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Abstract

The Data Envelopment Analysis (DEA) efficiency score obtained for an indi-
vidual firm is a point estimate without any confidence interval around it. In recent
years, researchers have resorted to bootstrapping in order to generate empirical
distributions of efficiency scores. This procedure assumes that all firms have the
same probability of getting an efficiency score from any specified interval within
the [0,1] range. We propose a bootstrap procedure that empirically generates the
conditional distribution of efficiency for each individual firm given systematic fac-
tors that influence its efficiency. Instead of resampling directly from the pooled
DEA scores, we first regress these scores on a set of explanatory variables not
included at the DEA stage and bootstrap the residuals from this regression. These
pseudo-efficiency scores incorporate the systematic effects of unit-specific factors
along with the contribution of the randomly drawn residual. Data from the U.S.
airline industry are utilized in an empirical application.

Journal of Economic Literature Classification: C15, C63

Keywords: DEA; Kernel Smoothing; Reflection Method; Empirical Density



A BOOTSTRAP-REGRESSION PROCEDURE TO CAPTURE UNIT
SPECIFIC EFFECTS IN DATA ENVELOPMENT ANALYSIS

1. Introduction

One major drawback of Data Envelopment Analysis (DEA) is that it is non-statistical and
the efficiency score obtained for an individual firm is a point estimate without any confidence
interval around it. In recent years, researchers have resorted to bootstrapping (e.g. Simar (1992,
1996), Simar and Wilson (1998, 2000) among others) in order to generate empirical distributions
of efficiency scores from repeated applications of DEA after resampling. The essential procedure
is to pool the efficiency measures obtained from the actual data and then randomly sample with
replacement from this pool to construct pseudo-data on outputs (or inputs) for the firms. These
artificial data on outputs (inputs) are associated with actual input (output) data for another round
of DEA. Repeating this procedure a large number of times generates large enough samples of
efficiency scores for each firm. Then one can look at the mean and the variance of each of the
empirical distributions of efficiency.

While this procedure is quite appealing and is gaining wide acceptance, in a sense, it goes
to the other extreme by assuming that all firms have the same probability of getting an efficiency
score from any specified interval within the [0,1] range. This reduces efficiency to a purely
random variable and there would be little point in talking of the efficiency of one firm relative to
the others. In reality, however, some firms are more likely to be rated at a higher efficiency level
than other firms. There usually are systematic factors that contribute to differences in efficiency.
The existing bootstrapping procedures do not consider the possibility that the distributions of
efficiency conditional on unit specific factors may differ across firms. One can argue in favor of
including these factors within the scope of the DEA model itself so that the remaining variation in
efficiency can be justifiably attributed to purely random factors. However, inclusion of these

factors as non-discretionary inputs within the DEA model automatically extends the disposability



property (weak or strong) to such variables. This is not a realistic assumption in many situations.
This is one reason why researchers often regress DEA efficiency scores on a number of
explanatory variables to adjust for environmental factors and they do not include these factors in
the DEA model itself (e.g. Ray (1991), McCarthy and Yaisawarng (1993)).

In this paper we propose an enhanced bootstrap procedure that empirically generates the
conditional distribution of efficiency for each individual firm given the systematic factors that
influence their efficiency. This new procedure can be characterized as a second stage regression
DEA bootstrap. The principal innovation in this study is that instead of resampling directly from
the pooled DEA scores, we first regress these scores on a set of explanatory variables not
included at the DEA stage and subsequently bootstrap the residuals from this regression. These
pseudo-efficiency scores incorporate the systematic effects of unit-specific factors along with the
contribution of the randomly drawn residual.

This paper is organized as follows. In section 2 we set up the DEA model, describe the
concepts of the bootstrap procedure and how it is currently applied to the DEA model as an one-
step bootstrap. Section 3 describes and the regression of the technical efficiency on the unit-
specific factors, develops the second stage regression DEA bootstrap procedure and differentiates
it from the one-step bootstrap. Section 4 reports the findings from an empirical application using

data from the U.S. airline industry. Finally, the last section summarizes.

2. Measurement of Efficiency

In parametric models, one specifies an explicit functional form for the frontier and
econometrically estimates the parameters using sample data for inputs and output. Hence the
validity of the derived technical efficiency measures depends critically on the appropriateness of

the functional form specified.

