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ABSTRACT

For any fixed s € (0, 1), we consider the following problem:

(=AY u(x) — pu(z) = f(u(z)), VreR,
lu(z)| <1, VzeR,

lim wu(z) = £1.

r—+o00

We proved that for any bistable nonlinearity f, then there exist a unique speed
p and unique function u up to translation such that (u,u) is the solution to the
previous problem. We use a continuation argument to show the existence of solution,
in which a key ingredient is the estimation of the speed p in terms of the potential
function f. In the meantime, we prove some qualitative properties of the solution wu:
monotonicity, polynomial decays at infinity, Hamiltonian identity and Modica type
estimate, and nondegeneracy. Moreover, we proved that for any balanced bistable
nonlinearity f and any nonlinearity ¢ € C?(R), then for small € > 0, the traveling

speed . corresponding to f + €g linearly depends on the parameter e.
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Chapter 1

Introduction

1.1 Traveling Wave with Standard Laplacian

Front propagation is a natural phenomenon which has appeared in phase transition,
chemical reaction, combustion, biological spreading, etc. The mechanism of front
propagation is often the competing effects of diffusion and reaction. Traveling wave
solutions are typical profiles of physical states near the propagating front, and are
therefore of great importance in the study of reaction diffusion processes. There has
been a tremendous amount of literature on traveling wave solutions in mathematics
as well as in various branches of applied sciences ( see [1, 3, 7, 8, 6, 12, 28, 29, 35, 62]
and references therein). Traveling wave solutions are essential building blocks in
various phase field models and play an important role in pattern formation and phase
separation (see [4, 22, 27] etc. for the classical model and [44, 55, 56] for nonlocal
models with fractional Laplacians). Nonlocal phase transition models and related

traveling wave solutions have been studied in [5, 23, 63] and references therein, where



the kernels of convolution in the nonlocal operators are bounded, and in [31, 32, 47]
where the kernels are periodic.

In the study of front propagation, traditionally the diffusion process is quite stan-
dard and normal, in the sense that the concerned particles or objects are engaged in a
Brownian motion with a uniformly changed random variable. The resulting diffusion
effect on the physical state, mathematically is represented by the Laplacian of this
function. Therefore, the difference of various reaction diffusion systems relies on the
nonlinear reaction effect which varies in combustion, chemical reaction, phase transi-
tion, biological pattern formation, etc. In general, a typical reaction diffusion system

is in the form of

w(t,r) — Agu(t,z) = f(u(t,z)), Vt>0, reR", (1.1.1)

where f is a nonlinear function. If the front of a solution u in large time propagates at
a constant speed, the solution is typically close to a profile depending on the distance
away from the traveling front. We, therefore, study traveling wave solutions of one
spatial variable, although more complicated traveling waves solutions do exist (see,
e.g., [7, 8, 37, 39, 40, 41, 42, 43, 52, 53, 59, 60, 65, 64] and references therein). We
say that u € C%(R?), is a traveling wave solution to (1.1.1) if u has the special form
u(t,z) = gz — pt) for all (x,t) € R% The constant u is called the speed of the
traveling wave u, and the function ¢ is called the profile of the traveling wave. We
are interested in traveling front where g connects the two states, say —1 and 1. The

sliding method implies that such g strictly increases. The study of traveling wave



solution is reduced to the study of solution to the following system:

—g"(x) = ng'(x) = fl9(z)), VreR,
g (x) >0, VreR,
lim g(x) = =+1.

r—+oo

For the nonlinear function f, there are three interesting cases:

o Fisher-KPP or Monostable Model:

) >0=f(£1), Vte(-1,1),
F1(=1) >0, f'(1) <0.

e Combustion Model: There exists some ty € (—1,1) such that

f(t) =0, Vte|-1,t,
ft)>0=f(1), Vte (t,1),

(1.1.2)

e Bistable or the Allen-Cahn Model: There exists some ¢y, € (—1, 1) such that

f(t) <0=f(£1) = f(to), Vte (=1,t),
f(t) >0, Vte(ty,1),
f'(£1) <.

(1.1.3)

For the combustion and Fisher-KPP models, 0 and 1 are usually used as the

limits with only 1 being stable (monostable model). The concerned states in the

Allen-Cahn model are often represented by —1 and 1 with both states being stable



(bistable model). In the Allen-Cahn model, there is also another nodal point ¢, of f in
(—1, 1); this nodal point may represents an unstable state which is not the concerned
state, since otherwise the equation may be regarded as a Fisher-KPP equation by
restricting u in (o, 1).

Using phase plane analysis, one can show that the traveling wave solutions (g, i)
always exist for the above three types of non-linearities. More precisely, for the
combustion and bistable models, there exists a unique pair (g, ) as the traveling
wave solution to (1.1.2). For the Fisher-KPP model, there exists a maximal speed
o such that for any speed p < g, there exists a traveling wave solution (g, ) to
(1.1.2). Moreover, for the bistable non-linearity, the traveling wave solution to (1.1.2)

decays exponentially at infinity, i.e., ¢’(z) ~ e™*| as |z| — oo, as a consequence,

—vlz| —vlz|

we get 1 —g(z) ~ e as x — oo and —1 + g(z) ~ e as * — —oo for some
positive constant v > 0. In addition to the method of phase analysis, one can also
use the sub-super solution method and variational method to prove the same results
(see [61, 66] and references therein).

Recently, there have been a fast increasing number of studies on front propagation
of reaction diffusion systems with an anomalous diffusion such as super diffusion,
which plays important roles in various physical, chemical, biological and geological
processes. (See, e.g., [61] for a brief summary and references therein.) Mathematically,
such a super diffusion is related to Lévy process and may be modeled by a fractional

Laplace operator (—A)*u with 0 < s < 1, the definition of fractional Laplacians will

be given in Section 1.2.



1.2 Traveling Waves with Fractional Laplacians

The fractional Laplacian is often defined by Fourier transformation, for any 0 < s < 1
and u € CP(R"), the fractional Laplacian (—A)*u is defined as the inverse Fourier
transform of (27|z|)*4(x), i.e., (—/A?u(x) = (27|z|)**u(x). Tt is well known (see

[48]) that equivalently we have

(—A)u(z) = Cpy P.V. / “(x);ﬁ(f) dz, Vr€R", (1.2.1)
e |7 — y["tRe
522511(%25) . ps : 3
where C), s = I The integral definition (1.2.1) of fractional Laplacian can

be used for more general functions, in particular, for u € C?(R").
The fractional Laplacian can also be defined as a Dirichlet-to-Neumann map.

First, the n-dimensional fractional Poisson kernel P, s is defined as

) S =, V(z,y) € RTH.
RITG) [l + T F

Ps(z,y) =

For any u € C%(R") () L=(R"), let w(z,y) = Po.s(-,y) * u(z) for all (x,y) € R+

be the s-harmonic extension of u. A direct computation shows that u satisfies

div [y'"*Vu(z,y)] =0, V(z,y) € R},

lim w(z,y) = , VreR", 2.
lim u(z,y) = u(y) x (1.2.2)
lim —y' %, (z,y) = ds(=A)*u(z), VreR",
AU
21257 (1—s)

where dg = . This fact is well-known for s = % and recently proved for all s €

I'(s)

(0,1) by Caffarelli and Silvestre in [21]. The s-harmonic extension method allows us

to use local techniques for the local differential operator L, to study nonlocal integro-



differential operator (—A)®, which will be used in Section 2.3 to get a Hamiltonian
identity for traveling wave solution.

There have been a fast growing number of studies on the front propagation of
the reaction diffusion system with an anomalous diffusion such as super diffusion,
which plays an important role in various physical, chemical, biological and geological
processes. Mathematically, such a super diffusion is related to the Lévy process and
may be modeled by a fractional Laplacian operator (—A)*u with 0 < s < 1, and
the reaction diffusion equation with respect to such super diffusion can be given by
w4+ (—A)*u = f(u). We are interested in traveling wave solutions in one dimensional
spatial variable. Namely, we consider solutions u(z,t) in the form of u(x — ut) for

some constant u, equivalently, we will study the following problem:

(=A)u(z) — ' (x) = flu(x), VreR,
u'(x) >0, VrekR, (1.2.3)

lim wu(z) = £1.

r—+oo

Traveling wave solutions for reaction diffusion equations with the fractional Lapla-
cians have been studied in the last few years (see [15, 20, 50, 51, 61]). It is very
interesting to see that the study of (1.2.3) really depends on the nonlinearity f and
parameter s.

When f is a Fisher-KPP non-linearity, it is known that the front propagation
speed could be very fast depending on the initial values (see [9]). The Fisher-KPP
equation with a fractional Laplacian displays a very different behavior, due to the
super diffusion process involved. It was discovered numerically in [25, 24, 49] that

the front propagation can accelerate exponentially in time. This phenomenon is



rigorously studied and proved in [16] that for any s € (0,1), the position of all level
sets of solution u to reaction diffusion equation u; + (—A)°u = f(u) with |u| <1
moves exponentially fast in time ¢. Since a traveling wave front propagates linearly
in ¢, it is an immediate consequence that there is no traveling wave solution for the
Fisher-KPP equation with a fractional Laplacian.

For the combustion model, the results are much more interesting. Via the sub-
super solution method, it is shown in [50] that when f is a combustive non-linearity,
if s € (1/2,1), there exists a unique pair (i, u) as solution to (1.2.3), and the solution
u decays algebraically at —oco. On the other hand, by the s-harmonic extension, it
is shown in [38] that if s € (0,1/2], there does not exist a traveling wave solution
to (1.2.3) for the combustion model. Moreover, they showed the nonexistence of
traveling fonts for more general non-linearities including the Fisher-KPP case.

For the bistable model, there are two types of bistable non-linearities: balanced
and unbalanced. When the bistable non-linearity is balanced, i.e., the associated
double well potential G(u) = — [, f(t) dt has two wells with equal depths G(1) =
G(—1) = 0, a traveling wave solution with one spatial variable for the balanced
Allen-Cahn equation is indeed a standing wave, i.e., the speed p must be zero. Such a
solution is sometimes called a layer solution as it describes a transition layer structure
near the interface between two physical states. The existence of the standing wave

solution to (1.2.3) was proved in [17, 19] as a stationary point of the functional

E.(u) = /R E|(_A)s/2u\2+c:(u) da,

Indeed, by using the s-harmonic extension and variational method, they proved

the following result:



Theorem 1.2.1 (Cabré and Sola-Morales[19], Cabré and Sire [17]). For any 0 <
s < 1 and balanced bistable nonlinearity f € C*(R), i.e., [ satisfies (1.1.3) and
f_ll f(t) dt = 0, then there exists a unique function u € C*(R) up to translation as
the solution to (1.2.3) with pu = 0. Moreover, u'(x) > 0 for all x € R and there ezists
some constant C' > 0 which only depends on s and f such that

c! C

‘x’1+23 S

It is shown that a multidimensional standing wave solution must be one dimen-
sional (without counting the dimension of extension) for certain low dimensions and
s (see also [13, 14]). These results are analogues of a well studied phenomenon for
the classical Allen-Cahn equation and usually referred to as the De Giorgi conjecture
(see [2, 26, 34, 33, 36, 54]).

