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The Runge-Lenz Vector (continued)

C. W. David
Department of Chemistry
University of Connecticut

Storrs, Connecticut 06269-3060
(Dated: April 22, 2009)

I. SYNOPSIS (written in slightly different form). Now we seek some-
thing of the order of A® 7, i.e., the symmetric form:
We continue our discussion of the Runge-Lenz vector form:
in a quantum mechanical context. The traditional form
of the Runge-Lenz vector is obtained, and the commuta- 1 /- L o =
tion relations between the Runge-Lenz vector, the Hamil- 5 (A Vr+re A)
tonian, and the Angular Momentum are obtained using

Maple.
ape where

II. INTRODUCTION

. 17k
A & 7?: A1 AQ A3
We had [1] x Yy =z
A7y A 1 ,  3h
5 = ~Zen ( + -5 + |7 (2.1)  so that

1 1 /= - 1 /- S
V57 (Lop-pel)+iteriiol —— (Lep-Fo L)+
2({2262M< LP—p® +r}®r+r®{2ze2u XP—p& +r}>

or, expanding

Lep)er—(pol)er+ior+ie (Lep) -7 (FL)+7er
4Ze2p

Since ¥ ® 7 and its inverse are both zero (no partial derivatives here to goof us up!), we have

1 — —
YT ((L@ﬁ)@F— (ﬁ@L)®F+F® (L®ﬁ)—F® (ﬁ@L)) (2.2)
H S——— ———

where we need to be careful about expanding the triple cross products, since these are not ordinary vectors. We have

i i j i
, B.|= A, A, A,
, C. B,C. — B.C, B.C,— B,C. B,C,— B,C,

—

A9 (BoCl)=A®

x

QAW .
Qﬁm <o

xT

which expands to

.

>

A9 (B C)=1i[A, (B,C, — B,Cy) — A, (B.C,, — B,C.)]
+7[A. (B,C. — B.C,) — A, (B.C, — B,C.)]

+k[A, (B.C, — B,C.) — A, (B,C. — B.C,)] (2.3)
while
R A A B i j k
(BeC)®A=|B, B, B.|®A=|B,C. - B.C, B.C,— B,C. B,C, — B,C,
C, C, C. A, A, A,
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which expands to

i C.) A, — (B,C, — B,C,) A]
+§[(Bx0 BC)Ax (BC — B.C,) A.]
+k [(ByC. — B.Cy) Ay — (B.C, — B,C.) A,

We then have (since r, =z, ry =y, etc.) for A9 (B®C) withA—7 B—Land C —

F @ (L ®P) =1y (Lepy — Lyps) — 2 (Lpz — Lap-)]
+.7 [z (Lyp: — L.py) — x (Lapy — Lyps)]
+ [:17( 2Pz — mez) ) (Lypz - szy)}

and with A — 7 B—Land C — P but with the order reversed, is

(E ®@ ®F = g[(szr - L.rpz) 2 (Lrpy - Lypr) y}
+J [(Lapy — Lyps) © — (Lyps — L2py) 2]
+k [( yPz — szy) Y- (szac - prz) CC}

For reference sake, in the next part of this work, we repeat this table from the earlier work:

[Ly,2] =0
[Lyay] =0
[L.,2] =0
[L.,y] =hz |=-[Ly,x]
[Lya (E] = -hz = Lma y]
[Ly, 2] = tha |=-[L,,z]
[L:mpy] = thz
[Lmvpz] = 'thy
[La:,p;c] =0
Adding the two, as requested, we have
FOULRP) +(LOp) Q7=
|:y Py — yLypw _Zszw + Zprz + (szazz — Lyp.z — pryy +L :|
N——
+J [ZLypz Zszy mLacpy + IULsz + (meyx - Lypmx - Lypz :|