2.1 Data Envelopment Analysis



The method of DEA introduced by Charnes, Cooper and Rhodes (CCR) (1978) and
further generalized by Banker, Charnes, and Cooper (BCC) (1984) provides a nonparametric
alternative to parametric frontier production function analysis. In DEA, one makes only a few
fairly weak assumptions about the underlying production technology. In particular, no functional
specification is necessary. Based on these assumptions a production frontier is empirically
constructed using mathematical programming methods from observed input-output data of
sample firms. Efficiency of firms is then measured in terms of how far they are from the frontier.

Consider an industry producing a bundle of m outputs, y=(v,,y5,...,vs), from bundles of k
inputs, x=(x,,X,...,x3). Let (/, /) be the observed input-output bundle of firm j (j= 1,2, ..., n). The
technology is defined by the production possibility set

T={(x, y): y can be produced from x /.

An input-output combination (x’, y°) is feasible if and only if (x’, y’) € T. We make the following
assumptions about the technology:
e All observed input-output combinations are feasible. Thus, (¥, /) € T (j = 1,2,...,n).
e The production possibility set, 7, is convex. Hence, if (x', ') € Tand (x’, y°) € T, then

(A +H(1-)x°, W' +(1-A)))e T, 0<A<1.
In other words, weighted averages of feasible input-output combinations are also feasible.
e Inputs are freely disposable. Hence, if (x’, y’)€ T and x'>x’, then (x', y’)€ T. This rules out
negative marginal productivity of inputs.

e Output is freely disposable. Hence, if (x”, y*)€ T'and y'< )’, then (x°, y))e T.

Varian (1984) pointed out that the smallest set satisfying the above assumptions is:

S={xy) :x2Y Axy<D Ay Y A =54, 20, =12,.,n}
Jj=1 Jj=1

J=1

Let X = Zﬁjxj,)_/ = Zﬂjyj;Z/lj =1;4, 20. By virtue of convexity, {X,y)is feasible.
=1 =1

J=1

Thus, for any x 2> X, (x, ) is feasible. Finally, for any y <y, (x, y)is also feasible.

Under the assumptions listed above, the technical efficiency of any firm producing output y° from

input x” is 1/ @, where

@ =max ¢:(x°,°)e S.



Consider an industry producing a scalar output y from a vector of k inputs, x=(x;, x5, ...,
xi). Suppose that the input-output data are observed for n firms. Let the vectors x' be the input
bundle and y; the output level of the i-th firm. The output-oriented technical efficiency of the j-th
firm under variable returns to scale (VRS), also known as the BCC model, can be computed by

solving the linear programming (LP) problem:

max ¢,
st YAy o
i=1

z/iixi <x/; fors=12,..,k; (1)
i=1

Zn:/li =1
i=1

A, 20 fori=12,.,n.

The technical efficiency for the j-th firm is the inverse of ¢,.

j 0 2

When ¢ is equal to 1, the technical efficiency is equal to 1, i.e. the firm is 100% efficient. If ¢ is
greater than 1, the firm is technically inefficient and the efficiency measure is less than 1.

Note that DEA models lead to specific measures of technical efficiency that are point
estimates and therefore lack statistical properties. This problem has been addressed with the use

of bootstrap methods.

2.2 Bootstrap
The idea of the bootstrap was first introduced by Efron (1979), who proposed the use of
computer-based simulations to obtain the sampling properties of random variables. The starting

point of any bootstrap procedure is a sample of observed data X={x;, x,,...,x,} drawn randomly



from some population with an unknown probability distribution f. The basic assumption behind
the bootstrap method is that the random sample actually drawn “mimics” its parent population.

Suppose that a sample of observed data X={x;, x;,...,x,} is drawn randomly from some
population with an unknown probability distribution /. The sample statistic 0= A(X) computed

from this state of observed values is merely an estimate of the corresponding population

parameter € = 6(f). When it is not possible to analytically derive the sampling distribution of

that statistic, one examines its empirical density function. Unfortunately, however, the researcher
has access to only one sample rather than multiple samples drawn from the same population. As
noted above the basic assumption behind the bootstrap method is that the random sample actually
drawn “mimics” its parent population. Therefore, if one draws a random sample with replacement
from the observed values in the original sample, it can be treated like a sample drawn from the
underlying population itself. Repeated samples with replacement yield different values of the
sample statistic under investigation and the associated empirical distribution (over these samples)
can provide the sampling distribution of this statistic. For reasons explained later this is known as
a naive bootstrap.