For unbalanced bistable nonlinearity, it’s natural to ask whether or not there is
a traveling wave solution to the unbalanced fractional Allen-Cahn equation where
G(—1) # G(1). In [61], when f is a piecewise linear bistable nonlinearity, exact
traveling wave solutions for fractional Allen-Cahn equations are computed for s €
0.

Our main result, Theorem 4.2.1 in Chapter 4, proves the same statement as Theo-
rem 1.2.1 for all Allen-Cahn equations with a fractional Laplacian, i.e., we can remove
the restriction that fjl f(t) dt = 0. So the existence and nonexistence problems re-
lated to the traveling wave solution with a fractional Laplacian are completely solved.
Several traveling waves problems similar to the fractional diffusion reaction models

are investigated recently (see [15, 20]).



Chapter 2

Qualitative Properties of Traveling
Wave Solutions

In this chapter, we will always assume that 0 < s < 1, f € C?*(R) satisfies f'(£1) < 0,

and G(t) = — ffl f(u) du. Let’s consider the following problem:

(=A)*u(z) — pd () = f(u(x)), VzeR,
lu(z)| <1, VreR, (2.0.1)

lim w(x)==+1.

r—Fo0

In the following sections, we will prove some useful qualitative properties of trav-
eling wave solution to the Fractional Allen-Cahn equation (2.0.1): monotonicity of
profile u, uniqueness of speed p and profile u, polynomial decays at infinity of w,
Hamiltonian identity and Modica type estimate, and nondegeneracy. These proper-
ties will play important role in the proof of the existence of traveling wave solution,

see more details in Chapter 4. Many of these properties are similar to those in [17, 19],
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where the standing wave solutions with @ = 0 are considered.

2.1 Monotonicity of Profile, and Uniqueness of Speed
and Profile

In order to study traveling wave solutions, first we state a slight variation of a maxi-

mum principle in [18] to include an advection term.

Lemma 2.1.1. Let c € C(R), d € L®(R) and v € C*(R) satisfy

(—A)v(z) + c(z)v'(x) + d(x)v(x) >0, VreR,

lim wv(x)=0.
|z|—o0

Assume that there exists some subset H C R (may be empty set) such that
v(x) >0, Ve € H and d(x) >0, Vo ¢ H.

Then either v(z) >0 in R orv(z) =0 in R.

Proof. We consider the following two cases:

Case I: v(z) > 0in R. If v(z) = 0 in R, we are done. If v(z) > 0 in R, we are
done. If v(z) # 0 in R and there exists some zy € R such that v(xg) = 0, that is,
xo is a global minimum point of v, we get v'(xy) = 0 and (—A)°v(zy) < 0, which
implies that (—A)*v(zg) + c(x)v'(xo) + d(xo)v(z0) = (—A)*v(z9) < 0. We get a
contradiction.

Case III: v(z1) < 0 for some z; € R. Since lim wv(z) = 0, we know that

|z|—o00

v can not be a constant function in R and there exists some zo € R such that
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v(xg) = inﬂg v(x) < 0. Hence we get v/(x2) = 0 and (—A)*v(x2) < 0. Since v(z2) < 0,
xe

we know xo ¢ H and d(z) > 0, which implies that
(—A)v(xs) + c(22)V (22) + d(x2)v(22) = (—A)*v(22) + d(x2)v(29) < 0,

which contradicts with the assumption.

In summary, we know that either v(z) > 0in R or v(z) =0 in R.

According to Lemma 2.1.1, we can use the sliding method which is introduced
by Berestycki and Nirenberg in [10] to prove the monotonicity of profile, and the

uniqueness of speed and profile.

Proposition 2.1.2 (Monotonicity). Let 4 € R and u € C*(R) be a solution to (2.0.1)

with . Then —1 < wu(z) <1 and v'(x) > 0 for all z € R.

Proof. First, we prove that —1 < u(x) < 1 in R. Otherwise, since |u(z)| < 1 in
R, we know that there exists some z; € R such that u(z;) = 1 or —1. If u(z;) =
1= sgﬂg u(z), since yginm u(z) = 1, we have u(x) # 1 in R, which implies that
u’(x;; =0 and (—A)*u(zy) > 0. Hence we have (—A)*u(xy) — pu'(z1) — f(u(zy) =
(—A)*u(xq1) > 0, contradiction. If u(z;) = —1 = ;Iellf& u(x), since xgrfoo u(z) = £1,
we have u(z) #Z 1 in R, which implies that «/(z1) = 0 and (—=A)*u(x;) < 0. Hence
we have (—A)*u(zy) — pu'(z1) — f(u(zr) = (—A)%u(x1) < 0, contradiction. Hence we
know that

—1<u(zr) <1, VzreR. (2.1.1)

Now let’s prove the monotonicity of u. For any ¢ > 0, we define u'(z) = u(t + x),
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wi(z) = u(t+ z) —u(z) for all x € R, and H' = {{z € R: w'(z) > 0}. It's easy to

see that w' satisfies

(—A)wi(x) — p(w') (z) + d'(z)w'(xz) =0, VzeR,

lw'(z)] <2, VzeR,

where

it w'(z) £0,

0, if w'(z) = 0.

By the Mean Value Theorem, we know that |d*(z)| < || f/|| zec(j—1,1) for all ¢ > 0

and all z € R. Since f’(£1) < 0, then there exists some 0 < 7 < 1 such that

fi(t) <0, vel-1,-7Jr1]. (2.1.2)

Claim I: There exists some large Ty > 0 such that for all ¢ > Tp, we have w'(z) > 0
in R.
Since lim wu(x) = %1, there exists some large Yy > 0 such that —1 < u(z) < —7

r—F00

for all z < =Y, and 7 < u(z) < 1 for all z > Y¥y. By (2.1.1), we have

Ap:= max u(x) <1
z€[—Y0,Y0]

Since lim wu(x) = %1, there exists some large Y} > 0 such that u(z) > Ay for all

T—7F00

x >Y1. Now let Ty =Y; + Yy > 0, then for all t > Ty and fix, and all z € [-Yj, Y],

we have x4+t > =Y+ Y1+ Yy = Y7, which implies that u'(z) = u(t+z) > Ay > u(z),
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in particular, we get

[~Yy, o] € H'.

On the other hand, for all x ¢ H*, we have u'(z) < u(z), and = ¢ [-Yp, Yy]. By
the definition of Yj, we know that —1 < u(z) < —7 if x < =Y, and 7 < u(x) < 1 if
x> Yy If 2 <Y, since u'(x) < u(z), then —1 < u'(z) < wu(x) < —7. lf £ > Y, we
have t+x > x > yo, so 7 < u'(z) = u(t+2z) < u(z) < 1. In both cases, we know that
both u'(x) and u(zx) lie in either [—1, —7] or [r, 1]. Since u(z) < u(z), by (2.1.2), we
know that d'(z) > 0 for all z ¢ H".

Since w'(x) > 0 in [—Yp, Yy], by Lemma 2.1.1, we know that w'(z) > 0 for all
r e R
Claim II: If for some fixed ¢ > 0, w'(z) > 0 in R, then there exists some small
¢ € (0,t) such that for all |h| < ¢, we have w'™(z) > 0 in R.

Since u'(z),u(x) — £1, as  — +oo, and 0 < 7 < 1, then there exists some

Y, > Y] such that for all |z| > Y5, we have

1 1
w'(e) = T and fu(e)| =~
2 2
In particular, we have
’ ' 1+7 1+7
K=<z eR: |u(z)| < 5 v Of lu(x)| < C [-Y2, Vs

Since lirin u(z) = £1, then there exists o € R such that u(xy) = 0, in particular,
T—>00

7o € K' and K* # (). Since w'(x) > 0 in R, we have

Ay = inf w'(z) > 0.
zeK?



14

Since u' € C?(R), so u! are Lipschitz continuous on R, in particular, u’ is uniformly

continuous on R. Since 0 < 7 < 1, then there exists some small £ > ¢, > 0 such that

A2 1—17
27 2

jut(y) — u(2)] < min { } for all [y — 2| < e,

For all |h| < €, we have

A2 1—171
27 2

W (z)] = [uf(z + ) — u'(z)| < min { } , VzeR

For all x € K*, by the definition of Ay, we get w'(x) > Ay, which implies that

A A
Wt (z) = Wt (y) + wi(y) > —72 + Ay = 72 >0,

which implies that K* ¢ H*".

On the other hand, for any x ¢ H**" we have z ¢ K*, |u(x)| > 2~ and u'*"(z) <
u(z). If uw(z) < =47, by (2.1.1), we have —1 < u'(z) < w(z) < —HF < —7. If
u(x) > 7, since w'(z) > 0, we have u'(x) > u(x) > T, which implies that
uth(z) = u'th(z) — ul(z) + u'(z) > =57 + T = 7. In both cases, we know that
both u!*"(x) and u(x) lie in either [—1, —7] or [7, 1]. Since u*"(z) < u(x), by (2.1.2),
we know that d**(z) > 0 for all x ¢ H'™".

Since w"(x) > 0 in K, by Lemma 2.1.1, we know that w’(z) > 0 for all z € R.
Claim III: For all ¢ > 0, then w*(z) > 0 in R.

Let

S={t>0: w'(z) >0, in R}.

By Claim I, [T,00) C S, so S # (). By Claim II, S is open. If there exists
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some sequence {t,}2°, C S such that ¢, — ¢t > 0, asn — oo. For all n > 1,
since w'(z) > 0 in R, by taking n — oo, we get w'(x) > 0 in R. If there exists
some g € R such that w(zg) = 0, by Lemma 2.1.1, we have w'(z) = 0 in R, that
is, u(t + ) = u(z) in R, which implies that u is a periodic function in R, which
contradicts with zgrfoo u(xz) = +1. So we must have w'(x) > 0 in R, that is, t € S.
Hence, S is closed with respect to (0, 00).

In summary, S is a nonempty open and closed subset of (0,00). Since (0, 00) is
connected, then S = (0, 00), that is, for all ¢ > 0, then w'(z) > 0 in R.

Claim IV: «/(z) > 0 in R.

By Claim III, we see that u is a strictly increasing function in R, so u/(z) > 0
in R. If v/(z) > 0 in R, we are done. If there exists some z; € R such that
W(zg) = 0, let g(x) = v/(z) in R, then (=A)'g(x) — pg'(x) = f'(u(x))g(x) and
g(x) > 0forall z € R. Since u is strictly increasing, then g(x) # 0 in R. Since g(x) =
u'(zg) = iﬂreluf{ g(x), we have ¢'(z9) = 0 and (—A)®g(zy) < 0, which implies that
(—A)g(xo) — pug'(zo) — f'(u(xo))g(xo) = (—A)°g(x0) < 0, contradiction. Therefore,

we must have v/(z) > 0 in R.

By using the same argument as Proposition 2.1.2 with small modifications, we can

show the uniqueness of speed and profile. Since the proof is very similar, we omit it.