+

T

—~
xL.pr —xLzp. yLypz + yszy + (Lypzy szyy L.pyx+ Lyp )
—_— ~—

or, re-arranging
FOLOP)+(LRP)SF
ypry wpyy+ —L-ypz ;24_ ék;]g + E & z+ ZL:sz - L:L’pz
' ZLypz ZZzpy ;py ypzz 1‘@ +§ & x + "L'Lypz - ypz
i \wLope — Lopow —opn Z%i—LZK Lyps +yL.p, — L
+k l:x zPx zPx® oPs.+ LzD> Y+ YLgP, + yL.py zpyy:|
[

which is, taking advantage of obvious cancellations:

'z |:yszy +2Lyp, — Lyp.z — pryy:|
FRILeP)+(Lep)r= T T



+J l:ZLypz +$Lypw - Lypx'r - LypzZ:| which s
S~~~ S——

. S — FR(L@p) +(Lep)eF=
N {&Z}i@* ylapy = Lapyy = &%} (2.9) F[La(20h)] 4 G [Ly(20h)]) + R [Lo(2h)]  (2.11)
which is This means
P (L I 7= 1 - S 1 =
A_T®(L®@+(L®@®’" W(F@(L@@+(L®@®F):W(QZHL>
1 [Lac(ypy —Dpyy + 2pz — pzz)] ep ep (2 12)
+7 [Ly(2pz — P22 + 2p2 — pa)] The other term we need (the obverse?) starts with
+k [L,(xps — psx + YDy — Pyy)] (2.10)  p'® L which would be
|
peL= Pz Dy Pz | = i(pyLz - szy) +j(szm _prLZ> + k(szy - pyLl)
L, L, L,
Next, we need
F® (F® L) =iy (paLy — pyLs) — 2 (p:Ly — puL2)]
+j [z (pyLz — p2Ly) — x (pxLy — pyLa)]
+k [33 (sz:v - szZ) -y (pyLZ - szy)} (2'13)
and
(ﬁ® E) ®F = i [(szz - meZ) z = (mey - pyLI) y}
+J [(PzLy — pyLa) T — (PyLz — p2Ly) 2]
+k [(pyL> —p2Ly) y — (p2Lz — pu L) 7] (2.14)
FR QL) +FoL)®F=
% [y (pry - pny) -z (szx _prz) + (sz — paL )Z - (pry - pny) y]
+J [Z (pyLz *szy) -z (mey - pyLm) + (pry *pyLz) T — (pyLz *szy) Z}
+k [.23 (sza: - szz) ) (pyLz - szy) + (pyLz - szy) Y- (sza: - prz) x} (215)
which is
FO@EOL) +(FOL) Q7=
/Z [y (_pyL ) -z (szx) + (szz) Z = (_pyLz) y]
+7 [Z <_szy) - (pry) + (pry) xr — (_szy) Z]
+k [‘T (_mez) ) (pyLz) + (pyLz) Yy— (_szz) :,C] (2'16)
which is

; [y (py@;?p?)) == (p-(gp= = 7P0)) + (p=(yp= — 7Py)) 2 = py@;gm) y]
)]

(
+ [Z (—pz<@;—’ﬁ?)) — 2 (pa(zpe — 7P2)) + (pa(2pe — 7P2)) @ — <_pz(@_@)
+k {x <—pz(@—@)) -y (%(%‘W)) + (Py(%— W)) Yy — <—pw(l‘py —’g}}?)) :L':l (2.17)



or, expanding

®FPRL)+FOL) @7

EE

A P __
? { YPyYPz +YPy2Py —ZP2YPz + ZP2ZDy t P2YP2Z — P2ZPyZ + PyYP2Y — Py2PyY
—— ——

3 —N— _
+7 |:_ 2Pz 2Py + 2P TPy —TPyZPyx + TPL TPz + P ZDz® — PzXPT + P2 2PxZ — P2XP-Z
~—— N——