The bootstrap sample X*={x;* x,*...,x,*! is an unordered collection of n items drawn
randomly from the original sample X with replacement, so that any x;* (i=1/,2,...,n) has I/n

probability of being equal to any x; (j=1,2,...,n). Some observations from the original sample X

A

will not appear in the bootstrap sample at all, while others will appear more than once. Let f

denote the empirical density function of the observed sample X from which X* was drawn. Then

it can take the form:

A Un ift=x,i=12,.,n
f(f)={ ’ 3)

0 otherwise.



If f is a consistent estimator of f, then the bootstrap distributions will mimic the original
unknown sampling distributions of the estimators that we are interested in. Let 0" =0(X") be

the estimated parameter from the bootstrap sample X*. Then the distribution of 0" around 0 in

f is the same as of @ around 6 in /- That is:

@ -0)|f~6-0)f. )

Since every time we replicate the bootstrap sample we get a different sample X*, we will
also get a different estimate of 0" = 10.¢ *) . By selecting a large number, B, of bootstrap

samples we can extract numerous combinations of x; (j=1,2,...,n) .

The bootstrap algorithm involves the following steps:
1) Compute the statistic 0= 6(X) from the observed sample X.

ii)  Select b-th (b=1,2,...,B) independent bootstrap sample X,* which consists of n values

drawn with replacement from the observed sample X.
iii)  Compute the statistic 0" = o(x Z ) from the b-th bootstrap sample X, *.
iv)  Repeat steps (ii)-(iii) a large number of times (B times).

v)  Calculate the average of the bootstrap estimates of & as the arithmetic mean

- 1 8
0 () :EE1Bb . (5)

Any individual bootstrap sample will be an imperfect replica of the original sample. As a result,

the estimated value of & obtained from it will differ from what was obtained from the original
population. A measure of the accuracy of the estimator 0 as an estimate of @ is the bias, which is

defined as the difference between the expectation of 6 and 6.



bias; = bias, (0,0)=E ,(0)-0. (6)
An unbiased estimator will have zero bias, ie. E, (é):é’. If the bias is positive

(negative), then the estimator overestimates (underestimates) the true parameter. The bias-

corrected estimator is
ébc =0- bias, . (7)
. . . Ak
One can approximate the expectation of each bootstrap estimator 8, by the average of
the bootstrap estimators 0" (-) to obtain
biasBzé*(-)—é. (3)

Hence, the bias-corrected estimator of &1is

A

0, =0-biasg =20-0"(-). )
Notice that if 6" (-) is greater than 0, then the bias-corrected estimate ébc should be less than

6. Efron and Tibshirani (1993) point out that bias correction can be problematic in some

situations. Even if é:c is less biased than 6, it might have substantial greater standard error due

to high variability in biasg. The standard error of 6" (-) is measured as

A sk B A% A sk
seg =se(0 )=\/BL S0, -0"(-))* . (10)

—1p0
It should be noted, however, that correcting for the bias may result in a larger root mean

squared error. If biasg is small compared to the estimated standard error of 0" (-), then it is safer

to use 6 than ébc' As a rule of thumb, Efron and Tibshirani (1993) suggest the computation of

the ratio of the estimated bootstrap bias to standard error, biasg/seg. If the bias is less than 0.25

standard errors, then it can be ignored.



Finally, we can obtain the bias-corrected estimator from each bootstrap HZ’bc,

(b=1,2,...B). We want the corrected empirical density function of é; , (b=1,2,...B) to be centered

A

on &, , the bias-corrected estimate of 6, i.e. E (é;bc) = ébc, (b=1,2,...B). According to this, the

bc’

bias-corrected estimate from each bootstrap will be

6 pe =0 -2bias g, (b=1.2,...B). (11)

Once we have the bias-corrected estimates we can use the percentile method to construct the (1-

2a)% confidence intervals for 8 as

6,,6,"), (b=1.2,...,B), (12)

where é;ga) is the (100*a™) percentile of the empirical density of é;,bc , (b=1,2,...,B).