Proposition 2.1.3 (Uniqueness). For i = 1,2, let p; € R and u; € C*(R) be a
solution to (2.0.1) with p;, respectively. Then py; = ps and there exists some a € R

such that uy(z) = ug(x + a) in R.
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2.2 Polynomial Decays at Infinity
Let’s quote three functions in [17]: for any ¢ > 0 and all z € R, let

1 ee 2s r
p(z) = —/ cos(xr)e™™ dr, v(x) = -1+ 2/ pi(r) dr, and ¢ (z) = vy(x).
0

m —00

Theorem 3.1 in [17] says that p;, v; € C°(R), and there exists some f; € C?([—1,1])
which is an odd function in [—1,1] and satisfies (1.1.3) and f{(£1) = —1, such that
vy is a layer solution in R with nonlinearity f;, that is, v; is a solution to (2.0.1) with

f = fr and u = 0. Moreover, we have

4tsI'(2
Illim 220 (z) = AtsI'(2s)
T|—00

-sin(ms) > 0. (2.2.1)

By (2.0.1), the equation which ¢; satisfies has ¢}, let’s estimate ¢, = v}’

Lemma 2.2.1. There exists some constant Cy > 0 such that

Proof. First, let’s estimate ¢/ (x). For all x € R\{0}, we have

Pi(z) = 2pi(x)
2 [ s
= ——/ rsin(zr)e™ dr
T Jo
2sign x

e 2
S
= - / rsin(|z|r)e”™ dr
0

(e

9i oo _(=z)\2 1
_ =sign x/ N sin ze (|a:|> -— dz, Letz= |IL"|7‘
m Jo lal ]

2sign x [ ()
= — 5 zsinze \l=l/  dz.
T 0
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So we know that ¢} is an odd function in R\{0}, and for any x > 0, using

integration by parts, we have

o z 2s
—/ zsinze_<5) dz
0
2\ 28 eS] o0 2\28 2\28 2s—1 1
= ze_<5) cosz’ —/ COSZ|:6_(I> —ze_(i) 2s (E) —} dz
0

x T
oo
S [z 2s
/ 2% cos ze (%) dz
0

T T

& 2\28 L\28 25—1
—/ sin z {25z251e_(x) — Z25€—(;) 2s <i> l] dz}
0 x x

25 +4s% [ (22 482 >, 2\
= ——— 2%~ gin ze (%) dz + 2% lgin ze (%) dz.
xXr 0 0

So we get
4s(1+2s) 1 © Ly
/ o 2s—1 P
Oiy) = — p '$2+25/0 z sin ze (%) dz
8s2 1

o0 2\2s
/ A5 gin ze(3) dz, Yo > 0.
0

T x2+4s

By taking x = 2,4 in Lemma 3.4 in [17], respectively, we can get

o0

lim 2 lginze (5 4z = ['(2s) sin(s),
y—oo  Jq
S 2\ 2s
lim A lgin e (G) gy = ['(4s) sin(2sm).
y—oo  Jq
Hence, we have
- 2425 1 4s(1 + 2s) -
lim 277%°¢) () = ———= - T'(2s) sin(s7).

T—500 T
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Since ¢} is an odd function in R\{0}, from the above limit, we know that there

exists some Cy > 0 such that

Co
(@) < g Ve A0

By the formula (3.18) in [17], v:(z) = v, (t_ia:> in R, then @}(z) = t 2 ¢y (t‘z%x)

in R, which implies that

_1
i(z)] = 73

IA
~
|

Now we can prove the following asymptotic behaviors of traveling wave solutions.

Proposition 2.2.2. Let u € R and u € C*(R) be a solution to (2.0.1) with u. Then

there exists some constant C' > 0 which only depends on s, u and f such that

As a consequence, we have v’ € LP(R) for any 1 < p < oo, and

ct C ot C
<l-uly) <—, Vy>1 and — < 14u(y) < 7
y25 ( ) y23 |y|25 ( ) |y|25

Vy < —1.
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Proof. By the same compactness argument as Lemma 4.8 in [18], we know that

lim «'(z) = 0.
|z| =00
First, let’s find the upper bound of «'. For any 6 > 0, let ws () = dpi(x) — /()

in R, by (2.0.1), we get

() s () — i (2) + D)

= dae) |2+ i) | ) |2+ e + 0| 25 o).

1
Since f{(+1) = -5 < 0, f/(£1) < 0 and lirf v(y) = lim  wu(y) = 1, then
y—doo

y—Eoo

there exists some large Ty > 0 and R; > 0 such that

2 3
— + fr,(vry(2)) >0 and  — 4+ f'(u(z)) <0, V|z|> Ry.
T[) TO

By Proposition 2.1.2, we get

5@To(y) |:T30 + fjlwo (UTO(ZL‘)):| — u/(]j) |:% + f’(u(l‘)):| > O, V|J]| Z Rl. (222)
By Lemma 2.2.1, we have
Toc[)
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So we get

1 , Cy 1| ToCo
ZTO<PT0($) — ppp, () = || 125 - |2[2+2s

T T |14 ToCo

|| 2+2s Cy

:| > V|ZL'| ZRQ

|| ToCo
Cy

Let R3 = max {RQ, + 1}, we have

1
TOQOTO(‘T) - M@To),(m) > 07 V|l‘| > R3'

In summary, we know that for all 6 > 0, we have
s / 3
(—A) w5, (x) — paws 1, (y) + Ty W (z) >0, V|z| > Rs.

Since ¢r,(z) > 0 in R, then there exists some large §y > 0 such that for all 6 > dy,

we have w1, (2) = dor, () — u/(x) > 1 for all |z] < R3 + 1. Hence w7, satisfies

p

3
(—A)SUJ&TO(CC) - /’ng,To(‘r) + TOwCS,To (.T) > Oa \V/|ZE| Z R?)u

w5,T0(x) >1>0, V|.’E| < R3+1,

lim wsp(z) =0.

L |z| =00

Claim I: w5z, (z) > 0 in R,
If Claim I is not true, since | 1|im ws T, () = 0, then there exists some zy € R such
Tr|—00

that ws g, (z0) = ;relﬂg ws.1, () < 0, in particular, w4, (v0) = 0. Since ws 1, (x) > 0 for

all |[x| < R3 + 1, we get |xg| > Rs, which implies that (—A)*wsz, (7o) < 0. So we
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obtain

3 3
(=A)*wsz,(20) — pwy g, (o) + Towé,To(l’o) = (=) ws g, (w0) + T, oy (7o) <0,

we get a contradiction.
By Claim I, we get u'(z) < dog(x) = dvy (2) in R. By (2.2.1), we know that

there exists some constant A > 0 such that

v (z) < A

= |afir2s’ Viz| > 1.

For lower bound of ', we follow the same idea as the upper bound. For any § > 0,
we may define

Wsy(r) = —wse(z), Vo eR.

By (2.0.1), we have

~ ~/ 1 ~
(=A) Ws(x) — pai () + s (@),

= =Sals) g+ )| @) | )] +5 | )+ uta )] ve R

Since u/(z) > 0 and o7, (z) > 0in R, f'(£1) <0, f/(£1) = —1 and lim v(z) =
T—

+oo

lim wu(x) = %1, then there exists some small 77 > 0 and large Ry > R3 > 0 such

r—+o0

that for all § > 0, we have

1 1
o fr,(vr, (2)) <0 and b f(u(z)) >0, V]z| > Ry
1
Now look at 1T n (z) + ppp, (), by (2.2.1), Claim I and v(z) = vy (t_ix»
1



there exist some constant C3 > 0 and Cy > 0 such that for all |x| > R, we have

1 ’ 04 |,u|03 04 4|,u|C’3
4T1 QOTI <I> + /’Lngl (I) — 4|x|1+25 |y|2+25 — 4|$|2+28 |y| 04

4|p|Cs
Cy

Taking R5 = max {R4, + 1}, then we have

1 /
17 @)+ ulpn) (@) > 0, Vo] 2 Ry,
1

In summary, we know that for all § > 0, we have

g ~, L
(~A)*t51,(2) = i 7, (2) + =T () > 0, V]a| = R
1

22

Since «/(z) > 0 in R, then there exists some small §; > 0 such that for all

0 < 6 <91, we have
wsm () = oo, () —u/(x) <0, V]z| < Rs+ 1.

Then s, satisfies

(

. s L
(~8)*t51,(2) = iy 1, (2) + - T () > 0, V]l > R,
1

@J,Tl (ZE) > 0, V|l‘| < Rs+1,

Jim s, (2) = 0.
\

By the same argument as Claim I, we can conclude that wsr, (z) > 0 in R, that

is, u'(x) > dpr (v) = dvp, (x) in R. By (2.2.1), we know that there exists some B > 0
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such that

Remark 2.2.3. Let 1 < p < oo, by Proposition 2.2.2, we know that u' € LP(R) for
all0 < s <1, but f(u(-)) € LP(R) if and only z'fQLp < s <1, that is, (—A)°u € LP(R)

if and only if% <s<1.

2.3 Hamiltonian Identity and Modica Type Esti-
mate

In this section, we always assume that u € R, u € C*(R) is a solution to (2.0.1) with
p, and @ is the s-harmonic extension of u. Since @ is the s-harmonic extension in R%

of u, then w € C*(RY) N C (@) and satisfies

div [y'#Va(z,y)] =0, V(z,y) € RZ,

lim —y"*w, (2, y) = ds [1:(z,0) + f(u(z,0))], Vo eR,
Yy

u(x,0) =u(z), VreR.

Following [18], we show similar Hamiltonian identity and Modica-type estimate

for traveling wave solution. First, let’s quote a Lemma from [18].

Lemma 2.3.1 (Lemma 5.1 in [18]). The z’ntegml/ 25|z, t) |2 dt is finite
0
and differentiable with respect to x € R. Moreover, we have

o0

lim |Vau(x, t)[*t' 2 dt = 0.

|z|—=o0 Jo



Proposition 2.3.2 (Hamiltonian Identity). For all z € R, we have

2

—00
and

w [ 0 dr =g [ W) dz = 600),

—00

Proof. By Lemma 2.3.1, we can define

v(z) = % /0 [ (x,t) — o (x, )]t dt, Yz eR.

Then lim wv(x) =0 and

|zj— 00
V(z) = /Om[ﬂm(x,t)ﬂm(x,t) — Uy (7, ) Uy (z, )]t 7% dt, Yz €R.
Since div [y’ **Vu(z,y)] = 0 in RZ, we get
Uge(T,y) = —yQS_lDy[y1_25ﬂy(x, v)], Y(z,y) e Ri.
Use the integration by parts, we can get

v'(ﬂv) = /OOO [_ax(x,t)t25—1Dy[t1_25ﬂy(l'7t)] _ﬂy(ffyt)ﬂxy(x,t)} =25 gy

= - / mﬂx<x,t)Dx[t1*23ﬂy(:c,t)] dt — / Ooﬂy@,t)my(:c,t)t”s dt
0 0

- 11{% tlizsﬂy(xa (2, 1)

= —du,(z,0) [, (z,0) + f(u(z,0))]

= d, [—,uﬂi(x, 0) + %G(H(x,()))] , Vz eR.

