.6701 0.6689 0.6701 0.4968 0.6701 0.3979
Earnings 0.5216 0.5283 0.5231 0.5370 0.5248 0.5415
Consumption 0.4770 0.4569 0.4895 0.4474 0.5079 0.4589
After-tax
Income 0.5218 0.5279 0.5222 0.4745 0.5224 0.4434
Non-monetary
Assets 0.7088 0.7106 0.7054 0.5002 0.7011 0.3790
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Table 11 Sensitivity Analysis (cont’d)

Case IV Case V
Parameters $»=005¢=1 ¢=0,¢=0,
w = 0.6 =0, =0.6
Inflation Rate 4.07% 10% 4.07™% 10%
Wage Rate 0.8304 0.9197 0.8778 0.9726
Interest Rate 0.0612 0.0617 0.0605 0.0607
K/Y Ratio 29696 2.9586 2.9877 2.9815
Gint Coefficients
Wealth 0.6701 0.4976 0.6701 0.4940
Earnings 0.5230 0.5369 0.5235 0.5373
Consumption 0.4894 0.4473 0.4929 0.4536
After-tax
Income 0.5222  0.4747 0.5224 0.4745
Non-monetary
Assets 0.7055 0.5012 0.7057 0.4977
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1.6 Appendix
1.6.1 Derivation of Euler Equation

Using (74) and (75), we can get

Gt dbie = Oy +0ie) +(1—0)C,,

= ¢ci) + (1= 0)B; (macin)

Substituting these into (73) gives the Euler equation

Lop (o) = LTl g 10 (10 )

Cit Tt4+1Cit+1 Tt42Ci t+2 Cit+1 Tt4+2Ci t+2

{ [1 — Ti1 (%,Hlﬂ T+ 1 — gz5} .

= — =
Cit Cit+1

¢_ﬂ(¢_1—¢>+ (8)°

Tt41 T14+2Cit+2

1.6.2 Balanced Growth Equilibrium

We now provide the formal derivation of the equations in (17)-(24). In any balanced-growth

equilibrium, the real money supply is growing at the common growth rate v — 1, so that

Wfﬂ M, M;l Py
Pu R T TEE

t

Hence, the growth factor of the general price level in any balanced-growth equilibrium is

given by
Py 14p
=—=7" 25
By ¥ (#)
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Next, substituting c¢;; = ~'¢F, 7y = #* and r, = r* into the Euler equation in (78) gives
g Cit =76 q

" Bi(aﬁ—l_d))+i<%)2{[1—(1+X)n(?72‘)”]7“*+1—¢}-

¥y * m*

which is (17) in the text. Next, using the first-order conditions in (79), we can get

B _ at (26)
Ny (1—a)(ri+90)

_o o 1—a
= Wy = (1 — Oé) Xthlia (Tt T 5) .

Dividing both sides by ! gives

@ﬂ:u-wo(ﬂiﬁ)la@ﬂlz, (27)

which is (47) in the text. By the definition of y;;, we can get

yr = gw*l; +r*al.
Aggregating across all groups of consumers gives

S S S
=1 =1 =1

’\*N* e
()
k*

= [+ (1-a)d k" (28)

40



The second line uses the labor market clearing condition and the capital market clearing
condition. The fourth line uses (26). Rearranging terms in the above equation gives (48).

Next, combining (43), (16) and G, = vY; gives

M. . — M,
Hypyn — (1 -0)H +0Y; = E:&m%?’(l—W)ﬁ—i%—J>-
t

In a balanced-growth equilibrium, this becomes

~ Y,
(v+0—1)h —i—v(K

t

>/{;*—nz/\( N+ um”.

Substituting (r* 4+ 0) = aY;/K; into the above equation gives (46).

Combining the individual budget constraint and the CIA constraint gives

(1= @) (aipr1 — Qig) + TosaMiger = Yir [1 — 7, (i) ™) + Eoopmmy.

Summing across all types of consumers gives

s
(1= ¢) (Kipx — Ko) + mayyy = Y A [L =77, (4ig) "] + copamm;.

=1

In a balanced-growth equilibrium, this becomes

1=¢)(y =Dk + (1 +p—op)m }:&%1— ).

Equation (50) can be obtained by rearranging terms in the above expression.
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2 Inflation and Economic Growth in a Search-

Theoretic Model of Money

2.1 Introduction

The relationship between inflation and long-term economic growth is a classic question in
macroeconomics. It belongs to a more general discussion on the property of non-superneutrality
of money. Increasing anticipated inflation, which due to a faster growth rate of nominal
money supply, has growth and welfare effects. Empirical evidence shows that whether in-
flation is beneficial or detrimental to growth depending upon the countries and episodes
considered in the study (Fischer, 1990; Barro 2013; Mallik and Chowdhury, 2001). For high
inflation rates, which is often above 10 percent, it’s clear that the effects on long-term growth
is detrimental, while for lower inflation episodes, the evidence is mixed.

It’s not the first time that this question has been addressed, but when introducing money,
previous work implicitly presumes there is certain role of money, and builds frictionless model
based on that, i.e. either by putting money in the utility function or imposing cash-in-
advance constraint. Comparing with these reduced-form approaches, we use a new mone-
tarist approach which explicitly specifying money in a frictional search and matching setting
to reexamine the relationship between inflation and growth. New monetarist approach can
go back at least to Kiyotaki and Wright (1989, 1993), Shi (1995, 1999), Kocherlakota (1998)
and others. Then, new monetarist approach has been integrated in a tractable way to study
mainstream macro issues (Lagos and Wright, 2005). These applied works include Aruoba,
Waller, and Wright (2012) which examine the effects of inflation on investment, Aruoba and

Chugh (2010) which study the optimal fiscal and monetary policy, Lagos and Rocheteau
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(2008) which examine issues related to liquidity in asset markets, Williamson (2012) which
applies this framework to analyze the effects of financial crises, etc. Williamson and Wright
(2010a,b) provide more comprehensive surveys about this literature.

The other feature of this study is endogenous growth, introduced through productive
government spending (Barro 1990). The intuition for this ingredient is that an important use
of government spending is to provide infrastructures that can facilitate private production,
such as building highways, etc. With productive government spending, economy grows
perpetually in the long run, and the growth rate is endogenously determined in the model.
Our contribution is to reexamine the effects of inflation on this growth rate when we explicitly
consider the role of money as a medium of exchange. We emphasize the growth effects of
inflation through those extra benefits of holding money, which are the increase in the trade
surplus in stochastic trading process and the increase in the efficiency of the whole economy.
Put it in another way, without explicitly consider this aspect, inflation is a tax on investment,
and economy reaches a steady state with lower capital per worker in the long run than it’s
in the efficient case, while with explicitly consider this aspect, by holding either more money
or more capital, the consumers might become better off in the stochastic trading process,
which is novel in the endogenous growth literature. The goal of this chapter is to quantify
this effect.

The rest of this chapter is organized as follows. Section 2 presents the model which
modifies the model in Aruoba, Waller and Wright (2011) to allow for endogenous economic

growth. Section 3 describes the calibration procedure and presents the numerical results.
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2.2 The Model
2.2.1 The Environment

Time is discrete and is denoted by ¢ € {0,1,2,...} . The economy under study is inhabited
by a continuum of ex ante identical, infinitely-lived consumers. The size of population is
constant over time and is normalized by one. Each time period is divided into two subperiods.
In the first subperiod, a single commodity is produced and traded in a decentralized market
(DM). Transactions in the DM are not monitored and occur anonymously between pairs
of randomly matched buyers and sellers. This creates a need for using money as medium

6 In the second subperiod, a different commodity is produced and traded

of exchange.!
in a frictionless centralized market environment (CM). This part of the model economy is
essentially identical to the standard neoclassical economy. In each period, firms hire labor
and physical capital from competitive factor markets in order to produce the CM good,
while consumers supply labor and decide how much to save and consume. Since there is no
trading friction in the CM, money is not needed in the second subperiod. The government
in this economy collects taxes from the consumers and provides a constantly growing supply

of money. It also finances and maintains infrastructure capital which is conducive to the

production of goods.

2.2.2 Centralized Markets

Consumer’s Problem All consumers have preferences over consumption and labor hours

in the CM in each period. Let ¢; and [; denote consumption and labor hours in the second

16Tn order to rule out the use of physical capital as medium of exchange in the DM, it is assumed that
physical capital is unportable and that claims to physical capital can be costlessly counterfeited by anyone
in the economy.
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subperiod at time ¢. Consumer’s preferences over (¢, [;) are represented by
U (Ct7 lt) =In Ct — Alt,

where A is a positive constant. As is well-known in the growth theory literature, if the
period utility function is additively separable in consumption and labor hours, then the
utility function of consumption must be logarithmic in order to be consistent with balanced
growth.