13

~ —_—— ——
+k {— TP2 TPy + TPaYPw —YPyTPy + YPyYDz + PyZPyY — DyYPal + PalPyT — PalYPal ] (2.18)
N——r ——
or, rearranging
FO@ERL)+(EoL)eF=
o —_—— _
1 |:_ YDy YDz + DyYP2Y + YPyzZPy — PyRPyY —2P2YPz + Pyp.2 + ZPzZPy — PzZPy2 :|
N———
A ——
+J { 2P 2Py F P2ZPeZ F ZDTP; — P2TPLE —TPe 2Py + PaZDak + TPLTP, — P TPLT }
—_————
~ —
k [— TP TPy + Pz TPy + TPz YDz — PalYPaT —YPyTPy + DyTDyY + YDyYDPz — pyypxy} (2.19)
or
FoFeL) +FeL) o7 =
. /_/%
[(—ypyy + Py )p= + (upl, — pyy)z +(—2p2 + p22)y + (2p-2 — p=22)p ]
R /_H
+J | (=2p2 + p22)zpa + (202 — p22)x +(—2p} + pia)z + (xpax — pea?)p ]
——— —_—
“ /_'/\ﬂ
+k | (= wpaz + per®)py + (zp3 — pi)y —(yp; + poy)z + (ypyy — pyy?) ] (2.20)
; ) Py T Pyd)r
which, using the appropriate commutators, becomes
® (P L)+
R /_/%
i l(—ypy +Dyy)yp: + (ypy, — Pyy)z +(=2p2 + p22)y + (2p: — zpy]
\—,—/ -
R /_/%
+7 | (2D + p22)2ps + (202 — P22)x +(—ap2 + p22)z + (TPs — xpz]
—_———— —_—
~ /_&
+k | (= 2pa + paz)zp, + (2p — Pox)y —(yp; + Py)T + (Ypy — PyY) ypxl (2:21)
———— _—

which is A
+k

2 2 2 2 TEN. 0
(= h)xpy + (zp; — Pp2)y +(—yp, + yp, )z + (2h)yn2{22)

-

FO@EOL) +(FQL) @7 =

R —_——— or
i l(—lh)pzy + (yp; — Piy)z +(—zp? + pla)y + (zh)pyZ]
—_———

2 _ 2 2., .2 - —
(—th)zpe + (2p% — pz2)x +(—apy + pyx)z + (th)zp. i |:(Zh)pzy + (thpy)z +(—1hp, )y + (1h)pyz

+j




R —— I
+7 {(—zﬁ)sz + (ehp)x +(—hpy)z + (zﬁ)xpz]

~ —— _
+k {( wh)xpy + (hpe )y +(—1hpy )z + (zh)ypm} (2.23)

or

FoFEOL)+FeL) o7
—21h -

2py] + J (20 — xp.| + k[zpy — yp.] =

:L' [ypz -

which becomes
7o (FeL)+([FeL)@7=—2hL (2.25)

We now substitute these two results (Equation 2.25
and Equation 2.12) into Equation 2.2:

ﬁ ((E@ﬁ) QF+7® (E@ﬁ)
—(ﬁ’@i) RF+T® (ﬁ@f)) (2.26)
Substituting, using Equation 2.12
(F@(E@p) +(L®p) ®F) = uhL (2.27)
and Equation 2.25
(F@ FoL)+(Fel)e F) = 2L (2.28)

one obtains

ik
LeL=|L, L, L. |=1(L,L.
L, L, L.
or
L®L=i(LyL,—L.Ly)+j(L.L,
Since

- LzLy) +3 (Lsz -

Unfortunately, Pauli’s Equation 52 is

o - h3 1 -
AQF+7 A):—ffiL
( Or+re 12 Ze2m

III.

We now assemble all our prior work into a set of com-
mutators, sufficient to attack the Kepler problem. We
start with the one already known, i.e., the angular mo-
mentum commutator rules.

We had
L,L,—L,L,=[Lg,L,] =1L,
and by cyclic permutation,

LyL.—L.L, =Ly, L.] = hL,
L.L,— L,L.=[L.,L,] =hL,

where r — y, y — z, and 2z — x corresponds to the cyclic
permutation we are talking about.