1 /0 TR, 1) - ) dt = d, [—u / " [ O dr + G(a(z, 0))|

24
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Then there exists some constant Cy > 0 such that

—00

v(z) = dg [—,u /x w2(r,0) dr + G(u(x,0)) + Cy|, Vz €R.

Take x — —oo in the above identity, since lim wv(z) = 0, we know that Cy =
T—r—00

—G(—1) = 0. We complete the proof.

Remark 2.3.3. A direct consequence of Proposition 2.3.2 is that p has the same sign
as G(1) = — f f(t) dt. In particular, u is standing wave (i.e., p = 0) if and only if
G(1)=G(-1) =0.

For the second identity ,u/ |u'(z)|* dv = G(1) in Propositoin 2.3.2, we have
R
another direct approach. Multiply «'(z) on the both sides of (2.0.1), we know that it

suffices to show that

/R(—A)Su(x)u’(x) dr = 0. (2.3.1)

Proof of (2.3.1). By the Dominated Convergence Theorem and changing of variables,

we have

[ =8y utea) da
_ ns/ / u(z +y) + ulx —y) — 2u(x)]d(z) dyd

’y|n+2s
) —9 /
N = RV ELTC T
2 e n |y|>e |y|n+ 3
= —Cn’s lim/ / Wz +y) _l;( (@ )dydx
2 e n |y|>e |y|n+ 3

_ _ !
_O”’S lim / / u(@ g(m)]u (z) dydx
2 N0 Jre Sy se |y|” s
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/
: )
eNO n y|>e |:L‘— |
/
)
O |y|>e |=T— Y|

— u(y)]u' ()
= (5 h\r‘% // | — dydx
¢ lz—y[>e r=Y

: u(y)u'(x)
= C’Shm[// —dydx—// ———= dydx]| .
b O | JR |lz—y|>e |£L’ - y|1+28 R J|z—y|>e |ZE - y|1+25

!/
or / / M dydx, by Fubini-Tonelli’s Theorem, and apply the inte-
lz—y|>e [T

_ y|1+23

gration by parts, we have

u(z)u'(x) / /
———— dydx = dydm Let z=y—=x
/IR‘&/;v—y|>e |*T - y|1+2s |z\>6 |Z’1+2
= —_— u(x de| dz
[ [ e

1 J1 o
- [ e -

= 0, Since lim wu(z) = +1.
T—>00

/‘/|‘ ‘ |SE _ |1+2) dydm let J( ) ’ |1+28 1RR\B1(O)(2> 1n R’ then J’e iS
T—Y|>€

an even function in R, and

1 1
J. dz = - dz = .
[ a /Z e

Since 1irin u(z) = £1, by the Dominated Convergence Theorem, we have
T—>IT00

lim J.xu(z) = lim J(y)u(z —y) dz = :I:/ J(y) dz = £—-
R

z—=+o00 r—+oo R
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which implies that

xll)rinoo Jexu(z) - u(zr) = e

Use the integration by parts, we have

/R/x—ylx% dyde = 4Je*U<x>u’<x)dx
e, [ o610t
- // [/ (x — y)d'(y) dy] da
- / / / J(y — x)u(z)'(y) dyde  Since J is even
- = [ [ ot aa

By changing the positions of x and y

/
= — // —u(y)u 1(f2) dydz.
R J|z—y|>e ’x - y’ 3
/
/ / —u(y)u ffz) dydzx = 0.
R J|z—y|>e |:B - y| *

In summary, we have

/ /
/ / —u(x)u 1(2 dydz = / / —u(y)u 1(28 dydz = 0,
R J|z—y|>e ‘l’ - y‘ y R J|z—y|>e ‘:IZ' - y‘

which implies that

So we know that

/R(—A)Su(x)u’(m) dr = 0.
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Proposition 2.3.4 (Modica Type Estimate). For all (z,y) € R, we have

) T
% / [ (o ) — (e, )]0 b < d, [—u / 2(r,0) dr + G(a(x,0))
0 —00
As a consequence, we have
Glu(z)) > 1 / ()2 dr, Yz € R. (2.3.2)

Proof. Consider the function

1 [Y _
oey) = 3 /0 @ () — W, ) dt,  W(z,y) € RE.

By Lemma 2.3.1, we know that

lim v(z,y) =0, uniformlyiny > 0, (2.3.3)

|z|—o00

which implies that v € L>(R3). It’s easy to see that

ve(z,y) = /Oy[ﬂx(iﬂvt)ﬂwﬂﬁ(x’t)—ﬂy(x,t)ﬂxy(x,t)]tl_zs dt,

1

v(ey) = (ry) =g y)ly

1-2s

Since div [y'™?*Vu(z, y)] = 0, we get

Emm(mu y) = _yQSilDy[y172sﬂy(m7 y)]? V(.'E, y) G Ri
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Use integration by parts, we obtain

ve(z,y) = /Oy [, (2, )LD [ =27, (2, y)] — Ty (2, )Ty (x, )] 172 dt

Y Yy
= —/ Uy (7, 1) Dy [t' %, (v, 1)] dt—/ Uy (2, 1)Uy (2, 1)t 7% dt
0 0

= TUg(z,0) 11\1‘101 27257, (2, 1) — y' 20, (7, y) (7, y)

=~y (2, 0)d; [uita(x,0) + f(1(x,0))] — y' >0y (2, y) U (2, y)

= d, |:_,U[ﬂx($,0)]2 + %G(E(az‘,()))} — ' 0, (2, ) (2, y).  (2.3.4)

Consider the function

wleas) =d. | [ @00 dr+ G 0)] < olw), Vo) € B

—00

By Proposition 2.3.2, we have lim w(x,y) =0 for all z € R, and

Yy—o0

lim [—u / ", 0)? dr+G(E(x,0))} _o.

T—00 oo

By (2.3.3), we know that w(x,y) — 0 uniformly in y > 0, as |z| — oo. Since
ve L®R2), [a(z,0)] = |u(z)| <1in R, and / |, (r,0))* dr = / W/ (r)]? dr < oo,
R R
we get w € L®(R3).

Claim I: For all (z,y) € R%, we have

div [y > Vu(z,y)] = (25 — Dy (z,p), (2.3.5)

div [y*~'Vw(z,y)] = (2s — D)y "u2(z,y).
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In fact, for Vw(z,y), we have

wey) = dy |l 0) + -G 0)| — ey

1-2

= Yy ° ﬂz(xvy) 'ﬂy(l’,y) By (234)

wy(z,y) = —vy(z,y)
= L @y — T y))

For D*w(w,y), we have

Wee(,9) = Y P U (2, 9) Ty (2, Y) + U (@, y) Ty (2, y)]
wya) = S e y) ey
P o i,y (2 ) — 2020, )Ty (5, 9)]
= D22 rey) - (e, )

+yl_28 [ﬂy(x7 Y)Uyy (T, Y) — U (2, Y) Uy (T, y)]

Aw(z,y) =y 2 [l (2, y)8y (,y) + T2, y) gy (7, y)]
2 e y) - w2 y)
+y1_28[ﬂy(3§7 Y)Uyy (7, Y) — U (T, Y) Uy (T, Y)]

(1—2s)y=2

= y' Uy (z,y)Au(z,y) + 5

’ [ﬂ121<x7y) - ai(may)]

Since div [y'~**Vu(z,y)] = 0, we know that Atu(z,y) = (2s — 1)y~ 'u,(z,y). For

div [y'72*Vw(z, y)], we have

div [y Vuw(, y)]

= yl_QsAw(L y)+ (1 — 23)y‘28wy(:1:, Y)
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P _ 1—2s)y=2 _
= y' ¥ |y 2 uy(w,y)AU(l‘,y)Jr% [l (z,y) — oz, y)]
y1—25
+(1=28)y™* S Ul (w,y) — Ua(z, y)]

= YU (x,y)Au(z,y) + (1 - 28)y" "0 (2, y) + (25 — 1)y' Ui (z,y)
= (2s = Dy "z, y) + (1= 28)y' 2w, (x, ) + (25 — Dy w5 (z, y)

= (25 =y w(,y).
For div [y*~'Vw(z,y)], we have

div [y** "' Vw(z,y)]

= y* 1 Aw(z,y) + (2s — 1)y* *wy(z, y)

. —9s _ 1—2s)y~2 _
= ) autey) + LI ) w2, )

y1723
+(25 — 1)y* 2. 5

[y (x,y) — T, y)]
= Ty(z,y)Au(z,y)

= (2s — Dy 'uy(z,y).

Claim II: w is not a constant function in R .
If Claim 1T is not true, that is, w(z,y) = w(0,0) in RZ. Since v(x,0) = 0 in R,

we have

w(0,0) = ds {—,u /w w2(r,0) dr + G(u(x,0))|, VrecR.

This implies that

(2, 0)1 = L G(a(x,0)) = —f(@(r, 0)(x,0), Vo€ R
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Since U, (z,0) = v'(z) > 0 and u(x,0) = u(z) in R, then we get pu/(z) = — f(u(z))
in R, which implies that (—A)*u(x) = 0 in R. Since u € L*>*(R), by Liouville’s
theorem for the fractional harmonic functions, then u is a constant function in R,
which contradicts with lim w(z) = £1.

r—F00

Claim IIT: w(z,y) > A := inf w(z) for all (z,y) € RZ.

2
z€RL

If Claim IIT is not true, then there exists some (2°,%°) € RZ such that

0,0 :
w(z”, =A= inf w(z,vy).
(z",y") (0)€R% (2, y)

Since «/(z) > 0 in R, then u,(z,y) > 0 for all (z,y) € @ It’s easy to see that
o1 w(z,y)

— . By
Uy (z,y)

we(z,y) = ylfzsﬂy(x,y)ﬂx(m,y) in Ri, then we have @, (z,y) = yZS

(2.3.5), we get

252 | uy(z,y)

div [y* ' Vw(z,y)] = (25 — Dy U (2, Y)

cwg(z,y), inRZ.

Hence w satisfies an locally uniformly elliptic equation in R%. By the strong
maximum principle and Claim II, we know that (z°,¢°) € JR?, that is, (2°,0) is a

boundary minimum point of w in RTi, in particular, w,(x°,0) = 0, that is,
0= —f(u(z°,0))u,(z°,0) — pw(2°,0).
Since U, (z,y) > 0 in R2, then @i, (z°,0) 4+ f(@(z°,0)) = 0, which implies that
: 125 0 _
ll}l{‘I(l) y (27, y) = 0. (2.3.6)

We consider the following two cases:
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Case I 0 < s < 5. By (2.3.5), then div [y'**Vw(z,y)] < 0 in RY. Since

w(z,y) > w(z?,0) for all (z,y) € R, by Hopf Lemma, Proposition 4.11 in [18], we
know li{‘% —y' %7, (2°, y) < 0, which contradicts with (2.3.6).
y
Case II: 1 > s > 3. By the extension, we know that li{r[l) Uy(z,y) = 0in R. Since
y

w(z,y) > w2’ 0) in R%, then

O >1 : f 251 0 )
> liminf —y wy (27, y)

1
On the other hand, it’s easy to see that w,(z,y) = 5[@3(35, y) — w2 (x,y)|y' " in

R?, which implies that

.. —2/ 0 —=2(,.0
0o > thn\lglf [ (27, 0) — U, (27, y)]

= w,(a",0) — limsup w.(z°,0)
AU

= u2(2°,0) > 0.