In each period, each consumer receives two types of taxable income, namely labor income
from work and interest income from physical capital. Let w; be the market wage rate at time
t. Then a typical consumer’s labor income at time ¢ is given by w;l;. This type of income is
taxed at a constant tax rate of 7, € (0,1). Let %, be the quantity of physical capital owned
by a typical consumer at the beginning of the second subperiod, and r; be the net rate of
return from physical capital at time ¢. Then the amount of interest income is rtEt, which
is taxed at a constant rate of 7, € (0,1). Consumers in this economy can save by holding
physical capital and money. Let m; denote nominal money holdings at the beginning of the
second subperiod at time ¢, and let p; be the general price level in the CM. The consumer’s

budget constraint in this subperiod is given by

M1 — My

» = (]_ —Tl>'LUtlt+ (1 _Tk) ’rtEt—{'qbtv (29)
t

(1“‘7_0) Ct+kt+1 _/k?t‘F

where 7. > 0 is a constant tax rate on consumption and ¢, is a lump-sum transfer of real
money from the government. In the above equation, k;.; and m;; represent the stock of

physical capital and nominal money that the consumer brings into the DM at time ¢ + 1.17

17"The notations (my, ki) and (ﬁlt, Et) are used to highlight the fact that the consumers enter the DM and
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Let W, (T/fl, E) be the expected lifetime utility for a consumer who enters the CM at time
t with assets <ﬁ1,/15> , and let V; (m, k) be the expected lifetime utility for a consumer who
enters the DM at time ¢ with assets (m, k). All consumers use the same subjective discount
factor § € (0,1) to discount utilities from future time periods, but there is no discounting
between the DM and CM of the same time period. Given a set of government policies
{Te, 71, Tk, ¢, } and a set of prices {wy, ¢, p } , the consumer’s problem in the CM is to choose
an allocation {c;, Iy, ki1, my11} SO as to maximize his expected lifetime utility. Formally, this
is given by

Wy (mt, Et) = max {ln ¢ — Al + Vi (mt+17 kt+1)} (30)

ctle,ker1,met1

subject to the sequential budget constraint in (68). After substituting /; in (69) with the

budget constraint, we can obtain

~ ~ A |
Wi (mt, kft) = <mt, kt>+ max {ln Ct — 77—~ {(1 +7e) e+ kepr + th} + BVis1 (Mg, kisa)
ct,met1,ki41 (1 — Tl) Wy Pt ‘

(31)

where
0 (e ) S £ R R P AL
my, = — —TE)T — .
t ty vt (1 _ 7_[) w, k t] vt Dt t
The expression in (70) makes clear that the optimal choices of (¢, my41, ki+1) are independent
of (fth,/k\:t) . This is due to the quasi-linearity of the utility function U (¢, ly) . If Vi (¢) is
strictly concave, then the consumer’s problem has a unique solution in (my,1, k1) and this
implies that all consumers will enter the DM at time ¢ + 1 with the same amount of assets.

Formally, let F;.1 (m, k) be the cross-sectional distribution of assets at the beginning of the

DM at time ¢ + 1. Then this distribution is degenerate if V; ; (+) is strictly concave.'® We

the CM of the same time period with different amount of assets.
18Gince the consumers are assumed to be ez ante identical, they all have the same amount of initial assets at
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will formally establish the strict concavity of V;;1 () in the next subsection.

The first-order conditions with respect to ¢;, m; 1 and k;;, are given by

1 A

= 32
(14+7)ee (1—7)w (32)

A aVt+1 (mt+1, k‘t+1)
= , 33
(1 — Tl) Pty 5 amt+1 ( )

A A (mt+1> kt—H)

— . 34
(1 — TZ) Wt ﬁ 8kt+1 ( )

The expression in (70) also makes clear that W, (mt,@ is linear in <T/)>Lt,/k\3t) with partial

derivatives -~
oW (. ) A 35
T ome (-7 pawy ()
_— oW, (mt,kt) [+ -Tm)r]A (36)
kit = o, 1—-71)w,

Production of CM Goods On the supply side of the centralized environment, there is a
large number of identical firms which produce the CM good. The production technology is
given by

Y, = K¢ (H,L,)"?, with o € (0,1),

where Y; denotes output produced at time ¢, IAQ is capital input, L; is labor input and H;
is the stock of infrastructure capital available at the beginning of time ¢. The value of H,
is taken as exogenously given by individual firms. Since the production function exhibits

constant returns to scale in the private inputs (i.e., IAQ and L;), we can focus on the choices

the beginning of the first subperiod at time 0. In other words, the initial distribution Fy (m, k) is degenerate
by assumption.
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made by a single, price-taking firm. Let R; be the rental price of physical capital at time ¢.

Then the representative firm solves the following problem

max {[?f (H L)' — wi Ly — Rt[?t} ;

Ky, Ly

and the first-order conditions are given by
wy=(1—0)K!L;7°H™®,  and R, = oK¢ ' (H,L,)" 2.

Let § € (0,1) be the depreciation rate of physical capital in the second subperiod. Then the

rate of return 7, is determined by r;, = R; — 0.

2.2.3 Decentralized Market

Similar to Aruoba, Waller and Wright (2011), we assume that consumers face idiosyncractic
uncertainty regarding their identity in the DM. Specifically, with equal probability a €
(0,1/2), a consumer is either a buyer or a seller in the DM. In the current model, a buyer is
someone who has access to an investment opportunity which converts one unit of DM good
into Z > 0 units of physical capital within the same subperiod. A buyer, however, does not
possess the knowledge or technology to produce the DM goods. Thus, he has to purchase
these goods from the decentralized market. A seller, on the other hand, is someone who can
produce the DM goods but does not have access to the investment opportunity. Hence, the
sole purpose of producing the DM goods is to sell them for profit. The equal probability
assumption ensures that there is an equal number of buyers and sellers in the DM. Finally,
with probability 1 — 2a, a consumer is neither a buyer nor a seller, which means he does not

have access to the investment opportunity nor the technology for producing the DM goods.
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These consumers will be referred to as non-participants in the DM.

The sequence of events in the DM is as follows: At the beginning of the first subperiod,
all consumers are randomly assigned to one of the following three groups: buyers, sellers
and non-participants. The random identity is drawn independently across consumers and
across time. A matching technology then assigns each buyer to exactly one seller. Each pair
of trading partners will then determine the terms of trade through bargaining. Once the
transaction is completed, the buyer will transform the purchased DM goods into physical

capital.

Production of DM Goods First, consider a consumer who has been assigned as a seller
in the DM at time ¢t. The quantity of DM goods that can be produced is determined by
three factors: (i) the seller’s own capital k;, (ii) the rate of utilization of the capital stock,
denoted by s; € [0, 1], and (iii) the existing stock of infrastructure capital H;, which is taken
as exogenously given by the consumers. Formally, the technology for producing the DM
good is given by

xy = (siky) H™C,  with e € (0,1),

where z; is the quantity of DM goods produced. The variable s; captures the intensity with
which the seller’s own capital is used in the production process. In particular, a higher value
of s; means that it is being used more intensively, which will result in a faster depreciation
rate during the first subperiod. Formally, the depreciation rate in the first subperiod is

endogenously determined by

d(s¢) =mns?, with n € (0,1) and o > 1.
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Since s; is bounded above by one, this means for any given (k;, H;) € R%, there is a limit
on how much a seller can produce at time ¢. This limit is denoted by 7, = k{ H} . For any
x; € (0,74, the depreciation rate of physical capital in the first subperiod can be rewritten

as

~ (l'theil)%

5 (ilft, k)t, Ht) =N 2 (37)
t

The restrictions o > 1 > € imply that g(:vt, ky; Hy) is strictly convex in x; for any (k¢, H;) €

2
R2 .

Bargaining Process Consider a random encounter in the DM that involves a buyer with
assets (mf,k?) and a seller with assets (mj, k). Let d; denote the payment (in units of
money) for z; units of DM goods. By acquiring this amount of DM goods, the buyer can
generate Zz,; units of physical capital which he can bring forward to the second subperiod.

Thus, the buyer’s gain from trade is

W, (mi’ —dy, kP + 7@) — W (mi’, ki’)
A d
- = n+0a- 7z, — 2L
A=) {[ + (1 — 7g) 1) Z pt}

The second line follows from (74) and (75). As for the seller, after producing x; units of
DM goods, a fraction g(xt, kj; Hy) of his capital will be lost through depreciation. This is

compensated by a gain of d; units of money. The seller’s gain from trade is thus

W, <m§ +d, (1 =3 (kS Ht)> kt) W, (S, k)

A d
= m{]Tz_[1+(1_Tk)rt}5(xt7ktS;Ht)kf}.
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Summing these two expressions gives the total trade surplus,

A

m 14 (1 —7p)r [Ea:t — g(xt, ki Hy) k; | .
— ¢

Since 6 (x4, ky; Hy) is strictly convex in x;, there exists a unique value T; > 0 that maximizes

the total trade surplus for any given (k{, H;) € R2, (see Figure 1).

} |

d .k o )

Figure 1: Total Trade Surplus in the DM.