2.2.1 Smooth Bootstrap methodology
One major drawback of the bootstrap procedure outlined is that even when sampling with

replacement, a bootstrap sample will not include observations from the parent population that
were not drawn in the initial sample in the first place. As a result, the empirical distribution f

will have jumps at the observed points and look like a collection of boxes of width 4, a small
number, centered at the observations and zero anywhere else. Thus, the bootstrap samples are
effectively drawn from a discrete population and they fail to reflect the fact that the underlying
population density function f'is continuous. Hence, the empirical distribution from the bootstrap
samples will be an inconsistent estimator of the population density function. This is why it is
known as a naive bootstrap.

One way to overcome this problem is to use kernel estimators as weight functions. The

empirical distribution j} will take the form:



A 1 & t—x.
- Yk
() nhzl [ p ] (13)

where 4 is the window width or smoothing parameters for the density function. K{(.) is a kernel

function, which satisfies the condition
[K(odxe=1. (14)

Usually K is a symmetric probability density function like the normal density function. If
we use the standard normal density function as the Kernel density function, then the smoothing is

called Gaussian smoothing. The empirical density function then can be written as

A 1 & t—x;
ﬂ”‘%é“’( ; j (15)

Here ¢(.) is the standard density function.

By virtue of the convolution theorem (Efron and Tibshirani, 1993) we can generate the
smoothed bootstrap sample X**=/x,** x,** .. x,**}! as

xi =x; the,~f; i=12,...n, (16)
where x;" is from the naive bootstrap sample in the previous section.

Sometimes it is the case that the natural domain of the definition of the density function

to be estimated is not the whole real line but an interval bounded on one side or both sides. For
example we might be interested in obtaining density estimates f for which f (x) is zero for all
negative x. However, the smooth bootstrap could generate points that are outside of the
boundaries. One possible solution is to calculate f (x) ignoring the boundary restrictions and

then to set the empirical density function equal to zero for values of x that are out of the boundary
domain. A drawback of this approach is that the estimates of the empirical density function will

no longer integrate to unity.



Silverman (1986) suggests the use of the negative reflection technique to handle such
problems. Suppose that we are interested in values of x such that x>c. If the resulting value from

the bootstrap is xi**<0{, then we will reflect the xi**, such that 20{—xi**20{. The empirical density

function will be:

A 1 3 =X, =20+ x,
f(t)—E;M p j+¢(—h ﬂ (17)

Again by the convolution theorem we can generate the smoothed bootstrap sample

ok *ok *k *ok
X ={x; ,x ,.,x, } as

* 1 2 t_xi . *
X = nhizi\ (19)
i . no (t=2a+x;
200— (x; +he;) ~LZ¢ fmeer s otherwise
I’l]’ll'zl h

where x;" is from the naive bootstrap sample in the previous section.

The choice of the smoothing parameter (%) is crucial to the estimated empirical density
function. Following Silverman (1986) we can select the value of the window width that
minimizes the approximate mean integrated square error. This leads to

h=09An"",
where 4 = min (standard deviation of )X, inter-quartile range of X/1.34).

The bootstrap algorithm can be re-written as follows:

i) Compute the statistic 0= O(X) from the observed sample X.

ii) Select b-th (b=1,2,...,B) independent naive bootstrap sample X, ={x;," X35 ....xns #, Which
consists of n data values drawn with replacement from the observed sample X.
iii) Construct the smoothed bootstrap sample X, ={x;, \X25 ... Xns 7, from the naive bootstrap

sample as described in (19).
iv) Compute the statistic 0 = O(X,") from the b-th bootstrap sample X;"".

v) Repeat steps (ii)-(iii) a large number of times (say B times).



vi) Calculate the average of the bootstrap estimates of 8 as the arithmetic mean

B .
20, (19)

If desired, we can calculate the bias, bias-corrected estimates and construct confidence

intervals following the steps described above.

2.3 DEA and Bootstrap

Recently Simar (1992, 1996), Simar and Wilson (1998, 2000) set the foundation for the

consistent use of bootstrap techniques to generate empirical distributions of efficiency scores and

have developed tests of hypotheses relating to returns to scale of bootstrapping. Following Simar

and Wilson (1997a) we can describe the existing bootstrap techniques for the output-oriented

technical efficiency measure given in (1) with the following algorithm:

)

ii)

iii)

Solve the DEA problem to obtain ¢?j for each firm j=1,2,...,n.