Therefore, we get a contradiction. In summary, we know that for all 0 < s < 1,
w(z,y) > Ain R2.

Since w(z,y) — 0 uniformly in y > 0, as |z| — oo, and w(z,y) — 0, as y — o0,
then lim  w(z,y) = 0. By Claim III, we must have A > 0 and w(z,y) > 0 in RZ,

|(z,y)[—o0

that is, for all (x,y) € ]RTi, we have

x

3 ) e )~ 2 e < | [ 00 e e o)

—00

Remark 2.3.5. Since lim wu(x) = +1, by (2.3.2), we know that nonnegative speed

r—F00
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w >0 implies that G(t) > 0 in (—1,1), and

/_:v (=AY u(r)u'(r) dr = —G(u(x)) + ,u/_x |W/(r)? dr <0, VzeR. (2.3.7)

2.4 Nondegeneracy

The following proposition the nondegeneracy of traveling wave solution, which allows

to use the implicit function theorem near the traveling wave solution.

Proposition 2.4.1. Let p € R and u € C*(R) be a solution to (2.0.1) with p.
Assume h € R and ¢ € C%*(R) satisfy

(=A)'¢(x) — p¢/(x) — f'(u(z))¢(y) + hu'(z) =0, Vo eR,

¢(0) = 0,
‘ llim o(z) =0.

Then h =0 and ¢(z) =0 in R.

Proof. By Proposition 2.1.2, we know that v(x) := u/(z) > 0 in R. We consider the
following two cases:

Case I: h > 0. For any § > 0, let ws(z) = v(x) — dp(x) in R, then wy satisfies

(=A)ws(z) — pwy(x) — f'(u(x))ws(y) = 6h'(x) 2 0, Vo € R,
w5(0> > 07

lim  ws(z) =0.
|z|—o0

Since f'(+£1) <0 and lim wu(x) = %1, we can find some fixed large Ry > 0 such

|z|—o00
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that —f'(u(z)) > 0 for all |x| > Ry. Since v(z) > 0 in R, there exists some fixed
small € > 0 such that 0 < |§] < ¢ and all |z| < Ry + 1, we have ws(z) > 0. By

Lemma 2.1.1, we know that ws(z) > 0 in R. Hence, we can define

A=sup {e>0:ws(z) >0inR, Ve (0,e)} > e.

If A = oo, that is, for all 6 > 0, we have ws(xz) > 0 in R, which implies that
¢(z) < 0in R. Since ¢(0) = 0. By Proposition 2.1.1, we know that ¢(y) = 0 in R.
Hence h = 0.

If A < oo, then wy(z) > 0 in R. Since ¢(0) = 0, v(z) > 0 in R, by Lemma 2.1.1,
we know wy(z) > 0 in R. Replace v by wy in the previous argument, we can find a
larger A’ > A such that for all 6 € (0,A’), we have ws(y) > 0 in R, which contradicts
with the definition of A.

Hence, in this case, we have h = 0 and ¢(z) =0 in R.

Case II: h < 0. In this case, let kK = —h > 0 and ¢(x) = —¢(x) in R, then it’s

easy to see that k and 1) satisfies lim ¢ (x) =0 and

|z|—o00
(=A)"¢(x) = i’ () = f'(u(@)y(z) + ku'(z) =0, Vo eR.

Applying the result of Case I, we know that & = 0 and ¢(z) = 0 in R, which
implies that, h = 0 and ¢(z) =0 in R.

In summary, we can conclude that A = 0 and ¢(z) =0 in R.



Chapter 3

Estimates of Traveling Speeds

In this chapter, we will estimate the traveling speed in terms of potential function f,
which is crucial in the proof of the existence of traveling waves. In the chapter, we
always assume that 0 < s < 1, f is a bistable nonlinearity, that is, f satisfies (1.1.3),

and G(t) = — [*, f(u) du.

3.1 Laplacian Case

In this section, let’s get some motivations from the case of usual Laplacian. As I
mentioned in Section 1.1 (see [61, 66] for more details), there exists a unique pair

(i, ) up to translation such that there exists some constant v > 0, we have

—¢"(z) — p'(x) = f(¢(x)), VreR,
¢'(x) ~ e as fa] = oo,

lim ¢(x) = +1.

r—+oo

36
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If p < 0, consider Y(x) = —¢p(—z) in R, then ¢'(z) = ¢'(—z) in R and 1—1>If P(x) =

+1. Let f(t) = —f(—t) in R, it’s easy to see that 1) satisfies

—"(x) — (=)' (z) = f(Y(x)), VozeR

In summary, without loss of generality, we can assume the speed pu > 0, and

consider the following problem:

[ —¢"(2) — pé/(2) = f(6(x)), Vz€R

¢ (x) ~ eIl as |z| — oo,
(3.1.1)
¢(x) >0, VrxeR

lim ¢(z) = +1, pu>0

\ z—+o0

Multiply ¢'(z) on both sides of the first equation in (3.1.1) and integrate from

—00 to y, we get

[ v@sw de - [ Wera= [ jea)e)

Since xEI—noo ¢'(z) =0 and w = —f(¢(x))¢'(x), we get
1 / 2 Y / 2
SWWE+n [ WP o= Gw). ek (312)

Since lim ¢'(x) =0 and lim ¢(x) = 1, by taking y — oo in (3.1.2), we get the

T—00 T—00

following Hamiltonian identity:

u/fwmw%m=0u> (3.1.3)
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Since p > 0, we have the Modica type estimate:

SR < Cow), WeR (314
which implies that G(¢) > 0 in (—1,1).

Now we are ready to estimate the speed u. If G(1) = 0, by (3.1.3), u = 0, there
is nothing to do. In the following, we assume G(1) > 0, that is, u > 0, so we only
need to find the upper bound of x. In the following, we introduce three different
approaches.

Since f satisfies (1.1.3), we know that G is strictly increasing on [—1,%], and
strictly decreasing on [tg, 1], in particular, there exists some t; € (—1,%) such that

0<G(l) <G(t), Vte (t1,1), and G(tp) = max G(t).

te[—1,1]

By translation, without loss of generality, we can assume that ¢(0) = ¢t. Take

y =01n (3.1.2), we have

[¢'(0))> = G(t)—p /_ (¢ (2))? da

By (3.1.3), we have
GO > G(t) - G1). (3.1.5)
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Proposition 3.1.1. For any t € (t1,1), we have

1S 1z =1,
"= RCD - G

Proof. Since lim ¢'(x) =0, by (3.1.5), we know that there exists some zy € R such

|z|—o00

that

¢'(x0) = sup ¢'(x) > ¢'(0) > V/2[G(1) - G(1)],

zeR

which implies that ¢”(zo) = 0. By (3.1.1), we get

(@) _ Mlleg-ry o Ifllery
dwo) —  #0) T V2GH - GO]

Remark 3.1.2. The approach of Proposition 3.1.1 involves the Hamiltonian iden-
tity (3.1.5) and the relation between ¢'(x) and ¢"(x) which is very special for the

Laplacian.

Proposition 3.1.3. For any t € (t1,1), we have

B+ vVB? +4AC

<
O<ns 2A !

Where

A=G(t) - G(1), B=f(OV2GD), and C = || |1 - G(L).
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In particular, we have

G(1
0<p< \/Hf’HLw([—LtoD ' m

Proof. Multiply ¢”(x) on (3.1.1) and integrate over (—o0,0), use the integration by

parts, then

/ Ooo[qs”(:v)]? iz = / #"(2)¢'(2) du — / e

Since > 0, by (3.1.5), we obtain

plG () — G(L)]

l\DIt

/ £

0
Let’s estimate — / f(p(x))¢" (x) dz. Use the integration by parts, since lim ¢(z) =

T—r—00

—1 and f(—1) =0, we obtain

- / FO@)d' (@) de = —f(o(e))d (@) + / §(@) ' (6(2)) () da
— —F()0) + / F @) (@) de

For —f(t)¢'(0), by (3.1.4), we get

| = f(£)'(0)] < |f(1)]V2G(t)
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[ 1P @P d < 1l [ 6@ da
< N F e -1, R[qa(x)]? dzx
= [z (-1 % By (3.1.4).

In summary, we have

HG(t) — G < 1FOIVED + 1 (e G“

Since p > 0, we get
[G(t) = GI* = [FOIV2G O] = 'l e(-10) - G(1) <0

Let A = G(t) — G(1), B = |f(t)|\/2G(t) and C = || f'||oo(-1,9) - G(1), then we
have Ap? — By — C < 0, which implies that

< B+ VB2 +4AC
- 2A

The third approach is quite similar to Proposition 3.1.3, but it gives different

estimate.
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Proposition 3.1.4. For any t € (t1,1), we have

B+ vB? +4AC

<
O<ns 2A !

Where
A=[G(t) -G, B=I[f®)IG1)V2G(t), and C = || f'llze(-1. - [G(1)]*

In particular, we have

, G(1)
O <= Il Gay—amy

Proof. Multiply ¢"(z) on the both sides of (3.1.1) and integrate over (—oo,0), use

the integration by parts, then

/_iow"(xn?dx - —u/o ()¢ (@) dl"/o e
= __|¢ / fo
- g - / F0()¢ () da

< - / F(6(x))¢" () dz, Since 1, ¢'(0) > 0

By the proof of Proposition 3.1.3, we have

G(1
/ F(6(@)d" () dr < |FBIV2EWE) + 1 (s - L)
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So we get

/_ [ (2)]* do < | f(t)|/2G(t) + [f oo (-1, - #

By (3.1.5), use the Cauchy-Schwarz’s inequality, we get

G(t) — G(1)

IN

SO

- — ¢"(z)¢'(x) dz  Since EIEI @' (z) =0

]1W@W¢4ﬁ[;mewr

IN

[ wr ] [[wer e

lﬂmwﬂ@+wmﬂHm‘fqﬁGmr,By@my

L

IN

IN

Since > 0, we get
[G(t) = G? = [fOIGMV2EWB)] 1~ | -1 - [GL) < 0.

Let A = [G(t) — GO)P, B = |f()]G(1)y/2GT and € = |l ray - [GO)P
then we have Au? — By — C < 0, which implies that

1< B+ vB?+4AC
- 2A

Remark 3.1.5. The approaches of Proposition 3.1.8 and Proposition 3.1.4 involve
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the Hamiltonian identity (3.1.5) Modica type estimate (3.1.4),. These two approaches

will be used in Section 3.2 to estimate the speeds with fractional Laplacians.