In the current study, we contemplate a bargaining process in which the total trade sur-
plus is divided proportionally between the buyer and the seller. Kalai (1977) provides an

axiomatic foundation for this type of bargaining outcome.!? In the monetary search liter-

YTn particular, Kalai (1977) shows that the solution of a n-person bargaining game is proportional if and
only if it satisfies the axiom of monotonicity. In words, this axiom requires that no player will be made worse
off when additional options are made available to them.
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ature, proportional bargaining solution has also been considered in Aruoba et al. (2007),
Craig and Rocheteau (2008) and Waller (2011). Under this type of bargaining process, the

buyer’s gain from trade is proportional to the seller’s gain from trade, so that

d 0 (d
14 (1— 7)) 2y — — = —— {i — 14 (1 = 74) 4] 0 (4, k35 Hy) kt} (38)
D 1-40 Dt

where 6 € (0,1) is an exogenous parameter that indicates the share of total trade surplus
received by the buyer. Given the sharing rule in (78), the values of d; and x; are chosen
so as to maximize the total trade surplus, subject to the buyer’s cash constraint and the
seller’s production capacity constraint. Formally, the bargaining solution can be obtained
by solving

max |Zxy — 0 (x4, ks Hy) K} (P1)

dy e

subject to (78), d; < m? and x; € [0,7;]. To simplify the analysis, we focus on equilibria
in which 7z, > 7, for all ¢ > 0. 2Y In this type of equilibria, total trade surplus is always
maximized at z; = T;. But the actual quantity of DM goods being traded may be different
from 7, as it depends on the quantity of money held by the buyer. Formally, after substituting

z; =T, and 0 (T, kf; Hy) = n into (78), we can obtain

di=p 1+ Q= 7)) [(1—0)Z (k) H ™ + Onks] (39)

20This condition holds if and only if

s\ 1—e€
T = s . no [k
> 8y @, ks H) by = 12 (5L
z (mt t t) t € (Ht)

for all ¢ > 0. In the following analysis, we will first characterize the long-run balanced-growth equilibria
under this assumption, and then check that it is satisfied in these equilibria.

52



which is the required payment for Z; units of DM goods under proportional bargaining. If the
buyer has enough money to make this payment, i.e., m? > d;, then the bargaining outcome is
(Et, ft) . Note that both d, and 7, are independent of mf;. If the buyer does not have enough
cash for T; units of DM goods, then the quantity being traded is uniquely and endogenously

determined by

mb -

L= [ (L= ] (1= 6) 3+ 66 (i, b H) K| (40)
t

Equation (40) implicitly defines a strictly increasing function xz; = A, (mf, kf) , which indi-

cates the volume of trade in this case. By comparing (39) to (40), it is obvious to see that

T =Ny (Et, kf) . The partial derivatives of A; (mi’ , k;f) are given by

OAy (my, ky) 1 -
om; pll (1= )] [(1 = 0)7 + 03, (o, ki HO K|
ONy (m}, k) 0 (0 — 1) (a1, f; Hy) - (41)
Ok; (1 —0)Z + 00, (g, ks Hy) kg

Holding other things constant, an increase in the amount of money held by the buyer (say
from m? to m? + ¢, with ¢ > 0 and m! + ¢ < d;) will relax the buyer’s cash constraint and
allow more goods to be traded. Hence, A, (m}, kf) is strictly increasing in m}. On the other
hand, an increase in k; means that more DM goods can be produced by the seller. Hence,
Ay (m?, k;) is also strictly increasing in k;.

The outcome of this bilateral trading process can be summarized by a pair of functions,

D, (m?, kf) and X, (m?, kf) , which specify the payment and the quantity of goods being
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traded, respectively. These functions are given by Dy (mf , k‘f) = min {Et, mf} and

(k) H!  if mb>d,,
Xt (mi)’ kjf) _ t t t B
Ay (ml, k) it md < d,.

The relationship between D; (m}, kf) and X, (m}, k) is depicted in Figure 2.

D, (0 )

o

3

Lt(mb,kts) % Xt(m[,kt)

Figure 2: Relationship between D, (mf , kf) and X, (mi’ , kf) .

Ezxpected Value in the DM  We now characterize the value function V; (my, k;), which
indicates the expected value of consumer in the DM at time t before the random identity
is revealed. The main result of this subsection is Proposition 3 which establishes the strict
concavity of V; (-) .

Suppose a consumer with assets (my, k;) has been assigned as a buyer in the DM. Then

o4



his expected lifetime utility is given by
VP (e, ) = /m (e = Dy (e o) b+ 2%, (el ) ) A (i, )

In the above expression, Et denotes the quantity of physical capital owned by a potential
trading partner (a seller). This quantity is randomly drawn according to the distribution
Fi <ﬁ1t, Et> . If the same consumer has been assigned as a seller in the DM, then his expected

lifetime utility is
Vts (mt, kt) = /VVt (mt + D, (mt; k?t) ) ke — @, (mt; k?t)) dF; (mtyflgt> s

where &, (my, k) = S(Xt (my, k) , ky; Hy) ke, and my is the quantity of money held by a
potential trading partner (a buyer). If the consumer is a non-participant in the DM, then
his expected value is simply W; (mq, k;) . Thus, before his identity in the DM is revealed, we
have

‘/;/ (mt, k't) = Oé‘/;b (mt, kt> -+ Oé‘/ts (mt, ]ﬂt) —+ (1 — 20&) Wt (mt, kt) . (42)

Proposition 3 provides a sufficient condition under which V; (+) is strictly concave in (my, k;)

for all £ > 0. The proof can be found in the Appendix.

Proposition 1 Suppose ¢ < 0 (2 — o). Then the value function Vi (my, k) defined in (42)

is strictly concave in (my, ki) for all t > 0.

From this point onward, we will assume that the condition in Proposition 3 is satisfied
so that all the consumers will carry the same amount of assets when they enter the DM
in every period. In terms of notations, this means there is no need to distinguish between

(my, k) and (ﬁLt, %t) . This also means that all the bilateral trade in the DM will lead to the
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same outcome.

Implications for the CM Using the decentralized trading outcome described above, we
can now provide a sharper prediction for the consumer’s choices in the CM. In the CM at
time ¢, all consumers have to decide on the value of (my.1, k1), taking into account the
bilateral trading outcome in the DM at time ¢+1. The main consideration here is whether it is
optimal for the consumer to carry an excess amount of money into the DM, i.e., myq > diyq.
Since all the sellers in the DM can at most produce Z;y; units of DM goods (and sell at a
price of d;;1), carrying an excess amount of money will have no effect on the bargaining
outcome. Thus, conditional on m;; > Etﬂ, the marginal benefit of increasing m,,; is given

by
Vi1 (Mg, ki) W _ A
— m,it+1 — )
" (1 - Tl)pt+1wt+1

Omy11
which comes from the store-of-value function of money. Substituting this into (73) gives the

condition under which m;; > Et+1 is optimal,

A A
& P _ g,

(1 — 7)) prwy (1 — 7)) pry1wWisa DrWy

Thus, it is optimal to have my,; > dy,1 only when the nominal wage is decreasing at a rate
of (1 — ) between time ¢ and ¢t + 1. If instead we have p; w1 > Bpywy, then the marginal

benefit of reducing m;,; will outweigh its marginal cost of doing so, i.e.,

A A

> )
(1 —71) prwy (1 = 71) Prr1Wesa

so that it is not optimal to have m;,; > EtH. This result is summarized in the following

lemma.
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Lemma 2 Suppose piiiwii1 > Bpiwy, for some t > 0. Then the optimal choice of myi1 in

the CM at time t must be bounded above by Etﬂ, €., Myyy < Etﬂ.

Suppose now the consumer chooses to have m; ; < dy;1. In this case, any small change in
my1 would affect the outcome in the DM at time ¢ + 1. In particular, the partial derivative

of Vi1 (myy1, ki1) with respect to myy 1 is now given by

Vi (Mg, kiey1) _ A {1 Ta { _ON1 (M1, Kieg) _ 1] } (43)
oMy 41 (1 = 71) prrawe ’

Dt+1Pi11%
Omy 1

where p, | = [1+ (1 — 74) ri41] . Equation (43) summarizes the marginal benefits of carrying
more money into period ¢ + 1. These benefits are twofold. The first type of benefit comes
from the store-of-value function of money. Specifically, an increase in m;.; means that
the consumer will enter the CM at time ¢ + 1 with more assets, which raises the value of
Witq (ﬁ@tﬂ,aﬂ). The marginal gain in Wy, (+) is A/ [(1 — 7;) prr1wis1] . The second type
of benefit comes from the medium-of-exchange function of money. In particular, an increase
in m;y1 relaxes the buyer’s cash constraint in the DM and promotes trade. The marginal

gain in lifetime utility is given by

A _aAt-H (mt+1, kt+1)

Di+1Pt412 -1
(1—Tl)pt+1wt+1 i

Omyyq

Note that the second type of benefit arises only when the consumer appears as a buyer in
the DM, which happens with probability «. Equation (73) states that the optimal quantity

of my, is determined by equating the discounted marginal benefits of holding more money
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to its marginal cost. Substituting (43) into (73) gives

OA k
Ci+1 _ W1 _ Bpy {1 La [pt+1pt+15 t+1 (mt+1, t+1) . 1} } ‘ (44)
Ct Wy Di+1 Omy1

Next, we turn to the marginal benefits of holding more capital in period ¢t + 1. These

benefits are given by

OVipr (Myyr, bepr) P ll _ aaq)tﬂ (M40, kt+1):|

Ok 11 (1= 7)) we Ok 11

Holding other things constant, an increase in k;y; not only yields a gross after-tax re-
turn p,,,, it also allows the consumer to produce more DM goods if he appears as a
seller in the DM at time ¢ + 1. The second type of benefit is captured by the expression
—a0®Py i1 (myy1, kiy1) /Oki1, which is strictly positive. Substituting the above expression

into (71) gives
Ci+1  Wgp1 Bp 1— aaq)tﬂ (11, ki)
- - t+1

Ct Wy Ok

(45)

2.2.4 Government

The government in this economy implements both fiscal and monetary policies. In terms
of monetary policies, the nominal supply of money (M,) is assumed to grow at a deter-
ministic constant rate g > 0 in every period, so that My, = (14 p) M, for all ¢ > 0.
The seigniorage is distributed evenly to the consumers through the lump-sum transfer, so
that po, = My 1 — My = pM;. In terms of fiscal policies, all the tax revenues are spent
on infrastructure investment (/;) and unproductive government spending (G;). The latter

is assumed to consume a fraction T € (0,1) of aggregate output in every period, so that
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G =Y, for all . The government’s budget constraint at time ¢ is given by
ToCr + Trwely + Tiriky = I + Gy, (46)
The accumulation of infrastructure capital is governed by
Hyn =1+ (1 —9p) Hy, (47)

where 0j, € (0, 1) is the depreciation rate of infrastructure capital and Hy > 0 is given.