There is a sensual formulation of these three rules ex-
pressed as a cross product, a highly stylized rendition:

L®L =1L

where of course the vectors are vector operators, so that
the cross product refer to vectors and their components,
and therefore, since these components are operators, do
not commute and therefore do not cancel.

Let’s expand the cross product to see what is happen-
ing in this condensed notation. We have

LoL.)+k(LyL, — L,Ly,)

— LoL.) + k (LyLy — LyLy) = i[Ly, L] + j[Lz, Ly] + k[Ls, Ly

i[Ly, L) + (L=, L] + k[Ly, Ly] = th Ly + johLy, + kb L,

we then have

N
&
N
Il
S
gl

(

as asserted at the outset.



IV. THE RUNGE-LENZ VECTOR
COMMUTATORS

A. Similar Components Commuting with Angular

mal) form.
We start with [A;, L;]; Vi which we think of as similar
components. First, we need to evaluate

Momentum Components i ]k i(Lypz — L.py)
, Lop=|Ly Ly L. |= | j(Lepe — Lopz) | (42)
We had (Equation 14.10 [2]) Pe Py D- ]%(szy — Lyp.)
. 1 - = S
A= ——— (L p—p L) P 4.1 which is
37 QP—-p&L)+7 (4.1)
(this is also Equation 13-31 in Borowitz, loc cit) as the [ %((zpf — 2p2)p= — (¥py — Ypz)py) 43
defining equation for the operator form of the Runge- Op = J(@py = yps)pe = (Yp= = 2Dy)P:) (4.3)
Lenz vector, and we wish now to see how this commutes k((yp> — zpy)py — (2P — Tp2)Px)
with L . First, we change over to a “better” (more nor-
J
In the reverse order, we had
. i j g i(py(py — ypa) — ps (2P0 — 2p2))
roL=1  p; Py p- = | J(p=(yp= — 2py) — Pa(xpy — YP)) (4.4)
Yp: — 2Py 2Dx — TPz TPy — YPs k(pa(2pz — xp2) — py(yp= — 2py))
so, combining these two we have (don’t worry, we’re not making an error here relative to earlier work)
) o i((zpe = 2p2)ps — (2py — ypa)py) U(py 2Py — ypa) — p=(2ps — zp2))
Lop+pe L=\ j((xpy = ype)pe — (Yp= — 2py)pz) | + | J(=(yp= — 2py) — Pu(wpy — Yp2)) (4.5)
k((ypz - Zpy)py - (Zpac - xpz)pw) k(px(sz - xpz) - py(ypz - Zpy))
which is, combining term
) L ilGzpe — 2p2)ps — (@py — ypo)py + {0y (2Py — ypo) — pa(2pe — 2p:)}]
Leop+pe L= jlapy — ype)pe — (Yp= — 2py)P= + {p=(Yp= — 2py) — Px(xpy — Yp2)}] (4.6)
k[(yp= — 2py)py — (2Pz — 2p2)Ps + {Pa(2pe — 2p2) — Py(yp> — 2py)}]

which is, upon expansion,

) | ilzpeps — 3 = 2R+ ypapy + 2R — PyyPe — P22pa + 317
LRp+7p® L= jlapypsi— y? — Dp2 + 2pyp- + U2 — p2py — Doy + Y2 (4.7)
klyp-py — ;1/5 22+ Tpapy + 2P2 — PP — DyYD: + ;1%]
or
. L il=peps + ypapy — PyyPs — P22ps)
L® ﬁ+ ﬁ® L= .Z[xpypm + ZPpyP. — P22ZDy — pmxpy] (48)
k[ypzpy + TPzPx — PPz — pyypz]
or
) L ipa(zpe = pa2) + palypy + pyy)
Leop+p® L= jpy(xps — pax) + py(2p: + p:2)) (4.9)
k(p:(ypy — pyy) + p2(2ps — p2))
%2zhpz) ie.,
Lop+poL=] j 4.10 - -
R+ P j2uhp, (4.10) Loptiol =2k (4.11)

k2hp.)



so we can rewrite this as

PO L=—L®p+ 2y (4.12)

which allows us to use a slightly simpler form in future
work for the Runge Lenz vector, i.e.,

. 1 . .
Azi(L 7 (—L 5 2h*)) P (4.13
27 ®p QP+ 20hp) ) +7 (4.13)

which results in our “final” version:

A=

1 R
(L ®p— mﬁ) 47 (4.14)
I
This is the standard form used in most discussions of the
Ringe-Lenz vector operator, i.e., not the original form
cited and used before.