Remark 3.1.6. For the lower bound of u, by the Hamiltonian identity (3.1.3) and

Modica type estimate (3.1.4), since ¢'(x) >0 in R and lim ¢(x) = 1, we have

r—+oo

L Gm c() __Gn
Jl6@Pde = [ 2/Go0@) - o(x) dr 2 [, \/GO) dt

3.2 Fractional Laplacian Case

By the discussion for the Laplacian case in Section 3.1, in this section, we can assume
that f is a unbalanced bistable nonlinearity such that — f_ll f(t) dt > 0. So we only

need to consider the following problem:

(=A)u(z) — ' (z) = flu(x)), VreR,
u'(x) >0, VreR, (3.2.1)

lim w(x)==+1, p>0.

r—+o0o
Since p > 0, by (2.3.2), we have G(1) > 0. Since f satisfies (1.1.3), we know that
G is strictly increasing on [—1,%], and strictly decreasing on [to, 1], in particular,
there exists some t; € (—1,%g) such that

0<G(l) <G(t), Vte(t,1), and G(tp) = max G(t).

te[—1,1]

For any t € (t1,1), by translation, without of generality, we can assume u(0) = t.

Multiply «'(x) on the first equation of (3.2.1) and integrate over (—oo,0), use the
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integration by parts, we have

—/ (A u(x)u'(z) de = — [ flu(z))v'(z) dw—u/ [/ (2)]* dz

—00 —00 —00

AV
Q
=
|
=
T
=
0
)
<y
=

By Proposition 2.3.2, we have
0
Glt) — G1) < — / (—A)u(e)d (z) dr. (3.2.2)

Remark 3.2.1. The formula (3.2.2) is the counterpart of (3.1.5) in the Laplacian

case. Notice that in the Laplacian case, we have

- [ o @Id ) da = S0 O

—00

Now we are ready to estimate the speed, but we need to separate to three parts:

0 < s < 1/2 (supercritcal), s = 1/2 (critical) and 1/2 < s < 1 (subcritical).
Proposition 3.2.2. Let 0 < s < 3, then for all t € (t1,1), we have

2015 -9 2018 1-2 (1)
—_ 1) < —== S 1 7 . s, 7 .
Gt) = G(1) S R ™[t 4+ 1)+ =R GM . VYR>0
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In particular, we know that

Proof. For any R > 0, then

s _ u(z) — u(y)
u(x) — u(y) . 1
pu— _— —ee d —
CLS/R o — y Since 0 < s < 5
+ J—
= Cl,s/ u( |ZTI>+QSU(:C) dz Let y=2+ 2
R
u(z + z) — u(x) / w(z + z) — u(x)
= C 5/ dz + Oy 4 dz
: l2|<R ||t +2s 8 l2|>R |zt +2s

For C ¢ u(x + 2) — u(@) dz, since |u(z)| <1 in R, then
" JizizR ||t +2s

u(x + z) — u(x) 1
C1,s/ 1425 dz < 20175/ 151425 dz
|2|>R || 21> ||

* 1
= 40178/}% 21+2S dZ

_ 201’5 R72S

S

For C 4 u(x + 2) — u(@) dz, since u/(x) > 0 in R, then
" Jlz<r 2|12

‘Z|1+2S |Z’1+28

1
1

CLS/ / U (x +t2) - o dzdt
0 JizI<R E

. / (e +2) —u(w) o / Jo ' (x + t2)z dt .
|z|<R |z|<R

IN
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Hence we know that
2 ! 1
—(=A)u(z) < &Rds + C'l,s/ / U (x +t2) - 5o dzdt, VreR
s 0 J|z|I<R |Z| 3

Since «/(x) > 0 in R, multiply «/(x) on the both sides of the above inequality, and

integrate over (—oo,0), we get

[ Caruene

— 00

dx
0 2 s 1 1
< / [iR% + Cl,s/ / u'(x +t2) - e dzdt} ~u'(x) dw
—00 S 0 J)zI<R |Z| 3

20, —2s 1 e / /
= —=R “t+ 1]+ Cis e u(z+tz) - u'(x) dedt| dz
|z|<R 0 J—

S

0
For / u'(z +tz) - u'(x) dx, by Cauchy-Schwarz’s inequality, then

/0 Wz +tz) - (z) de < [/0 Wz t2)]? dmr | [/0 o dxr

—00 —00 —00
1

< [/R[u/(x + ) dxr . [/R[u'(a:)]Q dx} 2

= /}R[u’(x)]2 dx

G(1
= Q, By Proposition 2.3.2.
i

So we get

1 1 0
Cl,s/ ER [/ / (x4 tz) - (x) dedt| dz
|z|<R 0 J—o0
1

1
S Cl,s/ 5 |:/ G<1) dt:| dZ
s<r 121 Lo w




1) (%1
= 20175'&/ —dZ
0

1 223
2 1
_ s RI7%. ﬂ, Since 2s < 1.
1—-12s L
In summary, we get
0 2C 5 2C) 5 G(1
—/ (=AY u(z)u (z) de < =Rt 41] + ﬁ R L, VR >0

o S — 25 1

By (3.2.2), we get

48

0
Git)—G(1) < —/ (—A)u(z)u(z) do
2 2 1
< Cl’SR‘ZS[t+1]+ Cro g G gy
S 1—2s I
5 2015 s _ 20, 1-2s G(1) . _ plt + 1]
Let’s take . R [t+1]—1_28 R . , that is, R = SG(l),thenwe
obtain
4015 1-2s G<1)
_ < _Ths N\
Git)—G(1) < T 9s R p
ACL (1) G
 1-2s sG(1) L

B 40175 t+1 1-2s M —2s
125 s G(1) ’

which implies that
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Remark 3.2.3. When 0 < s < 1/2, the point-wise estimate of (—A)*u(x) is the most

important part in the proof of Proposition 3.2.2

For the case s = 1/2, the following lemma tells us the energies of u, and %, in

direction are the same, which is crucial in the estimate of speed p.

Lemma 3.2.4. Let s = %, and T be the 1/2-harmonic extension in R% of u. Then

we have

/R[m(x,y)]? dx = /[ﬂy(:lr,y)]2 dx, Yy >0.

R
Proof. Since —Ti,(x,0) = (—A)zu(x) = pu'(z)+f(u(z)) n R, v’ € L2(R) and Remark
2.2.3, we know that u,(-,0) € L*(R). Since @ is harmonic in R? , then @, (-, y) € L*(R)

for all y > 0. In particular, we can consider the function

bly) = / @ (2,y) — (e, y)ldz, Yy > 0.

Differentiating ¢) and using integration by parts, we get

W) = 2 / (2, )y () do — 2 [ (e, )iy (2, y) do

ﬂy (Z’, y)amz (.fll', y) dx

—

Y—00

Claim I: lim [ |Va(z,y)|* dz = 0.
R
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1 Yy .
Let P(z,y) = Py 1(z.y) = T in R%, we get
1 y?
2 —
IPC e = 5 | g &
1
= — — 0, asz— oo.
2my
By Young’s inequality, we have
(s )o@y = PG y) * 'l
<

1P )2 - 1wl my

— 0, asy— oo.

Look at @, (z,y), by Proposition 2.2.2, we know that there exists some constant

(' > 0 such that

[Ty (. 0)] = [(=A)2u(x)] = | (x) + f(u(@))] <

Since u, is harmonic in ]R%r, so there exists some constant C' > C > 0 such that

_ C )
|t (7, y)| < oy V(z,y) € R2.
i 1 1 t Zy z . .
Since — = — = , we know that —— and are harmonic in
2wty a4y x? + y? 22 4 y?
Clx+y+1)

R?. Let v(z,y) =

Cy <C(1+x)
1+ = 1422

. . . 2 —
PR Y 1) we know that v is harmonic in R* and %+, (z,0) <

= v(z,0) for all x > 0 and £, (0,y) < % = v(0,y) for all
)
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x > 0. By the weak maximum principle, we know that

Clr+y+1)

+u,(z,y) <v(z,y) = 22+ (y + 1)’

Vz,y > 0.
Cly+1—ux)
? + (y +1)?

= w(z,0) for all z < 0 and £7,(0,y) < % = w(0,y) for all y > 0. By
Y

<

Let w(z,y) =

C(1—ux)
1+ 22
the weak maximum principle, we know that

C
, we get w is harmonic in R? and +71,(z,0) < 1 !
—x

Cly+1—ux)

Uy (7, y) < w(z,y) = 24y

Yy >0, Ve <0.

In summary, we have

i, (2,9)] < Cly+1+|z|) C
y\H Y >

. V(x,y) € R,
2T Seyry) (@ ek

Notice that

/‘ 1 d</ L o= -
— __dz < | ——dx = — , asy — oo.
r|(z,y+ 1) g 2 4 1> Y

So we know that ||, (-, y)|| L2y — 0, as y — oco. In summary, we have

lim / |Vau(x,y)|? dv = 0.
R

Yy—00

By Claim I, we get ¥(y) = 0 in R, which completes the proof.

Remark 3.2.5. Lemma 3.2.4 tells us that [,[(—A)2u(z) da is controlled by [, |u'(z)|? da,



in fact, they are equal.
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Proposition 3.2.6. Let s = %, then for any t € (t1,1), we have

0<pu<

G _ G
G(t) — G(1) = Glto) -~ G(1)

Proof. Let uw be the 1/2-harmonic extension of u, by Cauchy-Schwarz’s inequality,

then we know that

So we get

IN

IN

/_zo Uy (2,0) - u'(z) dz

[ oo ] [ e a)
:/R[ﬂy(x,())]2 dxr - [/R[u'(x)]Q dxr
] 1

: /R (a2, O der| - [ /R ()] dx} * By Lemma 3.2.4
JIERE

G

, By Proposition 2.3.2.