2.2.5 Equilibrium

In equilibrium, the factor markets in the CM clear in every period, so that IAQ = Et and
Ly = [, for all t > 0. All the nominal money issued by the government is held by the
consumers, so that M; = m, for all ¢t > 0. The goods-market-clearing condition in the CM
and the equilibrium dynamics of physical capital can be derived as follows: Let K; denote
the quantity of per-capita capital that is available in the DM at time t. The initial value
Ky > 0 is exogenously given. In equilibrium, all consumers enter the DM at time ¢ > 0 with
the same amount of assets (M;, K;). Those who have been assigned as a seller will enter
the ensuing CM with physical capital [K; — ®; (M;, K;)]. Those who have been assigned as
a buyer will enter the CM with physical capital [K; + ZX; (M;, K;)] . Finally, those who are
inactive in the DM will enter the CM at time ¢ with K;. Thus, the quantity of physical

capital available in the CM at time ¢ is

[?t = Kt + (e} [ZXt (Mt7 Kt) — @t (Mt7 Kt)] . (48)
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Using the consumer’s budget constraint in (68), the government’s budget constraint in (46)

and the other market clearing conditions, we can obtain the goods-market-clearing condition

in the CM, which is given by

4 K —(1—8) Ky + I, = (1 —0) K¢ (H,L,)"°. (49)

Equations (48) and (49) together describe the equilibrium dynamics of K; and K;.

Given a set of policy instruments {7, 7, T, 1} and a set of initial conditions { My, Ko, Hp},
an equilibrium of this economy consists of sequences of allocations {ct, ly, ky,my, Et, MySe, Ty, dt}

aggregate inputs {Kt, [A(t, Lt} , fiscal and monetary policy variables {M; 1, Hyy1, Gy, &, } ooy »

oo
t=

and prices {p;, wy, ry, Ri}o, such that

o0}

Given prices and government policies, {ct, Uy, ke, my, ke, gsy, x, dt} . solves the con-
t=

sumer’s problem in the DM and CM in every period.
solves the repre-

Given prices and the sequence of infrastructure capital, {[A(t, Lt}
0

t—
sentative firm’s problem in the CM in every period.

The sequences {Kt, IAQ}
t

satisfy (48) in every period.
0

The government’s budget is balanced in every period, so that (46) holds for all ¢t > 0.
The stock of infrastructure capital accumulates according to (47). Nominal money

supply is determined by M;,1 = (1 + p) M; and G; = vY; for all ¢ > 0.

All markets clear in every period.

In the following analysis, we confine our attention to balanced-growth equilibria in which

all variables are growing at some positive constant rates. Specifically, we focus on equilibria

which satisfy the following additional conditions:
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(vi) The rental price of physical capital and the supply of labor in the CM are both constant

over time, i.e., B; = R* and [, = [* for all ¢t > 0.

(vii) The rate of capital utilization in the DM is constant over time, i.e., s, = s* for all

t>0.

(viii) All other real variables, including {ct, K, I?t, H;, xy, wy, ¢t} , are growing at the same

constant rate. The common growth rate v* is non-negative.

(ix) All nominal variables are growing at the same rate as the nominal money supply and

the growth rate is non-negative, i.e., u > 0.

Since p > 0, it follows from Lemma 2 that it is never optimal for the consumers to
have m;., > c_lt+1. Thus, the bilateral trading outcome in the DM is given by X; (M;, K;) =
Ay (My, Ky) and Dy (My, K;) = M, for all t.

Define the transformed variables v, = K;/H,; and v, = IAQ /H;. In any balanced growth
equilibrium, both variables are constant over time, so that v, = v* and 7, = 7. The set of

stationary values {v*, R*, s*, v*, 7"} is determined by the following system of equations:

_ze af
~ Ono [1—1—,u—5(1—04

(%) (v)1 -1 9)] = 20(y)., (50)

l+p—B(1-a)

1+’Y*:5[1+<1—7k>(R*—5)]{1+(1—9)(U—1)|:

5
roB (L) Ty {’% (%) - Tka} Dt = + 6, (52)
P = v L ()] 0 () ()
B(%)&+y*(1+y*)+v*+6h:{(1—6)(%)4&—5}3*, (54)
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where B and T are defined as

(I-7)(1 -0
(1+71.)A

B

and T=7,(1—p)+Tro—7.

A formal derivation of these equations can be found in the Appendix. Once the values of
{~v*, R*, s*,v*, 0"} are determined, all other variables in the balanced-growth equilibrium can
be uniquely determined.

Next, we provide the expression of some “great ratios” which are of interest in the numeri-
cal analysis. In each period ¢, aggregate output (Y}) is defined as the sum of output produced
in the CM and the DM, i.e., Y; = K? (H,L,)" " + oz (s,K;)" H} . In any balanced-growth
equilibrium, the ratio between IAQ and aggregate output is given by

K, o8

-t . 5]
Y, 0219+ az (st (55)

Aggregate investment, on the other hand, is given by I, = oz (s,K;)  H} "+ K, 1—(1 — 9) K,.
Using this, we can derive an expression for the investment-capital ratio in any balanced-

growth equilibrium, which is

I oz (v ) + (1 +y)v (1-96). (56)
K, v

The velocity of money in any period t is defined as V; = p; Y, /M;. Since d; = m;y = M; in

the DM, we can compute the value of V; based on Y; and (40).
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2.3 Quantitative Analysis

We now explore the quantitative implications of the above model. Our goal is to quantify
the effects of inflation on long-term economic growth. To achieve this, we first construct a
benchmark model which is parameterized to match certain key features of the U.S. economy
over the period 1960-2010. We then construct a series of policy experiments to gauge to the
effects of inflation on economic growth. The benchmark parameter values are summarized
in Table 1. Most of these values are chosen based on empirical evidence. Others are chosen

to match certain real-world statistics. The details of this procedure are explained below.

2.3.1 Calibration

One period in the model is one year. The parameter p in the production function of the CM
good is chosen to match the share of labor income in US GDP, which is 0.60 over the period
1960-2010.2! The required value is o = 0.40. We use the same value for € so that physical
capital has the same importance in the production of the CM good and the DM good. The
tax rate on labor income and interest income are chosen based on the time series of marginal
income tax rate reported in Barro and Redlick (2011, Table 1). In particular, they report
data on both the federal and state income tax rates over the period 1912-2006. We take
the sum of the two and compute the average value over the period 1960-2006. The resulting
value is 27.6%. Hence, we set 7, = 7, = 0.276. The tax rate on private consumption

expenditures (7.) is set to 4.6%, which is based on the data from the National Income

21 This value is computed using data on compensation of employees and proprietor’s income over the period
1960-2010. We assume that the share of labor income in proprietor’s income is identical to that of the entire

economy, so that

, ) Compensation of Employees
Labor’s share of income =

GDP - Proprietor’s income

See Gomme and Rupert (2007, Section 4.2) for more details on this. Cooley and Prescott (1995) use a
different approach to compute this share, but they also obtain a value of 0.60.
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and Product Accounts.??

We set v = 0.16, which matches the percentage of government
consumption expenditures in US GDP over the period 1960-2010. The depreciation rate of
infrastructure capital (0;) is chosen to match the ratio between government gross investment
and government fixed assets over the same time period. The implied value is §;, = 0.067. We
set o = 0.5 so that the population in the model economy is equally divided into buyers and
sellers in the DM in each period. The value of 7 is normalized to one.

Seven parameters remain undetermined up to this point. These include the subjective
discount factor (), a preference parameter (A), the depreciation rate of physical capital in
the CM (0) , the growth rate of nominal money supply (x), the share of total trade surplus
claimed by the buyer (), and two parameters related to the activities in the DM (Z and
o). These parameters are chosen so that the benchmark balanced-growth equilibrium has
the following properties: First, the time spent on working is one-third. Second, the common
growth rate for real variables is 2%, which matches the average annual growth rate of real
per-capita GDP in the United States over the period 1960-2010. Third, the capital-output
ratio as defined in (55) is 3.0. Fourth, the inflation rate in the long-run equilibrium is 4.1%,
which is the average annual growth rate of the Consumer Price Index over this time period.
Fifth, the rate of return from physical capital in the CM is 5%. Sixth, the ratio between
investment and physical capital as defined in (56) is 8.2%. Finally, the velocity of money is
5.381. The same target is also used in Aruoba, Waller and Wright (2011).