Select the b-th (b=1,2,...,B) independent naive bootstrap sample (@, @5 ..., 0us 1,
which consists of n data values drawn with replacement from the estimated values g/; 8.
Construct the smoothed bootstrap sample /@ @5 ».... 85 7> from the naive bootstrap

sample. Notice that all the ¢ s are greater than or equal to 1. Therefore, the smoothed

bootstrap sample should be appropriately bounded. It will be computed according to:

. “+he. if ¢: +he, =1 .
{47)] J 9, 7y forj=1,2,..,n. (20)

Py = . .

A o (¢, +he)) otherwise
As before, h is the optimal width that minimizes the approximate mean integrated square
error of @;s distribution:

h=09A4n"", where A = min (standard deviation of ¢, inter-quartile range of ¢/1.34).



iv) Create the b-th pseudo-data set as {(xj*, yj*= y, ¢?j/¢;* );j=1,2,....n}.
V) Use the pseudo-data set to compute new é)j s from the linear program described in (1).
vi) Repeat steps (ii)-(iv) B-times to obtain {é);’b ; b=1,2,...,B} for each firm j, j=1,2,...,n.

vii) Calculate the average of the bootstrap estimates of ¢ s, the bias and the confidence

intervals as they are described in the previous section.

It should be noted here, that an interpretation of the results obtained from the bootstrap
procedure is not always clear. For example, in the b replication using the pseudo-data consisting
of the actual input bundles coupled with the fictitious output levels of firms, the optimal solution
@ shows the scalar expansion factor for the fictitious output quantity and its inverse is not a
measure of the efficiency of the actual input output bundle. One may, of course, use the optimal
solutions from the (bootstrap) DEA problems to construct measures of the frontier output level

producible from the fixed input bundle of a firm. Thus, it is more meaningful to construct a 95%

confidence interval of the maximum output with lower and upper bounds [ yz , y;; ]. In principle,

the upper bound ( y;) may be used to derive a probabilistic measure of the technical efficiency

of an observed input-output bundle. It should be noted that the actually observed output from a

given input bundle may exceed its corresponding upper bound.

3. A Bootstrap-Regression Procedure to Capture Unit Specific Effects in DEA
3.1 Combining DEA and Regression

A problem with bootstrapping the technical efficiency measures is the assumption that all
firms have the same probability of getting an efficiency score from any specified interval within
the (0-1) range. However, there usually are systematic factors that contribute to differences in

efficiency and can lead to different technical efficiency scores. For example, for an inter-country



analysis of manufacturing production it is not sensible to conceptualize a data generating process
where Germany and Ethiopia have the same probability of getting efficiency scores in excess of
0.975. The existing bootstrapping procedures do not consider the possibility that the distributions
of efficiency conditional on unit specific factors may differ across firms. One can argue in favor
of including these factors within the scope of the DEA model itself so that the remaining variation
in efficiency can be justifiably attributed to purely random factors. However, inclusion of these
factors as non-discretionary inputs within the DEA model automatically extends the disposability
property (weak or strong) as well as the convexity assumptions to such variables. This is not a
realistic assumption in many situations. For example, in the context of measuring the efficiency
of public schools, one recognizes a pupil’s family income and the level of parental education as
socioeconomic conditions in the home-life of the student. These variables do influence the
student’s performance in school and thereby affect the efficiency level of the school, but a
researcher cannot assume that free disposability is applicable. This is one reason why researchers
often regress DEA efficiency scores on a number of explanatory variables to adjust for
environmental factors; they do not include these factors in the DEA model itself.

A. (as discussed; this argument relates to whether systematic factors should be included in the
estimation of the TE model) the systematic factors might violate the weak disposability
assumption. More generally they might not be technically inputs if they are not under the direct
control of the DMU even if they can be increased or reduced by some other central institution

(example government regulations).

B. (this relates to the violation of the 'identical-independent distribution' of the TE scores that the
Bootstrap requires) The systematic factors influence the variability of the TE scores and as
such even if the TE scores come from similar distributions that are in the same (0,1) interval they

have different variance. Thus the distribution of the DMU specific TE scores are not identical.



Additionally, if groups of units have their systematic factors influenced by the same external
circumstances then a given external change will result to the systematic factor values to move to
the same direction for all the DMUs within the same group and thus the group's TE score will
move together as a cluster. Hence, their corresponding Technical Efficiency scores are not
independent.

Consider the alternative specifications of the frontier production function

v =f(x2) (21a)
and

y' = gx)h(2). (21b)

In performing a one-step DEA we assume that f(x,z) is a concave function. An
alternative is to assume only that g(x) is a concave function. As shown by Ray (1988), the DEA
score obtained from a model incorporating only x and y captures the factor g(x) of the frontier

production function.