V. COMMUTATOR OF A,, WITH L;, ETC.

It is a labor of love to obtain the commutators of
the Runge-Lenz vector with respect to other quantum-
> #Commutator example 2 Zhang
> From Hong-Tao Zhang, arxiv.org/PS_cache/quant
ph/pdf/0204/0204081v1.pdf, A Simple Method of Cal-
culating Comtators in Hamiltonian System with Mathe-
matica §oftware.

restart;

mechanical operators needed for dealing with the hydro-
gen atom. The Runge-Lenz vector form used here is from
Equation 4.14. What follows is a Maple session showing
the commutator relationships needed to proceed.

VI. ADDENDUM

Given these commutator relations, one can now pro-
ceed on to the ladder operator solution to the H-atom’s
electronic energy levels (C. W. David, Am. J. Phys., 34,
984 (1966). This was the only time that I ever encoun-
tered the “thrill of discovery” first hand. It was exhila-
rating. It was even cited:Blinder, S. M., J. Chem. Educ.
2001, 78, 391.

>
> assume(r>0);
> Comm3D := proc(f,g)local t1 , t2, t3, t4;
> t1 := diff(f,ql)*diff(g,pl)-diff(f,p1)*diff(g,ql);
> t2 := diff(f,q2)*diff(g,p2)-diff(f,p2)*diff(g,q2);
> t3 := diff(f,q3)*diff(g,p3)-diff(f,p3)*diff(g,q3);
> t4 := subs(
> ql*p2-q2*pl=L_3,q2*p3-q3*p2=L_1,q3*pl-ql*p3=L_2,t1+t2+t3);
> t4 := subs(sqrt(ql~2+q272+q3°2)=r,t4);
> t4 := algsubs(ql~2+q272+q372=r"2,t4);
> t4 := expand(t4);
> return(I*hbar*t4);
> end proc;
Comm3D := proc(f, g)
localti, t2, t3, t4;
t1 = diff f, q] % diff g, pl) — diff (f, p1) = diff (g, ¢q1);
t2 = diff (f, ¢2) = diff (g, p2) — diff (f, p2 *diﬂ?§g, q2);
t3 = diff (f, ¢3) = diff (g, p3) — diff (f, p3) = diff (g, ¢3);
t4 :=subs(ql *xp2 — q2xpl = L83, ¢2xp3 —q3xp2 =1L_1, q3*xpl —ql xp3 =L_2,
t1 + t2 4 t3);
t4 = subs(sqrt(q1? + ¢2°% + ¢3%) = t4)
t4 = algsubs(ql? + ¢2% + ¢3°% =12 t
t4 = expand(t4);
return hbar x t4 = I
end proc
> ham := proc(pl,p2,p3,91,92,93)
> return((pl1~2+p2°2+p372)/2 - 1/sqrt(ql~2+q272+q3°2));
> end proc;
ham := proc(p1, p2, p3, ¢1, ¢2, ¢3)
return 1/2 % p1% +1/2 % p22 4+ 1/2 % p3? — 1/sqrt(q1? + ¢2° + ¢3?)
end proc
> The angular momentum vector is defined here:
> = q2*p3-q3*p2:
> L2 1= q3*pl-ql*p3:
> L3 := ql*p2-q2*pl:



The Runge-Lenz vector is defined here:

RL1 L3*p2-L2*p3-I*hbar*pl-ql/sqrt(ql~2+q272+q372):
RL2 L1*p3-L3*pl-I*hbar*p2-q2/sqrt(ql~2+q2°2+q3°2):
RL3 := L2¥pl-L1*p2-I*hbar*p3- q3/sqrt(ql~2+q272+q372) :
To show that L1 x 1.2 = 1 hbar %3

print (¢ Comm3D(L1,

comml := Comm3D(L1, L2)

V VV V V VYV

Comm3D(L1,L2) =
comml = hbar L_3 I

To show that RL1 x L1 equals zero
> print (¢ Comm3D(RL1i,L1) = ¢);

> comm2 := Comm3D(RL1,L1):
> comm2 := simplify(comm2);

Comm3D(RL1,L1) =

comm? =0

> To show that RL1 x RI.2 = - K L3
> comm3 := omm3D)€ RL1,RL2):
> print (¢ Comm3D(RL1,RL2) = ©);
> comm3a := expand(31mp11fy(comm3/(I*hbar)))
> comm3b := subs(ql~3=qlx(r~2-9q2°2-93°2), comm3a);
> comm3b := subs(q2“3=q2*(r‘2—q1‘2—q3‘2),comme);
> comm3b := subs(q373=q3*(r"2-q1°2-q2°2),comm3b) ;
> comm3c := expand(subs(p3~3 =p3*(2*(En+1/r)-(pl1~2+p272)),comm3b)) ;
> comm3d := algsubs(ql*p2-q2*pl=L_3,comm3c) ;#we know that L_1 and L_2
> are not involved
> comm3e := expand(subs(p3°2 = 2*(En- ((p1°2+p2°2)/2 - 1/r)),comm3d));
> January 25, 2007 SUCCESS

Comm3D(RL1,RL2) =
32 q2 pl 12 42 p1
C L R pat gt 4 g2 pt® -
g 2q1p2 g2 p1
=

comm3a .= —

23 pl1
a ~§ +p22q2p1 +p32q2p1

fp32q1p27p12p2q1+

3% q2 pl 12 2 pl
comm(%::fq rl{?)p _ 1 ({Sp —p23q1 +q2p13 —

2 qZ p,? q2 pl
r” r

23 p1
9= P L p22q2pl +p3? q2 pi

—p5’2 ql p2 — p12p2q1 +

5% q2p1  q1%q2pl : w2 (r? — a1? — 032) pl
commS’b::—q Tq~3p _ 4 q~3p —p2‘3q1+q2p15—q (r (1~3 q3°) p

2q1p2 q?p]r

=
32q2pl  ql?q2pl 2 (r™% — q1% — ¢3%) pt
03 92pl 4 ({SP _p23q1+q2p13_Q( o 4 )P
" 2q1p2 q,?plr

=

+p22 g2 pl + p3? q2 pl — p3? q1 p2 — p1? p2 ql + —==

comm3b := —

+p22q2pl +p3? q2pl — p3? ql p2 — p1? p2 ql + ———

242 pl
comm3c = —p23 g1 + g2 p1® — LT 4 092 40 51 4 932 42 p1 — p32 ql p2 — p12p2 gl
| 2q1p2 "

r

L3(-2+ p3? r7)
e
comm3e := —2L_8 En

comm3d := —L_3 p1? — —p22L.3

To shovg that RL1 xr = - K L3
print (‘L cross r calculation‘);

vecl L1*(Comm3D(q2,p2)+Comm3D(q3,p3)) ;

vec2 L2* (Comm3D (g3, p3)+Comm3D(ql,pl));

vec3 := L3*(Comm3D(ql,pl)+Comm3D(q2,p2)) ;#this is Eqn 1.11 in h_ladla
manuscript.

January 30, 2007 SUCCESS

V V.V VVVV



L cross r calculation
vecl := 21 (¢2 p3 — ¢q3 p2) hbar
vec? := 21 (¢3 pl — ql p3) hbar
vecd := 21 (q1 p2 — q2 p1) hbar

[1] http://digitalcommons.uconn.edu/chem_educ/14
[2] http://digitalcommons.uconn.edu/chem_educ op cit
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