22Gpecifically, we first obtain annual data on total sales taxes collected by state and local governments over
the period 1960-2010. We then compute the ratio between these tax revenues and total private consumption
expenditures for each year. This ratio is used as proxies for the consumption tax rate in these years. The
average value over the sample period is 4.6%.

64



2.3.2 Results

Table 2 summarizes the main properties of the benchmark equilibrium and compares them
to their empirical counterparts. Besides the seven targeted statistics, the model is also
able to generate reasonable values for the share of consumption in aggregate output. In
our benchmark model, about 86% of trade surplus in the DM is claimed by the buyers.
In Aruoba, Waller and Wright (2011), trade surplus is divided through generalized Nash
bargaining. In their parameterization, the bargaining power for the buyer is 92%. Another
thing worth mentioning is that, in their model the decentralized market only accounts for
about 3% of total output. In our benchmark model, the decentralized market accounts for
about 30% of total output.

Finally, we conduct a couple of counterfactual experiments by increasing the value of u.
All other parameters are fixed as in the benchmark scenario. In the first experiment, we set
1 = 0.0863 which gives a long-run inflation rate of 6.5%. In the second experiment, we set
i = 0.1222 which generates a long-run inflation rate of 10%. The results are summarized
in Table 3. In general, our results show that an increase in inflation is accompanied by
an increase in the long-term growth rate but the magnitude of the effect is very small. It
is also accompanied by an increase in working hours in the CM and an increase in capital

accumulation (as indicated by the capital-output ratio).
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Table 1 Benchmark Parameters

Parameter Description Value
6] Subjective discount factor 0.9820
A Preference parameter 1.5696
0 Parameter in CM production 0.4000
0 Depreciation rate of capital in the CM 0.0446
T Tax rate on labor income 0.2760
Tl Tax rate on interest income 0.2760
Te Tax rate on consumption expenditures 0.0460
14 Growth rate of nominal money supply 0.0618
v Share of unproductive government spending 0.1600
on Depreciation rate of infrastructure 0.0670
« Probability of being a buyer in the DM 0.5000
0 Share of total surplus claimed by buyers 0.8595
o Parameter in the DM 1.7124
n Parameter in the DM 1.0000
€ Parameter in DM production 0.4000
z Parameter in the DM 0.9164
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Table 2 Properties of Benchmark Model

Data/Target Model
Labor hours (L*) 0.330* 0.3299
Long-term growth rate (v*) 0.020* 0.0200
Inflation rate (7*) 0.041* 0.0410
Real interest rate (1) 0.050* 0.0500
Utilization rate of capital in DM (s*) — 0.1550
Output in the CM — 0.8626
Output in the DM — 0.3530
Velocity of money 5.385* 5.3834
Capital-output ratio 3.000* 2.9996
Consumption-output ratio 0.630 0.5690
Investment-Capital ratio 0.082* 0.0820

Note: Figures marked with an asterisk are the targeted statistics.
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Table 3 Policy Experiments

Benchmark Experiments

w=0.0618 = 0.0863 w=0.1222
Labor hours (L*) 0.3299 0.3304 0.3313
Long-term growth rate (7*) 0.0200 0.0201 0.0202
Inflation rate (7*) 0.0410 0.0650 0.1000
Real interest rate (r*) 0.0500 0.0502 0.0504
Utilization rate of capital in DM (s*) 0.1550 0.1492 0.1415
Output in the CM 0.8626 0.8629 0.8636
Output in the DM 0.3531 0.3476 0.3400
Velocity of money 5.3834 5.5950 5.9004
Capital-output ratio 2.9996 3.0084 3.0196
Consumption-output ratio 0.5690 0.5708 0.5730
Investment-Capital ratio 0.0820 0.0808 0.0794
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2.4 Appendix
2.4.1 Proof of Proposition 3

Since Wy (my, ki) is separable in its argument and linear in both k; and my, it suffice to show
that V;? (my, ki) and V;® (my, k;) are jointly strictly concave in (my, k;) . Consider a buyer in
the DM at time ¢ with assets (my, k;) . Depending on whom he trade with, there are two

possible bargaining outcomes: (i) m; > d; and (ii) m; < d;, where

A =p 1+ (1—7)7) [(1 —9)z (Et) HI + Ok, .
If m; > d,, then the buyer’s payoff is
W (e = ok + 2 (Fe) ) = W (m k) = Wonade + Wiz () H
which is a linear function in m; and k. If m; < d;, then the buyer’s payoff is
Wo (0, %+ 200 (e, ) ) = Wo (mes k) = Wopme + Wigzhy (mi k), (57)

which is linear in k;. This payoff function is strictly concave in m; if and only if A, <mt, Et)

is strictly concave in my;. As shown in the main text, we have

oA (mt, Et) 1

= = — >0, (58)
8mt Pt [1+ (1 —Tk) Tt] (1 —9)3—1—9(536 (It,kt;Ht) kt:|
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where

0r (:Et,’l;t; Ht> Ky = 77?0 {x?lﬂt(eg)g <%t>1a} and 1, = A, (mt,Et> )

Differentiating (58) with respect to m; gives

oAy (i, )
)
P 50 ) (L9 %)
N o[-0z 405, (e Re )R] [ O™

<0,

as 0 > 1 > e. Hence, the payoff function in (57) is strictly concave in m;. Let S;; be the set
of (mt,Et) under which m; > d;, and let Sy be the set of (fﬁt,%t> under which m; < d,.

Then, the buyer’s expected value can be expressed as

Vetmk) = [ Wi (=2 () 1) ()
o W (0er e () a7 (7 ).

The above results imply that V,? (my, k;) is separable in its arguments, linear in k; and strictly
concave in m,. Hence, it is jointly strictly concave in (my, k;) .

Next, consider a seller in the DM at time ¢ with assets (my, k;). Again, depending on
whom he trade with, there are two possible bargaining outcomes: (i) m; > d; and (i) m,; < d,

where d, is now given by

di (ko) =p 1+ (L —70)r] [(1 = 0) Zk{ H + Onky]
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where we highlight its dependence on k;. Since ¢ € (0,1), d; (k;) is strictly concave in k;. If

my; > d, (k;), then the seller’s payoff is
W, (mt + at; (1—mn) kt) = Wi (my, ki) + Wm,tC_lt (ki) — Wk,mkt~

This payoff function is linear in m; and strictly concave in k;. If m; < d, (ki) , then the seller’s

payoff is
Wy (my + my, ky — Oy (my, k) = W (my, ky) + Wm,tﬁ”bt - Wk,tq)t (M, k) (59)

where
(e—1)o

Oy (Mg, ke) = 0 (Ny (g, ke) s ey Hy) by = 0 [y (g, ko))< H, < k20 (60)

The payoff function in (59) is separable in (my, k;) and linear in m,. It is strictly concave
in k; if and only if ®; (my, k;) is strictly convex in k; for any m; > 0. Since ®; (my, k;) is
a strictly positive real-valued function, it is strictly convex in k; if In [®; (my, kt)] is strictly

convex in k;. Using (60), we can get

(e—1)o

In [@, (7, k)] = In [nHt e } + %m A, (g, k)] — (0 — 1) In k.

Since — (0 — 1) In k; is strictly convex, it suffice to show that In [A; (my, k)] is strictly convex
in k;. For ease of exposition, we will adopt the following simplified notation in the remaining
part of the proof,

675 = (S (At (fflt, kt) 5 kta Ht) s

~ ~ o gt

Opt = 00 (N (M, k) ey Hy) = zm > 0, (61)
t ty vt
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glm = gk (A; (Mg, ky) s ks Hy) = ——— < 0.

It is important to note the difference between the partial derivative gk,t and the following

total derivative

s, < [OM (M, k)]  ~
dky O { T
Using these notations, we can write
OB, (g, k) do,  +
—ak‘t = ktd—kt + (St.
Using (77), we can obtain
O A (k)] 1 0N (k) 0(c—1)0, (62)
Ok Ay (e ki) Ok Ay (e, ) [ (1= 0) % + 03,0k

Using (61), we can express the denominator of the above expression as

At — (]_ _— 0) ZAt (ﬁlt, kt) + 9 <%> gtkt

— (1= 0)ZA, (7, ke) + 004k, + 0 (% - 1) biks
ﬁ’Lt g ~
— 0(% 1) 0.k
pt[1+(1—7k)7“t]+ (e ) t

The third line follows from (40). Differentiating the expression in (62) with respect to k;

again gives

82 In [At (T%t, ktﬂ _ 0 (O' — 1)
k2 A2

dgt g ~ dgt ~
G W A 4o .
(dkt> ¢ =0 <e )5t (ktdkt +5t>]
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The expression inside the square brackets can be simplified to become

mt d’gt g ~2

i+ (-7 (%) -0(2-1)%
_ mt < 8At (mt, kt) < o ~2
= TG {535,1: { ok, } +5k7t} 9<€ 1) d, -

Since Skﬂg < 0, it suffice to show that

ﬁ?t ~ aAt (fﬁt, k?t) o ~2
O —-0(——-1)¢, <O.