Let the vector Z' represent such characteristics of the i-th firm. A regression permits us to
determine the part of the technical efficiency that is due to these characteristics and the proportion
that is due to random error:

g=a+zy+u, (22)
where (a+z'p) is the component of technical efficiency that varies systematically with the firm

characteristics and u; is a random error. We estimate the above regression by Ordinary Least

Squares to get the estimated ¢2(:0A{+Z"}7)s for the individual observations. In a bootstrap
regression analysis one pools the OLS residuals e, =@, — (& + Zi];) and draws an appropriately

smoothed bootstrap sample e = {e, ,e, ,...,e, }. These bootstrap residuals can then be used to



construct the pseudo-data 5, =a+z'y+ e: . The corresponding pseudo-value of output would be
JN} i =) i¢i .

There is, however, a potential problem. In a bootstrap sample whenever
e. <1—(@+z'f), the value of 51 will be less than 1, or equivalently (51 —1) <0, which
violates the natural restriction on efficiency. To address this problem we apply a version of the

reflection method described earlier. Suppose that ¢, = @+ z'§ + e, =1-5,;(5. > 0). We would

then replace e, by e, = e + 28, so that the pseudo value of @, becomes 1+ &,;(8, > 0)

3.2 A Bootstrap Regression Procedure

The bootstrap algorithm that generates the distribution of efficiency for each individual
firm, conditional on unit specific factors, can be described as follows:
1) For each firm i compute ¢ from the DEA model in (1), for i=1,2,...,n.

ii) Regress ¢ on the firm characteristics z'

1i1) Calculate the residuals e, = ¢, — ¢1. for each i=1,2,...,n.

iv) Select the b-th (h=1,2,...,B) bootstrap sample e, = {e,, ,e,,,....€,, } , which consists of n
pseudo data values drawn with replacement from the observed sample
e={e,e,,....e,}.

V) Generate the smoothed bootstrap sample
e, =e, +he,; & ~N(@,2) for i=12,..,n,

where h is the smoothing parameter.

vi) Create the b-th pseudo sample (x',y,") i=1,2, ...,n, where

vy =y'*¢, and



g, =G+z'P+e, fori=12,..nif G+z'J+e, 21,
otherwise, @, =@+ z'fe,, +205,where 8, =1—(&+z'j+e, )>0.
vii) Use the pseudo-data set to compute new q?);ib s from the linear program described in (1).

viii))  Repeat steps (iv)-(vii) B-times to obtain the maximum producible output for each firm i,

(i=12,...n):
=y ¢, b=12,.,B.
ix) Calculate the average of the bootstrap estimates of yf s, the bias and the confidence

intervals.

4. A Study of U.S. Airlines

In this section we present an application of the bootstrap-regression in DEA procedure
proposed in this paper to a data set for a number of U.S. airlines from the year 1984. A single
output, five-input technology is considered at the DEA stage. The data form a subset of a larger
data set constructed by Caves, Christensen, and Trethaway (1984). The output is a quantity index
(QY]D) constructed from the numbers revenue passenger miles flown, ton-kilometers of cargo
flown, and ton-kilometers of mail flown. The inputs are quantity indexes of labor (QLI), fuel
(QFI), materials (QMI), flight equipment (QFLI), and ground equipment (QGRI). For the second
stage regression we consider the stage length defined by the average distance flown between take
off and landing (STAGE), passenger load factor (LOAD), and the number of points served
(POINTS) as explanatory variables. The data used for the study are reported in Table 1.

The Output-oriented BCC DEA results using only the output and input quantities are
shown in Table 2. Of the 21 firms in the sample, 10 were found to have efficiency equal to 1.
RHA and USAir have the lowest levels of efficiency (highest levels of PHI) followed by Ozark,

Piedmont, and Air Canada. Table 3 shows the results from a regression of PHI (obtained in Table



2) on STAGE and POINTS. The third explanatory variable LOAD was not statistically significant
and was not included in the selected model. As expected an increase in the average length of
flights between take of and landing improves efficiency lowering PHI. On the other hand, an
increase in the number of POINTS served reduces efficiency. This is consistent with findings
elsewhere. The R* value of 0.50 shows a moderately good fit. In Table 4 we report the DEA
results with the attribute variables (STAGE and POINTS) included in the DEA model. Now RHA
becomes 100% efficient while efficiency levels of Piedmont, USAir, and (to a considerable
extent) Eastern Airlines improve drastically (i.e., PHI declines noticeably).