— f?m(—A)%u(x)u’(x) dx
G(1)

ORIl By (3.2.2).
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Proposition 3.2.7. Let % < s <1, then for any R > 0, we have

B+ vB? +4AC
2A

<
where

_ Al lleqy  prezs g o 2 GG e

) 2-2s
-R .
2s — 1 1—s

A=G(ty) — G(1), B

Moreover, we have

8C . 5 s 1—2s
[Hchl([—l»ll) ) 2;1] ’ (215—1) ’
G(to) — F(1)

O<p<

Proof. Multiply (—A)*u(z) on the both sides of (3.2.1) and integrate over (—oo,0),

we have

[ Caru@r = [ -ayu@u do [ ful)-a)ul) de

—00 —00

Since u(0) = to and p > 0, by (3.2.2), we have

0 < plGlt) = GI)) <~ [ (~A)ule)(e) da

— 00

= [ A U + Sl D) ule) do
— [ s oy do- [ (-APu@] da
< [ fu@)(ayue) d

—00



In particular, we know that

0
Now let us estimate / fu(z))(=A)*u(z) dz, for any R > 0, we have

/(; fu(@)(=A)Yu(x) dz = Cig [/(; f(u(x)) AﬂyPR% dydz
+ [ sty ey / |R% dydz]

" u(r) — ufy)
For /_Oo f(gb(x))/' To— g dydz, we have

vyzR |T—

/_ (@) /| s —Tﬁ;ﬁéﬁ dyda

= / f(u / ua:)_?(;c—i_z)dzdx Let 2=y —=x
|z\>R |Z|+S

_ / / f(u x) —u(z + 2)] dnds
l2[>R |Z|1+25
= / / / fu@hi @ 2 12)2 4.
2> IZI 2

||f||C([—1,1])/ 2|72 [/ / "(x +tz) dxdt] dz
|z]>

||f||C([—1,1])/ |2| 7% [/ /u(w+tz) dxdt] dz
|z|>R 0o JR

= QHfHC([_Ll])/ ‘Z|72S dz Since lim u(l‘)::tl
|z|>R

IN

IN

r—F00

4HfHC([_171D . RI—QS

95 — 1 , Since 2s > 1.
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For /0 f(u(z)) P.V. /| | R% dydx, then
—00 z—y|<

P.V. / M dydx
|

0
flu(z
/oo ( ( )) z—y|<R |x_y|1+28
0 —
= / f(u(x)) PV./ uz) ?(;E—'—Z) dzdr Let z=y—=x
| |<R | 2|12
o
= / ue +2) - lif) wiz)z dzdz
l2|<R ||t +2s

/ f(
Lo (x +tz)
_ N flu o Z|1+25 -z dtdzdx
0 1 /
t
_ / Flu / / / ﬁ;gz tz -z drdtdzdz
—o0 |z|<R z
0 Ly (x +rtz)
/ f(u / / / PE - t2? drdtdzdx
|z|<R z
/ / / tlz|t 25/ fu()u"(x + rtz)dxdrdtdz.
|z|[<R

0
For / fu(2)u"(x + rtz)dz,since lim  f(u(z)) = f(—1) = 0, use integration

T—r—00

by parts, then

/ fu(x)u" (x + rtz)dx

= —flu(@)(z +rt2)]° + / [ (u(x)u (2)u (z + rtz) de

= —f(u(0))d/(rtz) +/_ I (uw()u' (2)u' (x + rtz) do

— /_ ' (u(x)u (2)u' (x + rtz) dz, Since f(ty) = 0.
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So we get

/0 f(u(z)) P.V. M dydx

o—yl<r [T —y[T?s
1 1 0
= _/ / / 2f|Z’128/ f(u(x)u' () (x + rtz) dedrdtd:z.
lz|<r Jo Jo oo

By Cauchy-Schwarz’s inequality, we get

/_ f(u(z)) P.V. / Lmi(i) dydx

v—yl<R T —

— /|Z|<R /01 /Olt]z\12s /_io f'(u(x))¢' (x)u' (z + rtz) dedrdtdz

1 1
< Hf'||0([_1,1])/ // \z|125/u’(m)u’(m+rtz)dmdrdtdz
izl<r Jo Jo R
1 1 % %
< Hf/||0([1,1])/ / / 2|2 {/[u’(:zc)]2 dm} . {/ [/ (z + rt2)]? dx] drdtdz
zl<r Jo Jo R R
= 1Moo [ e
|z|<R
!
_ 1
< m - R?72%5. w, By Proposition 2.3.2.

1—s5 "

In summary, we get

Nflleqry oo, W leqry o0 GQA)
_ Dl < R Ll et Vet e VAN S ARSIt Vet e DAY s, 7
plG(t0) = G < - | TG T Ry BECR . e 2

Let

_ 4G flleq-1y
2s —1

_ Cl,sG(l)Hf/HC([—Lu

) P2—2s
R )
1—s

A=G(ty)—G(1), B LR and C
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C
Then we have uA < B 4+ —, which implies that
1

B+ VB2 +4AC

<
o= 24

By the previous proof, we know that

[ oy
/ f(u

< —A)u(z) do
S 15 ZWHC—II]RI 25 Hf HC[ 11)R2 23 G(l)
’ 2s —1 1-s5 I
_ 40 1mas | 25— 1 5 5 G(1)
= [[fllerq=1 SP— {R + T R |
2s —1 1 1 —
Let R'72% = S—R2_2S . —G( >, that is, R = S , then
— S 2s — 1 (1)

0 40, _
[ lEars@r e < 2l 5 R
— 1l Chs (1=s n )T
- W ED T T \2s— 1 G(1) '

By (3.2.2), use the Cauchy-Schwarz’s inequality, then

[ caraora) | wwr %

i 1— 1-2s
||f||01([_1 1}) ) 80173 . S . /’[’
" 2s—1 \2s—1 G(1)

G(to) — G(1)

IN

I
| — |
—

=]
s
i
Q.
g
| I

IN




o8

11 1-2s
= [flea g | (525 g ) T /A
G a1 \2s—1 G 0
By Proposition 2.3.2
I [H (s ) o)
G =1 T\2s—1 7
1 1-2s s
= ||f||1 8Cu |* (1=s) * (G
G g1 T\2s—1 o)

which implies that

Mﬂmmmr%ﬁr'@iy$
G(to) — G(1)

0<p<

Remark 3.2.8. The key part in the proof of Proposition 3.2.7 is the estimate of
wa[(—A)Su(x)]z dx, this approach is similar to Proposition 3.1.4. It’s interesting to
know whether we can get a similar estimate in terms of t € (t1,1) not only ty, because

we use f(to) =0, but f(t) # 0 othert € (t1,1).

Remark 3.2.9. All proofs in Proposition 3.2.2, Proposition 3.2.6 and Proposition

3.2.7 only use the Hamiltonian identity in Proposition 2.3.2.

By Proposition 3.2.2, Proposition 3.2.6 and Proposition 3.2.7, we have the follow-

ing summary.

Theorem 3.2.10. For any 0 < s < 1, there exists a constant C > 0 which only
depends on s, the upper bound of || f||c1(-1,1]) and the positive lower bound of G(ty) —
G(1) such that

0<pu<CG(1).
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Remark 3.2.11. For the lower bound of speed i, by Theorem 3.2.10 and the regularity
theory for the fractional Laplacians, we know that there exists some constant C' >
0 such that ||ul|crwy < C. By the Hamiltonian identity, Proposition 2.3.2, since

lim w(z) =+1, we know that
r—to0

_ GO G1l) G
o Jo [/ (2)]? da = C [pu'(z)de  2C°




Chapter 4

Existence of Traveling Wave
Solution

In this chapter, we use a continuation argument to prove our main theorem, Theorem
4.2.1, which shows the existence of traveling wave solution to all bistable nonlinearity
(balanced or unbalanced). By using the estimate in Chapter 3, we will show that the
traveling waves uniformly converge at infinity if we perturb the bistable nonlinearity
linearly, see Section 4.1 for more details. This result will allow us to control the decays

of a family of traveling waves.

4.1 Uniform Decays at Infinity, and Linear Depen-
dence of Speed

In this section, we assume that f,g € C3(R), f has only three zeros m_ < mg <
my in R, f/(my) < 0 and f'(mg) > 0. Let F(t) = _fjm, f(u) du and G(t) =

_fjm, g(u) du.

60
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For any h € [0, H], let Fj,(u) = F(u)+hG(u) and fr(u) = —F) (u) = f(u) — hg(u)
for all w € R. By the Implicit Function Theorem, there exist some small constants
Bo > 0and 1 > &y, Hy > 0, and differentiable functions m_, mgo and m, on [— Hy, Hy

such that for all h € [—Hy, Hy|, we have

e The function f;(u) := f(u) — hg(u) has only three zeros m_(h) < mgy(h) <

my(h)in [m_ —1,m, +1].
° m,—50<m,(h) <m,+50<m+—50<m+(h) <m++50.
o fi(u) < =Py, Vuem_—dy,m_~+ d)Jmy — do, my + do).

. max |Fp(u) — Fyp(my(h))| > max |F(u) — F(my)| > 0.

1
ue[m_féo,m++50] 5 ue[m_75o,m++50]
For any s € (0,1), h € [—Ho, Ho|, let (un,¢n) be the solution of the following

problem:

(=A)*¢n(x) = pndp () = fuldn(z)), VreR,

& (x) >0, VzeR, (4.1.1)
im g (z) = m(h), op(0) = m_ + do.

By Theorem 3, there exists some constant Cy > 0 such that

|,Uh| S C(), Vh € [—Ho,Ho]. (412)

Lemma 4.1.1. There exists some Ry > 0 and Hy € (0,H) such that for all h €
[—Hy, Hi], we have

¢h(x) > my — 60, Vx > RO.

Proof. Assume the statement is not true, that is, there exists some sequences {hy}

and {zy} such that hy — 0 and 2 7 o0, as k — oo, and ¢, () < my — &y for
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all k > 1. Since |ui| < Cy for all k£ > 1, by the regularity theories for the fractional
Laplacian (see [11, 45, 46, 57, 58]) and the Ascoli-Arzela theorem, for any « € (0;1),
up to subsequence, we know that there exists some constant p and function ¢ € C?*(R)

such that pp, — p and ¢gp — ¢ in C>*(R), as k — oo, which implies that ¢ satisfies

loc

(—A)d(x) — pe'(z) = f(¢(z)), VreR,
¢(x) >0, VreR,

m_—50§gb(x)§m++(50, V£L'€R7

¢(0) =m_ + 50.
Since ¢'(z) > 0 and m_ — §y < ¢(x) < my + Jp in R, then there exist some
LT, L™ € [m_ — dp, m4 + do| such that

lim ¢(x) = L*.

r—+o0

Since f has only three zeros m_, mg and m, and ¢(0) = m_+dy, by a compactness

argument, we know that

L~ =m_, and L% € {mgo,my}.

If LT = my, since f'(m-) < 0 and f'(mg) > 0, that is, f is a Fisher-KPP type
nonlinearity in [m_, mgl, so we get a traveling wave solution for a Fisher-KPP type
nonlinearity, which is a contradiction with the result in [16, 38]. So we must have
LT =m,.

Since 1, — ¢ in CZQO’S‘(R), as k — oo, we know that there exists some large R > 1

and K > 1 such that ¢x(R) > my — & for all & > K. On the other hand, since
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xE — 00 as k — oo, then there exists some large K’ > K > 1 such that z;, > R for
all k > K'. Since ¢} (z) > 0 in R, we have ¢(x) > ¢p(R) > my — g for all k > K,

which contradicts with our assumption.

Theorem 4.1.2. There exists some constant C' > 0 and R > 0 such that for all

h € [—Hy, Hy|, we have

0 < ¢)(z) < ¢

— ’$‘1+2s’

Vx| > 1.

In particular, we have

h—0

iy [ 0@ do = [ o) do
Proof. Let p(z) = ¢}, (x) > 0 in R, by Claim I and the assumption of 3y, we have
(=A) (@) — it () = f'(@n(@))¥n(x) < —Pobn(z),  V|z| = Ro.

Let v, ¢y and f; be the functions in Section 2.2, since |up| < Cj for all h €

[—Hy, Hy], then

(—=A)pi(x) — pnpy(x) + Bowi(z)
= filv(@))pi(z) — pai(z) + Popr()

> [Bo+ filve(2)]e(z) — Copy(z), Vz €R.

Since By > 0, lim wv,(z) = £1 and f/(+1) = —1, then there exist some large
z—

+oco
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Ry > Ry and large Ty > 1 such that

o+ fr(on(2) 2 3. Vel 2 R

Since ¢r,(x) > 0 in R, by (2.2.1) and Lemma 2.2.1, then there exists some large
R > R, such that
Bo

?SOTO(JZ) - COSO/TO(JZ) > O’ \V/|ZE| > R.