Dt [1 —+ (1 — Tk) 7"15] ot |: 8kt (E ) t <
Using

’fth o ~ ~ g gt

=A—0(——1)k d Opp = — =,
Dt [1 + (1 — Tk) Tt] t (E ) e an ot € At (mt, kt)

we can get

e[l + (Tt— k) T,t]gxt {aAt (aﬁ;tt’kt)} _ 9 (g B 1) Sf
SR N o, R

- Sl e g T i),

which is strictly negative if @ < (2 —1) . The latter is equivalent to € < o (2 — o). This
proves that the payoff function in (59) is strictly concave in k;.

Let §1,t be the set of <ﬁlt,Et) under which m; > d;, and let §2,t be the set of <ﬁ1t,Et)
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under which m; < d;. Then, the seller’s expected value can be expressed as

Vts (mt7 k?t) = /A Wi (mt +C_lta (1 - 77) kt) dF; (mta%t>

Si1,t

+ [ Wi (me + mg, ke — 4 (g, kr)) dF; (mh%t) .
Sat

The above results imply that V,® (my, k;) is separable in its arguments, linear in m; and
strictly concave in k;. Hence, it is also jointly strictly concave in (mq, k;) . This completes the

proof of Proposition 3.

2.4.2 Derivations of (50)-(54)

Since K; = ky, IAQ = /k?t, M; = m; and L; = [; for all ¢ > 0 in equilibrium, we will use
the lowercase variables and uppercase variables interchangeably in this section. Define the

transformed variable v; = k;/H;. Then we can write
Tt kt ‘ Ty €
- = [R— _— =
H, (St Ht) >, ~

~ o [ 6k ol| s%v .
6z,tkt:_ (A) :T]_ |:—t ¢ :| :77(5? ey% 6)7

€ Ty € (StVt>€

where 7 = no/e > 0. Using these expressions, we can express the partial derivatives of

At (mt, k‘t) as

aAt (mt, kt) o 1
omy pe[l+ (1 —7k)m [(1 -0)z+ H’ﬁst"’eutl’ﬂ ’
0Ny (my, ky) _ O(c—1)ns?
Ok (1—0)Z +0nsy vy ©
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Next, we need to derive an expression for 0®; (my, k;) /Ok;. This is given by

8@,5 (mt, k't) ~ 8At (mt, kt) ~ ~
TR M) L ZaA T M)
o, ¢[00t ok, + 0| + 04
~ 0(o—1)0.4k ~
_ 5 o= Ddik g,
(1—0)Z + 00, 4k
I O (R LG L
(1—0)Z + 00,4k (1-0)z+6gsy vl
The Euler equations in (44) and (45) can now be rewritten as
Dt+1Ct+1 az
—— =0 1l—a+ — ) 63
ol (RS e e ] o
Ct+1 az
— =014+ (11— 1 1—46 —1)ns7 — . 64
Ct B+ (1= 7k) re44] { +( ) (0 — 1) sy {(1 )=+ 9775;;1/;16} } (64)

In a balanced-growth equilibrium, we have s; = s* and v, = v* for all ¢t. In addition, all

nominal variables must be growing at the same rate as pu. Hence, (63) can be rewritten as

az
1+ :ﬁ[l—@—f— ~ o—¢ e:|
g (1= 0)z+ 07 (") ()
1 - 61— Z
:> + u ﬂ( Oé) — fz — - (65)
3 (L= 0)z+ 03 () ()
= 0 = i [y (-0 =520
s v = — —(1— =7z ,
0 [1+p—p(1—a) a
which is equation (50) in the main text. This equation also implies
(") 1" =20 (1) (5" (66)
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Similarly, after imposing the conditions for a balanced-growth equilibrium, (64) can be

rewritten as

Vir = sl a0 {1 a-n - ne [
= S+ =@ o { 14 (-0 o - e |FEELEE

which is equation (51) in the main text. Note that we have used (65) in order to derive the

second equality.

Define the transformed variable 7, = IAQ /H;. From the representative firm’s first-order

conditions, we can get

which imply

wely

S AR () (L)'°  and =0 (@) (l)'"°.

From the first-order condition of the consumer’s problem, we have

mw_ﬂ—m(l—m(@)@.

“TUtr)A H . (+r)A \R
B

The second equality follows from the expression in (67). Next, consider the government’s
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budget constraint in (46). Dividing both sides by H; gives

Hyiy

c - _ N
Te <ﬁt) + 1 (1 —0) + o — 0] (14)° (lt)1 ¢ 0T, =
t

& R\ - . H
= Te (ﬁtt) + i (1—0)+T7ro—T7 (j) Uy — TR0V = }tIH —(1—0p)

Ct _ (R ~ Ht+1
- RO R — — (1=
= Te (Ht> + |:7— ( 0 ) Tk5‘| V¢ Ht ( 5h) ,

where 7 = 7,(1 — 9) + 7,0 — U. In a balanced-growth equilibrium, the above expression

7.B (%) = + [? (%) — TM} Ut ="+ 6y,

which is equation (52).

becomes

Finally, consider the equilibrium dynamics of K; and K;. Dividing both sides of (48) by

H,; gives
~ Kt + — Ty o ‘|‘ [—( )e o }
U= — — ) —nsjv| = V)" —nsivy).
t Ht [0 ¥ Ht NS Vg V¢ Q|2 \ SV NS Vg
As shown in (66), in a balanced-growth equilibrium, we have (s*)”v* = zZQ (u) (s*v*)°.

Hence, we can obtain

~k

vi=v"+ 1= (p)] oz (sv)°,
which is equation (53) in the text. Dividing both sides of (49) by H; gives

Ct K1 Hepq ~
— + —(1=9)v: +
T AR Ay 1

Equation (54) can be obtained after imposing the conditions for a balanced-growth equilib-

rium.

7



3 Chapter 3 Progressive Taxation, Inequality and Growth

3.1 Introduction

In this chapter we examine theoretically the long-run macroeconomic effects of inequality,
and the role of progressive taxation in determining these effects. The same topics have been
previously studied by Li and Sarte (2004) and Carroll and Young (2011) among others. Most
of the existing studies, however, focus on specific forms of the progressive tax function. The
present study departs from this literature by considering a general tax function and examine
how the general properties of this function will affect the relationship between inequality
and economic development. We show that in a variety of model environments the concavity
of the marginal tax function (i.e., the third derivative of the progressive tax function) plays
a crucial role in determining the relationship between inequality and economic growth.

In Section 1 of this chapter, we present our baseline analytical framework, which is a dy-
namic general equilibrium model in which consumers differ in terms of their time preferences
and labor productivity. Both labor income and interest income are subject to a progressive
income tax. In the baseline model, there is no long-term economic growth. The main pur-
pose of this section is to examine the effects of consumer heterogeneity on the steady-state
value of per-capita capital. To this end, we compare the steady state in the heterogeneous-
agent (HA) economy to that of an identical-agent (IA) economy. Inequality is said to be
beneficial (or harmful) to long-run capital accumulation if the HA steady state has more
(or less) physical capital than its IA counterpart. Our main result shows that inequality
is beneficial (or harmful) to long-run capital accumulation if and only if the marginal tax
function is concave (or convex).

In Section 2, we generalize this result in two ways: First, we show that the main re-
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sult holds in an environment in which long-term economic growth exists and is driven by
an exogenously growing productivity factor. Second, we extend our analysis to a class of
endogenous growth model and show that inequality is beneficial (or harmful) to long-term

economic growth in and only if the marginal tax function is concave (or convex).

3.2 The Baseline Model

3.2.1 Consumers

Time is discrete and is denoted by ¢ € {0, 1,2, ...} . The economy under study is inhabited by a
continuum of infinitely-lived consumers which differ in terms of their innate characteristics.
Specifically, there are S > 1 different types of consumers. Fach type i € {1,2,...,S} is
identified by a pair of fixed predetermined characteristics (5;,¢;), where 8, € (0,1) is the
subjective discount factor and ¢; > 0 is labor productivity.?> Consumers within the same
group are identical in all aspects. The share of type-i consumers in the population is given
by A; € (0,1). The size of total population is constant over time and is normalized to one
so that Zil A; = 1. For future reference, we also define € = Zil A;€; as the average labor
productivity and p; = 1/, — 1 as the rate of time preference for a type-i consumer.

There is a single commodity in this economy which can be used for consumption and
investment. All consumers have preferences over consumption sequences which can be rep-

resented by

> Biu(eir), (68)

where c; ; is the consumption of a type-i consumer at time ¢. The utility function v : R, — R

is assumed to be twice continuously differentiable, strictly increasing, strictly concave and

23 Heterogeneity in labor productivity is not essential for our main results. We include this feature just to
make our analysis more general.
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satisfies the Inada condition: £i£%u' (c) = 4o0.