It should be noted that the values of PHI reported for the individual firms in either Table
2 (based only on the firm inputs) or Table 4 (based on the inputs and other attributes) are point
estimates obtained from a single random sample. To overcome this limitation we performed
three sets of bootstraps and obtained the empirical distribution of the frontier output levels from
the individual input bundles in the sample.

Table 5 shows the bootstrap average of the frontier output (y°) producible from the
observed input bundle (x) computed from the DEA runs —presented in table 2- that do not include
the attributes (z). Note that the y~ obtained from the DEA using the actual (x, y) data is lower than
the corresponding bootstrap average value in 15 out of 21 cases. In several cases it is lower than
the lower 5-percentile of the bootstrap distribution. This is true of AM, MI, MU, NW, PA, PE,
PS, SW, TWA, UN, and WE.

Table 6 presents the results of the bootstrap-regression procedure that captures the impact
of the firm specific attributes. This Table shows the bootstrap average and the confidence interval
for y* based on the predicted PHI from the regression model reported in Table 3. What is
noticeable about this Table is that the standard deviation of the (predicted) y* for every single
airline shown here is uniformly smaller than what is reported in Table 5. This is not surprising

because the y” in Table 6 is conditional on the attributes (z) while this is not the case in Table 5.



Table 7 reports the mean and confidence limits for the frontier output y bootstrap DEA
runs incorporating the attributes (z) along with the inputs and outputs (x, y) presented in Table 1.
The average values of the frontier output shown in Table 7 are uniformly lower than the
corresponding values reported for the individual airlines in table 6. The fundamental difference
lies in the fact that the DEA models underlying Table 7 assume that the output y is a concave
function of the variables x and z as in (21a). One the other hand, in deriving Table 6, the
underlying function is of the form (21Db).

For a better understanding of the differences between the summary results shown in

Table 5-7, we report in Table 8 the underlying bootstrap results on the PHIs. The columns labeled

5 1,¢,low, and ¢2igh show the average, 5-percentile, and the 95-percentile of the bootstrap PHI

from the DEA with only the inputs and output. The next three columns 5 2,¢,iw , and ¢hzigh are

the average and the confidence limits of PHI obtained from the regression-bootstrap.

Finally, ¢ ¢, ,and ¢,figh are the average and confidence limits from the one stage DEA with

inputs, attributes, and output. Note that the bootstrap average values @' and the corresponding

confidence intervals are virtually the same for all firms (with little or no difference in the first two
decimal points). This is due to the underlying assumption that the PHI scores are drawn from

identical distributions and does not take into account the systematic factors that influence their

variation. This is in contrast to the variation of the bootstrap average values 5 *and the

corresponding confidence intervals (¢,iw, ¢hzigh ) are uniformly narrower than what we obtain from

the DEA bootstrap with inputs and output. The bootstrap averages ¢3and the associated

confidence limits are, again, virtually the same for all firms (without any difference in the first
two decimal points), are smaller in magnitude, and with even less variation than what one
observes for the DEA bootstrap with inputs and output alone. This is mainly due to the lower

values of PHI obtained from the one stage DEA model with the attributes. The regression



bootstrap values of PHI allow explicitly for the variability of the attributes. First this variability is

removed from the sample that it is bootstrapped and then it is added back for the creation of the

original pseudo- input-output bundles.

4. Summary

A smoothed bootstrap of the DEA scores can generate the empirical density function of the

frontier output producible from any specific input bundle. But in many situations there are factors

other than the inputs used by a firm that determine the maximum output producible,

Bootstrapping from a DEA model that exclude these attributes can lead to misleading results. On

the other hand, including these attributes within the DEA itself has its own problems. The

regression bootstrap procedure proposed here offers an alternative that generates the distribution

of efficiency conditional on the attributes and adds back the systematic influence of these

attributes to obtain the distribution of the frontier output.
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COT
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EA
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Intercept 1 1.24144 0.05731 21.66 <.0001
STAGE 1 -0.00051 0.00012 -4.22 0.0005
POINTS 1 0.00197 0.000643 3.06 0.0067
R-Square 0.5003
IAdjusted R-Square 0.4447
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