Hence we have

(=A)or, () — e, (2) + Boer,(z) >0, V|z| > R.

For any § > 0, let ws(x) = dpq (z) — ¢}, (x) in R, since |u| < Cy in [—Hy, Hy], by
the regularity theories for the fractional Laplacian, there exists some constant C; > 0
such that ||¢y||c1ry < C for all h € [—Hy, Hy], which implies that we can take § > 1
large enough such that

inf ’LU(;(Z') > 0, Vh € [_Hla Hl]
|z|<R+1

So wy satisfies the following problem:

(=A)*w;(x) — prwy(z) + Bows(x) >0, Vl|z| > R,
ws(x) >0, V]| < R+1,

lim ws(z) =0.
|x|—o00

By the same proof as Claim I in the proof of Proposition 2.2.2, we know that

ws(z) > 0in R, that is, for any h € [—Hy, Hy], we have ¢} (z) < dor,(x) in R. So by
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(2.2.1), we know that there exists some constant C' > 0 such that

C

|x|1+287

V|h| < Hy, and V|z| > 1.

Theorem 4.1.3. If f is a balanced bistable nonlinearity, that is, F(m,) = F(m_) =

0, then
lim Mt — —G(m+) .
=0 b [o|do(x)]? du

Proof. Notice that since F(m_) = F(m,) and f(m4) = 0 by L'Hospital’s rule, we

have

Fn(my(h)) = Fp(m_(h))

lim

h—0 h
- Jim (”””“” ) e ) - G(m_<h>>1)

= —f(my)ml (0) + f(m-)m_(0) + lim [G(m (h)) — G(m_(R))]

= G(my)—G(m_).

By Theorem 4.1.2, we have

lim £ — Gmy)

0 b fn do(2))? da

Remark 4.1.4. The proofs of Lemma 4.1.1, Theorem 4.1.2, Theorem 4.1.3 also works

for the Laplacian. For Theorem 4.1.2, we can consider the function v(z) = tanh \%
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and p(x) = v'(x) in R, where v is a layer solution to the Allen-Cahn equation:
—v"(z) = f(v(z)) in R with f(t) =t — 3, then we get a uniform exponential decay

at infinity.

Remark 4.1.5. For the case of phase field, that is, for any balanced bistable potential

F and G(u) =u+1 in R, we have

pn My —me
=0 b [o|oh(x)]? dx

Remark 4.1.6. For the case of the conver linear combination, that is, for any bal-
anced bistable potential F and unbalanced bistable potential F, let G(u) = F(u)—F(u)

m R, then we have

. fin F(m.)

lim — = ————.

ho0 b Jo 06(2)]? dx

Example 4.1.7. Let f(u) = 2u(l — u?) for all u € R, then f is a balanced bistable
nonlinearity. By the Implicit Function Theorem and L’Hospital’s rule, for sufficiently

small h > 0, there exists m_(h) < mg(h) < m(h) such that

flm_(h)) = f(mo(h)) = f(mi(h)) =h

. m0<h) o / o 1 o l
= =m0 =55 73
m—<h)+m+(h) _ / / _ 1 1 _ 1_1__1
o h Ay TS 76y Bl il Bl
Define

¢n(x) = m-_(h)+




(

Direct computations show that

—i(x) — i (x) = F(on(@) — b
o) ) ()

Vr e R

cexp (=[my(h) —m_(h)]zx) >0,

[1+ exp (=[my(h) —m_(h)]x)]?

lim  ¢p(z) = me(h).

\ T—+oo

And we have
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Vr e R

Since lim [my(h) —m_(h)] = 2, by dominated convergence theorem, we know that

ANO

i [ 6@ o =

V)

Hence we have

my —m—

e [oh(@)[? de —

[ tenfa)? do

. —2z 2

/R(u i]) *
4x

16/]1%—[6291L 1]4 dx

8/0 [yf 1]4 4y

U e | mr

T2

Wik N
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4.2 Existence of Traveling Wave Solution

Theorem 4.2.1. For any 0 < s < 1 and bistable nonlinearity f € C*(R), i.e.,
f satisfies (1.1.3), then there exists a unique pair (p,u) as the solution to (1.2.3).
Moreover, u/'(x) > 0 for all x € R and there exists some constant C > 0 which only
depends on s and f such that

c! C

/
|z [12s <u'(z) < |z[1F2s

Vx| > 1.

Let G(t) = — ffl f(u) du, by the result in [19, 17], Theorem 1.2.1, and the discus-
sion of the sign of p in Section 3.1, in the following, we can assume f is unbalanced
and G(1) > 0.

Now take any fixed fy = —G}, € C*(R) which is a balanced double well potential
such that Go(t) = G(t) for all t € [—1,t9]. Let G; = G, for any 0 < 0 < 1, we
let Go = (1 —0)Go + 0G, and fp = —Gj. It is easy to see that for all § € (0, 1),
Gy is a unbalanced bistable potential, i.e., fy = —Gj satisfies (1.1.3). Moreover,
Go(1) = 0G(1) > 0 for all 6 € (0,1].

Since Gy is a balanced bistable potential, by the result in [19, 17], Theorem 1.2.1,
we know that there exists a a unique solution g = ug € C?*(R) of the following

problem:

(—A)g(x) = folg(x)), VzeR,
g (z) >0, VreR,

lim g¢g(x) =41, g¢g(ty) =0.

r—+o00
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Hence we will consider the following problem:

(—A)*ug(x) — pouy(x) = folue(x)), Vr €R,
up(z) >0, VreR, (4.2.1)
lim  wy(y) = £1, wup(0) = to.
y—too
Let vg = ug — up in R, then (4.2.1) is equivalent to the following problem:
(—A)*vg — pgvy — pog’ + (=A)°g — fo(vo+9)) =0, z€R,

lim wy(z) =0,
|x|—o00

U@(O) =0.

For any 0 < a < 1, we consider the function space:

Cy*(R) = {U € CR): v(0) =0, lim v(z)=0, -1 <wv(x)+g(x) <1, in ]R} :

|z|—00

We define the following operator S : [0,1] x R x Cp*(R) — C*(R) given by: for

any 0 <6 <1, u € Rand v e Cp*R), we have
SO, v) =v—p(=A)"7" = p(=A)7¢ + g — (=A)*[folv + g)].
It is easy to see that S is C"', and for all h € R and ¢ € C}*(R), we have
DyuwS(0, 1, 0)[h, @] = ¢ — h(=A) 70" = u(=A)7°¢" = h(=A)"*¢" = (=A)*[f3(v + g)¢].

Proof of Theorem 4.2.1. Let’s define the solution set 3 C [0, 1]: 6 € X if there exists

tg € Rand vg € C2*(R) such that S(6, pg, v9) = 0. By taking § = p = 0 and v(z) = 0
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in R, by the assumption of g, we see that S(0,0,0) = 0, that is, (0,0,0) € >, in
particular, we know that ) is a nonempty subset of [0, 1].
Claim I: ) is open in [0, 1].

If0 €, let up(z) = vo(z)+g(x) in R, that is, uy is a solution of (4.2.1). Assume

that there exist 2 € R and ¢ € Cp*(R) such that D, ,S(8, pg, ve)[h, ¢] = 0, that is,

(=A)°¢(z) — po¢'(x) — hug(x) — f(ue(x))p(z) =0, =z €R.

By Proposition 2.4.1, we have h = 0 and ¢(y) = 0 in R, which implies that
D, ,S(0, p1, ug) is injective. By the implicit function theorem, ) is open in [0, 1].
Claim II: ) is closed in [0, 1].

Assume that there exists a sequence {0;}72; C > such that 6, — 60, as k — oc.
If @ = 0, are done. If > 0. Let ug(x) = vy, () + g(z) in R. By Theorem 2.1.3, we
know that for each 0y, the speed g, and the solution vy, are unique. By Proposition
2.3.2, we know that py > 0 for all £ > 1.

Since Gy(t) = G(t) for all t € [—1,t], then Gy, (t) — Go, (1) = G(to) — 0:G(1) >
G(tg) — G(1) > 0. By Theorem 3.2.10, we know that there exists some constant
Cy > 0 which just depends on s, Gy and G such that 0 < pg, < C) < oo for all
k > 1. By the regularity theory for fractional Laplacians (see [11, 45, 46, 57, 58]) and
the bootstrap method, we know that there exists some constant C' > 0 which just

depends on s, Gy and G such that

HUkHCQ,a(Rn) < C, VEk > 1.

Taking any fixed ¢, € (fo,1), since lim wug(z) = £1, there exists some y, > 0

r—+o0
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such that ug(zg) = t. for all & > 1. Let wi(z) = ug(x + zx) in R, wy solves the

following problem:

(=A)wi(x) — po,wi(x) = fo (wi(z)), z€R,
wi(x) >0, z€eR,

lim wg(z) =+£1, wg(0) =t..

r—F00

Moreover, we know that ||vg||c2.e@ny < C forall k > 1. By Ascoli-Arzela Theorem,
there exists a subsequence of py > 0 and {wy}3;, which is still denoted the same,
such that up, — pp and wy, — w in CZ.(R), as k — oo. In particular, w solves the

problem:

(—A)w(z) — pow'(x) = fo(w(z)), z€R,
lw(z)] <1, z€eR,

w'(z) >0, zeR, w(0)=rt,.

Since w'(x) > 0 and |w(z)| < 1 in R, there exist some constants L* such that
w(zr) — L*, asx — 400, and —1 < L~ <t; < LT < 1. By a compactness argument,

we also see that f(L*) = 0. Hence L' = 1. Since pp > 0, by Proposition 2.3.2 we get

g / ! (2)]? dy = Go(L+) — Ga(L7).

By a compactness argument, we know that both L™ and L~ should be zeros of
Gy, which implies that L* € {—1,ty,1}. Since g > 0, we get L~ = —1 and LT = 1.
Hence w is a solution to, that is, # € > . Hence Y is closed in [0, 1].

By Claim I and Claim II, we know that Y = [0,1]. That is, for any 6 € [0, 1],
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S(#,-,-) has solution, which implies that (4.2.1) has solutions. The asymptotic be-
haviors at infinity of solution to (4.2.1) follow directly from Proposition 2.2.2.

In summary, we know that for any bistable nonlinearity f € C?*(R) (balanced
or unbalacned), i.e., f satisfies (1.1.3), then there exists a unique pair (u,u) as the
solution to (1.2.3). Moreover, u/(z) > 0 for all z € R and there exists some constant
C > 0 which only depends on s and f such that

c! C

/
|JI|1+25 S u (I) S |{L‘|1+287

Remark 4.2.2. The continuation arguments have also been used in the study of
nonlocal problems in [5, 30], where a family of operators is used to connect nonlocal

operators to the classical elliptic operators.

Remark 4.2.3. Our main results, Theorem 4.1.2 and Theorem 4.2.1, are exactly the

Assumption 2 in [44] which studied the phase field theory for the fractional Laplacians.
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