In each period, each consumer is endowed with one unit of time which they supply
inelastically to work. The labor income for a type-i consumer is given by w;e;, where w; is
the wage rate for an effective unit of labor at time ¢. The consumers can save by holding
a single risk-free asset. Let a;; be the amount of assets owned by the consumer at the
beginning of time ¢. The interest income generated by these assets is r:a;+, where 7, is the
rate of return. The sum of these two types of income, denoted by v, ; = w;e; +1ia;,, is subject
to a progressive income tax. Specifically, the amount of tax that the consumer has to pay is
determined by a function 7 : R, — R, which is thrice continuously differentiable, strictly
increasing, strictly convex and satisfies 7 (0) = 0. The consumer also receives a lump-sum
transfer 0,; from the government which is not subject to tax. Thus, the net taxes that the
consumer has to pay is given by 7; (vi+) = 7 (yi+) + 6;+, which can be either positive or

negative. The consumer’s budget constraint at time ¢ is then given by

Cit + Qipr1 — Qig = Yir — T (Yir) + iz (69)

Taking prices and the income tax schedule as given, the consumers’ problem is to choose a
sequence of consumption and asset holdings so as to maximize his lifetime utility in (68),
subject to the sequential budget constraint in (69). The Euler equation for this problem is
given by

u' (cip) = B (Cippr) {1+ 7e1 [L— 7" (yirg1)]} - (70)
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3.2.2 Production

On the supply side of the economy, there is a large number of identical firms. In each period,
each firm hires labor and rents physical capital from the competitive factor markets, and

produces output using a neoclassical production technology

Yi = F (K, Ny,

where Y; denotes output at time ¢, K; and N, denote capital input and labor input, respec-
tively. The production function F': R? — Ry is twice continuously differentiable, strictly
increasing and strictly concave in (K, N;), exhibits constant returns to scale in the two
inputs and satisfies the Inada conditions. Let R; be the rental price of physical capital at

time ¢. Then the representative firm solves the following problem

max {F (Kt, Nt) - tht - Rth} )

Ki¢,Nt

and the first-order conditions are

Rt = FK (Kt, Nt> y and Wi = FN (Kt, Nt) .

3.2.3 Government

The tax revenues collected by the government are either spent on unproductive government

spending (G;) or distributed as transfers to the consumers.?* The government’s budget is

24Government spending G, is called “unproductive” because it has no direct effect on consumers’ utility
and the production of goods.
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balanced in every period, so that

S s
Z NT (Yie) = Gy + Z Aili ¢, for all ¢. (71)
i=1

i=1
3.2.4 Competitive Equilibrium

To define a competitive equilibrium, we first define ¢; = (c14, ca4, ..., ¢st) and a; = (a1, azy, ..., s
as the cross-sectional distributions of consumption and asset holdings at time ¢. The exoge-
nous policy variables in this economy include the progressive tax function 7 (-) and a sequence

of unproductive government spending {G;};-,. Given these policy variables, a competitive
equilibrium of this economy consists of sequences of distributions {c;, a;},-,, aggregate in-

puts {K;, N}~ , prices {wy, 7, R };°, and transfers {6;,}, such that
(i) Given prices and government policies, {c; ¢, a;;}-, solves a type-i consumer’s problem.
(i) Given prices, { K¢, N, },-, solves the representative firm’s problem in every period.

(iii) The government’s budget is balanced in every period.

(iv) All markets clear in every period, so that K; = Zle AXiait, and Ny = Zle Ni€i = E,

for all .

We focus on the stationary equilibria or steady states of this economy. In this type of
equilibria, both the unproductive government spending and lump-sum transfers are time-
invariant. Define k; = K;/N;. In any steady state, the equilibrium prices are given by

r* = Fi (k*,1) — § and w* = Fy (k*,1) and the Euler equation becomes

1= {1+r -7 @)} =7 () =1-2, (72)
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where p; = 1/,—1. Let ¢ (-) be the inverse of the marginal tax function, i.e., ¢ [7’ (y)] = y for
all y > 0. Since 7’ (+) is strictly monotone, its inverse is a well-defined single-valued function.

Straightforward differentiation yields ¢’ [/ (y)] = [7” (y)] " > 0 and

0 if and only if 7" (y) < 0.

The above expression shows a close connection between the third derivative of the progres-
sive tax function 7 (-) and the concavity of ¢ (-). Specifically, a positive (or negative) third
derivative of 7 (-) means that ¢ (-) is a concave (or convex) function. Equation (72) can be
used to obtain

y;‘:w*aﬂrr*af:gb(l—p—i).
T

Summing the above expression across all types of consumers gives
S .
S Ao (1 - &) — Z[F (k1) — 6k*] (73)
/r*
i=1

where r* = Fy (k*,1) — §. Equation (73) can be used to solve for a unique value of k*.
Note that this steady-state value is independent of the heterogeneity in labor productivity.
Once k* is known, all other variables including w*, r* and per-capita output F' (k*,1) can be
uniquely determined. It follows that all these variables are independent of the heterogeneity

in labor productivity.

2> The uniqueness of k* is formally established in the proof of Proposition 3.
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3.2.5 Main Result

We now examine the effects of consumer heterogeneity on the steady-state value k*, and the
role of progressive taxation in determining these effects. In what follows, we will refer to
the economy with consumer heterogeneity as the heterogeneous-agent (HA) economy and
the solution of (73) as the HA steady state. Our goal is to compare this to the steady-state
value implied by an economy with identical agents (IA). The IA economy is a special case

of the above economy with p, = p = Zf 1 Aip; > 0,6 =€ and 0;; = 0, = 25:1 Aif;, for
all 7 and for all . All other aspects of the A economy are identical to its heterogeneous-
agent counterpart. In particular, the two economies share the same production technology,

progressive tax function and unproductive government spending.

Let % be the steady-state value of capital-labor ratio in the IA economy. This value is

& (1 _ ;) — [F (E 1) _ 5%*} : (74)

where 7 = F (E*, 1) — ¢. Since the HA economy and IA economy are identical except for

uniquely determined by

the presence or absence of consumer heterogeneity, the difference between k* and k" thus
indicates the long-run effects of consumer inequality. Specifically, inequality is said to be
harmful (or beneficial) to long-term capital accumulation if k* < % (or k* > k). The main
result of this section (Proposition 3) shows that the long-run effects of inequality depend
crucially on the third derivative of the progressive tax function. The proof of this and other

results can be found in the Appendix.

Proposition 3 Consumer heterogeneity is beneficial to long-term capital accumulation if

and only if the progressive tax function has negative third derivative, i.e., k* > i if and only

if 7" (-) < 0.
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Discussions In the existing studies on progressive taxation, two specific forms of tax
function are commonly used. The first one is an isoelastic function that has been used in
Guo and Lansing (1998), Li and Sarte (2004) and many subsequent studies. This type of

function can be represented by

T (y) = Cy' X,

with ¢ > 0 and x > 0. One distinctive feature of this function is that the ratio between the
marginal tax rate 7’ (y) and average tax rate 7 (y) /y is captured by (1 + x). The ratio is
often used as a measure of progressivity of the tax schedule.?® Under this specification, the

marginal tax function is given by

T (y) = ¢ (1+x) v,

which is strictly concave (or strictly convex) if y < 1 (or x > 1). Using tax returns data in
the United States, Li and Sarte (2011) estimate that the value of x in 1985 and 1991 are
0.88 and 0.75, respectively, and they use these values in their computations. Thus, in their
quantitative analysis, the marginal tax function is strictly concave, i.e., 7" (-) < 0.

Another commonly used tax function is the one proposed and estimated by Gouveia and

Strauss (1994),

7(y) = ao [y — (v + ag)_ﬂ :

This functional form has been used in Sarte (1997), Conesa and Krueger (2006), Erosa and
Koreshkova (2007), Carroll and Young (2011) among others. The first, second and third-

26Technically, (14 x) is the elasticity of the tax function with respect to y, i.e., y7’ (y) /7 (y) = 1 + x for
all y > 0.
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order derivatives of this tax function are

1

7 (y) = ao {1 —(1+ azyal)(lm)] 7

1

7 (y) = agas (1 + ar) (1 + agy®)~(+a0) yos-t,

)= T W) {al —1- (2, +1) (&)} . (75)

Y 1+ axy»

In all existing applications, the parameters ag, a; and as are taken to be strictly positive so
as to ensure 77 (y) > 0. Gouveia and Strauss (1994) estimate that the value of in the U.S.
system a; is about 0.768. Similar values are also used in Sarte (1997) and Conesa and Krueger
(2006). From (75), it is obvious that 0 < a; < 1 implies 7 (-) < 0. In their quantitative
analysis, Carroll and Young (2011) have also considered counterfactual experiments in which
a; > 1. In this case, there exists a unique threshold value of income below which 7" (y) > 0

and above which 7 (y) < 0.

3.3 Extensions
3.3.1 Exogenous Growth

In this section, we show that the results in Proposition 3 can be easily extended to an
economy with exogenous productivity growth. To achieve this, we make three changes to

the economy described above. First, the production technology is now given by

}/;‘, = F (KtaXtNt) 3

86



where X; is a labor-augmenting technological factor. This factor is assumed to grow by a
constant factor v > 1 in every period, so that X, = ~* for all ¢. The production function
F (-) is assumed to have the same properties as before. Second, in order to be consistent
with balanced growth, the period utility function is now assumed to take the CRRA form,

ie.,

where o > 0 is the inverse of the intertemporal elasticity of substitution. Finally, we need
to ensure that the marginal tax rate is constant along the balanced growth path. To achieve
this, we assume that the progressive tax function is now changing over time and is denoted

by T} (yi:) , and the marginal tax function exhibits the following property:

T (yig) = 7' (tht) , for all t > 0.
Y

As before, the function 7/ (-) : Ry — [0,1] is twice continuously differentiable and strictly
increasing. Define the transformed variables: k, = K;/ (X;N;), and 7 = y;+/7". The Euler

equation for consumption is now given by

G, 7 Us
< cil) = Bi{l+rea 1 =7 )]}

)

where 1411 = Fg (kt11,1) — d. In any balanced-growth equilibrium, we have k; = k*, ¢; 141 =

veir and i, =y for all ¢. Thus, (72) is now modified to become

=B =P @ =7 @) =1 B4 p) 1]
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Defining ¢ (-) as the inverse of 7/ (-) and summing across all types of consumers give

5 1
> o (1—;w<1+pi> —1]) [P (k1) — 6k

We will again refer to the solution of this equation as the HA steady state. The IA steady

state (E*) is characterized by
¢ (1 - % [ (1+7p) — 1]) _z [F (E*,1) _(%*} |

where 7 = Fi (E*, 1) — 9.
The main result of this section is Proposition 4 which extends the result in Proposition
3 to this environment. The main ideas of the two proofs are essentially identical, hence the

proof of Proposition 4 is omitted.

Proposition 4 In the model with exogenous productivity growth, Consumer heterogeneity
18 beneficial to long-term capital accumulation if and only if the progressive tax function has

negative third derivative, i.e., k* >k if and only if 7" (-) < 0.

3.3.2 Endogenous Growth

We now generalize our main result to an economy with endogenous growth. The model
is essentially identical to the one considered in Li and Sarte (2004, Section II). There are
two types of commodities in this economy: a consumption good (C;) and an investment
good (I;). As in Li and Sarte (2004), the consumption good is produced by a Cobb-Douglas

production function

Cy=BKJN);*,  with B>0and a €(0,1), (76)
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where K.; and N.; denote capital input and labor input, respectively. Investment good is

produced by a linear technology that only uses physical capital as input, i.e.,
It = AK[’t, with A > 0,

where K, denote the amount of capital input in the investment-good sector. Firms in both
sectors rent the inputs from the competitive factor markets. Let R; be the rental price of
physical capital and w; be the market wage rate. Then the first-order conditions from the

firms’ problem are given by
Ry = A=aBKJ'N};* and wy = (1 —a) BKZ,N_ .

The consumer’s problem is essentially identical to the one in the baseline model. Specif-

ically, a type-t consumer solves the following problem

[e’e) 1—0o
C,
t 2,0
max g Bi | —/—
{eitsai,t4112 o l-0o

subject to the sequential budget constraint

QCig + Qi1 — Gig = Yiz — T (yig) + i,

where ¢, is the price of consumption good expressed in units of investment good. Unlike Li
and Sarte (2004), we do not impose a specific functional form on T; (-) . However, in order

to ensure that the marginal tax function is constant along the balanced growth path, we
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assume that the marginal tax function satisfies the following property:

T (yig) =T (%) , for all t > 0,
’ Y,

where Y; = Zle Ai¥it- The Euler equation for consumption is now given by

() =advena i ()]}
qt Cit Y,

for all 7 and for all ¢t > 0.
In equilibrium, the markets for physical capital and labor are cleared in every period so

that

S S
Kc,t + Kf,t = Z )\iai,t and Nc,t = Z /\181
i=1

i=1
In any balanced-growth equilibria, K., K7, and Y; grow by the same factor in every period.
The common growth factor is endogenously determined and is denoted by v*. Since N, is
a fixed factor, it follows from (76) that the growth factor of C; is given by (7*). Since total
consumption expenditures (¢;C;) must be growing at the same rate as aggregate income, the
growth factor of ¢ is (v*)' ™. Along any balanced-growth path, the net rate of return from

asset holdings is given by r* = A — ¢ > 0. Using these, we can express the Euler equation as
() =B {1+ (A=8)[1—7 ()]}, forall 4, (77)

where ¢ = y;+/Y;. Define ¢ (-) as the inverse of 7/ (-). Then we can rewrite the above

(7*)1;(”) ) 1]) |
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Summing across all types of consumers gives

Bi

S S 1
;Aiwi =;w <1— Y

() 1]) _1. (78)

This provides a single equation that relates the endogenous growth factor v* and the con-
sumer heterogeneity {f,, ..., 3¢} . In the following analysis, we will refer to v* as the HA

growth factor. The growth factor in the IA world is denoted by 7* and is completely char-

1 (7*)1704(170') B
& (1 - : 1)) =1

In order to ensure equation (78) has a unique solution, we need to impose some additional

acterized by

conditions. To start, we assume ¢ =1 — a (1 — o) > 0, which is satisfied when o > 1. Next,

we assume that

(1 + A - 6) Bmin > 5max’ (79)

where [, and .. are the minimum and maximum values of {/3;, ..., 8¢}, respectively.

min max

Then define 7 and v according to

F=[(1+A=08)Bun)”  and 7= (B -

Since ¢ > 0, the condition in (79) ensures that (1’ 7) is a nonempty interval. As we will show
in the proof of Proposition 5, any solution of (78) must be contained in this interval. Thus,

condition (79) is essential for the existence of balanced-growth equilibria. Finally, define the
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function ® : (1, 7) — R, according to

o

S |

Proposition 5 states that consumer heterogeneity is beneficial to long-term economic growth

if and only if 7 (-) < 0.

Proposition 5 Suppose 6 =1 —a(1—0) > 0 and (1 4+ A —=9) Bin > Bmax- I addition,
suppose P (l) > 1> ® (7). Then equation (78) has a unique solution v*. Furthermore, con-
sumer heterogeneity is beneficial to long-term economic growth if and only if the progressive

tax function has negative third derivative, i.e., v* > ~* if and only if 7" (-) < 0.
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3.4 Appendix
3.4.1 Proof of Proposition 1

Define the reduced-form production function f (k) = F(k,1) for all & > 0. Define the
function ® (k) = €[f (k) — k], which is the left side of (73). Since f (-) is strictly increasing
and strictly concave, there exists a unique value kgr > 0 such that ®' (k) = 0 if and only if
k < kggr. Next, consider (72) and (73). Since 7’ (y) > 0 for all y > 0, equation (72) essentially
imposes a restriction on the steady-state value r*, which is r* > p_ .. = max { P1.P2s s ps} .
By the strict concavity of f(-) and the Inada conditions ]£1LI(IJ 1" (k) = oo and klgg(} (k) =0,

there exists a unique value kyax € (0, kgr) such that

f! (Fmax) = 0 + Prax-

Note that r* > p_. if and only if k* < kyay. Thus, any solution of (73) must be contained

in the range (0, kmax) . Define the function I' : (0, kpax) — R4 according to

s
r(k)z;Aiqb {1—#}.

Straightforward differentiation shows that I"(-) is strictly decreasing over (0, kpax) . In ad-
dition, as k approaches zero, I' (k) tends to ¢ (1) > 0 = ®(0). As k approaches kpax, I' (k)

becomes 37 \ié (1 = p;/pmax) > 0. A solution of (73) exists if and only if

S
® (kmax) > Y Nih <1 - i) .

pmax
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In addition, a solution if exists must be unique. A graphical illustration of this is shown in

Figure Al.

Figure Al: Existence and Uniqueness of Steady State.

We now turn to the comparison between k* and % . The latter is the solution of (74) and
its uniqueness can be established by using a similar argument as above. If ¢ (+) is a strictly

concave function, which is equivalent to 7 (-) > 0, then we have
S ‘ _
Sae(i-2)<o(1-£) —o(F).
— T T

Using Figure A1, it is immediate to see this condition is valid if and only if > k* If ¢ (+)

is strictly convex, then we have
s ‘ _
Sae(i-2)>o(1-%) =0 (F)
— T T
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which hold if and only if E* < k*. This completes the proof of Proposition 3.

3.4.2 Proof of Proposition 5

Since the marginal tax rate 7’ (-) is restricted between zero and one, this essentially imposes
an upper bound and a lower bound on the equilibrium growth factor v*. To see this, first

rewrite (77) as

N

where 0 =1 — (1 —¢) > 0. Then 7' () > 0 implies
1
v <[(1+A-9)p,]°, foralli.

Likewise, 7/ () < 1 implies v* > (ﬁi)% for all 4. Thus, any solution of (78) must be contained
in the range (1, 7) .

Define the function @ : (1, 7) — R, according to

S R |

Straightforward differentiation yields

o A Vi 1 (9
vor=-(T55) S5 [t ass (5 )] <o

Thus, ® (-) is strictly decreasing over the range (7, 5). If @ (1) > 1> ®(7), then equation

(78) has a unique solution.
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If ¢ (-) is a strictly convex function, i.e., 77 (-) < 0, then we have
S —x\1—a(l1-0)
_ 1 1a)
o) = > no1- 1
S e |

1 (7*)1—04(1—0) B
> ¢(1—A_5 1) =1

The second line is obtained by Jensen’s inequality. Since @ (-) is strictly decreasing, this

means 7* < v*. This completes the proof of Proposition 5.
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