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The Gronwall Form of the Schrodinger Equation for Helium

C. W. David
Department of Chemistry
University of Connecticut

Storrs, Connecticut 06269-3060
(Dated: January 18, 2007)

I. SYNOPSIS

A strangely different form of the Schrédinger Equation
for the two electron (Helium atom) problem is presented.
To my knowledge, it has never been used for any purpose
in the Physics literature other than what is cited here.

II. INTRODUCTION

In 1937, Bartlett [1] published a piece of work by
T. H. Gronwall (then deceased) called “The Helium
Wave Equation” in which a new and special form of the
Schrodinger equation for the 2-electron atom/ion prob-
lem was investigated. In that paper, Gronwall refers to
a previous paper [2] in which he actually carries out a
(for me) complicated derivation of his form of the He-
lium Schrodinger equation. Parenthetically, in this latter
paper, his reference 7 refers to a paper which does not
exist to my knowledge. Would that we had the ”direct
and very short calculation” which resulted in the desired

J

equation.
In this paper, a derivation proceeding directly from
Hyllerass’ [3-5] formulation is presented.

ITII. DEFINITIONS

We start with Gronwall’s definitions for x1, zo and x3:
4oy =12 + 13 — 12y = 2r1ro cos ¥ (1)

from which we obtain

1
T = 57”17“2 cos v (2)
and

4oy =713 — 13 (3)

and

41’3 = \/(7”’1 —+ T2 —+ 7”‘12)(7’1 —+ ro — 7‘12)(7’2 + 12 — 7‘1)(7"12 —+ r — 7’2) = 27’17’2 sin19 (4)

This is such a strange definition that we note that the
term:

1622 = (r14ro+riz)(ri+re—r12) (ratria—r1) (rig+ri—rs)

expands to

2 4 2.2 22 4 2 2 4 2.2 2
1625 = —r]+2rir5+2ririy—ry+2r5ris—ris = 4rir; sin” 9

J

2

(

while

2 2 2 2 4 4 4 2 2 2 2 2 2 2.2 2
1627 = (7’1 +ry — r12) = +4r] + 71y + 1]y + 20715 — 2ririe — 215179 = 41715 cos® VY

so, adding these two obtains

16(x? + 22) = 4rr2(sin® ¥ + cos? ¥) (5)

(

Amazing. It turns out that this is Heron’s formula, a
piece of trigonometry which appears to have fallen out of
common knowledge.



From Equation 4 we obtain

2
1

1
x2 = ~rirsin®o
4
and define a hyper-radius as
4r = r% + r%

We knew from Equation 5 that

We have

2 _
T2 =

72 412 — 2ry7y cosf
i.e., the law of cosines, so

72, = 4r —4xy = 4(r — 1)

we obtain

T] + 3= 1Ty T2 = 2”
and
x2_r‘f—2r%r§+r§ 7'1:\/2(\/:6%+x%+x§+x2): 2(r + x2)
2 16
S0 and
4 4 2.2 4 4 2.2
o, 2, 2 Ti Ta ,Tit3 1 oo 11 Ty TiT)
rit+astar, = —+ = -2—F4-riry = —+—=+2—=
1616 16 4 16716718 ry = 2( /x%+x%+x§_x2) /3 =)
ie.,
(12 472)2 4222 We seek the differential equation (Gronwall/Bartlett’s
r?=a}+ 25 +a3= 1162 =2 216 12 equation 1)
Py 0% 0% 10y 1(FE 1 1 1
e i N = + + =0 7
0z?  Ox3 023  x30z3 r\ 4 V2(r+x2)  2(r—x2)  2Z\/(r—x1) ¥ (7)

which we obtain from the {ry, 2,712} form due to Hyller-

or the alternative form in terms of r1, ro, and y = cos¥:

aas.
Vi+ V3=
LNET NP
87“% 1 87‘1 ! 12 8’/“187“12
Jri? +— 0 + 27y - 7 o
87“% T9 87“2 2 12 8’/“287“12
4 9 02
— 5 (8)
12 8’/“12 87“12
J
0? 0? 0? 0? H? H?
2 2 _ _ - - [ S _— =
VitVe=ge o2 o2 "o T o2 T 02
9
2 on rs  Ory r? - rl dy



in one of its many manifestations
0? 02
Vi+Vi=—= 0 o T o
r?  Or r3  Org r?
IV. BEGINNING
We need (for example)
O _(0m 9 (0w O  (Ow) O
87"1 - 87"1 9 8!1/'1 87‘1 ro, 0 (91'2 8r1 o, 8:53
Since
1
r1 = ="rirg cos
2
T9 = 1 (r% — r%)
and
1 .
T3 = —r1resind
we have
8951 1
htad ) ——— 9
(31"1 )m ) 27"2 cos
and
Oz _ 1
87’1 ro, 0 - 2 !
and
81’3 1
hbad’] = Zprosingd
(87’1)T2ﬂ9 27"2 Sm
and
(%ﬁ;) = ——r1rysin?d
2,71
81'2
(),
72,71
and
81‘3
(6‘19) 27"17“2 cos Y
T2,T1
we have
6$1
- _ 3 19
(87‘2 )Tz,ﬁ 27“1 COSs

62
923

) (=
r3 ) \sind

82

82
+({TZ§_

5‘y2
0 (sin 198%)
o

82

+8x2+

2

) 1
2,9 2

Oy
87“2

and
( 61‘3

1
=3 = —rysind
81"2) 9 2’)"181171

Therefore, we have
0 1 9 0 . 1 0 n 1 9

—rocosV— 4+ =11 — + —rosinty—

2 ! 8%2 2 2 6.’23

877”'1:2 al’l 2

Next, we need ai

O _(0m 9 (0w O  (Ow) O
8’1”2 - 8’1“2 1,0 8x1 87’2 1,09 81'2 87"2 1,9 81'3
(11)
which is
0 1 0 1 0 1
Oy 37 (:05198%1 3725, s + 37 smﬁaxg (12)
Finally, we need % which is
0 om0 0w 0 0m 0
o9~ 99 0z, | 9Y dxy OV Oms
which is
0 1 ) 0 1
prie —§r1r2 smﬁa—%1 + 2r1r2 cos 198—3 (13)

V. CONTINUING FROM PRELIMINARIES
THE r1 TERM

We form
0 1 0 1 0 1 0
r%a—m:r% (27ﬂ2c08198 2 15, 2—1— 7“25111198333

(

el

and ask, what is w e
ri

1

4

)



or,

o (r3s) 1 0 1 0 1
T1
L /A, YO ) — 9
o, 71 (2r2 Ccos 92, + = 2 3 o 7"2 sin 8x3>
1 9%~ 10 1 7= 1 o
STy cosY—UE 4 Sy 022 9
+r] (27“2005 o, 282+2 181+ —79 Sin o,

o) , (1 o 1o 1o
or1 - 27"2c05 0x1 2T18x2 2T251n Oxs

2
+r}

or
)
1‘9(7%%) 2 (1 g0 L a+1 5.0
—— % = — | zracosV— — rosind—
% 8’]"1 T1 2 2 ox 1 2 (’9 €To 2 81’3
1 0% 1 2 1 2
—|—4r2 cos 198 5 + s cosﬁaxla s + r2 cosﬁsmﬁaxlaxg
10
28%2
0? 1,02 2
z G—— 4 24 ingY—7 —
172 €08 012011 47“1 81:% + 47"17“2 st 0x2013
2

4
2

1, . 2 1,
ir% smﬁcosﬁaxga Rl sin ﬁm + Zr% sin? ﬂa—x%

VI. THE r, TERM

We form

(15)

(16)

(18)



T2 dro

What is w ie.,

0 r2%
M = 2r9 (;rl 00519i 1 9 + 17”1 smﬂa)

67”2 6.2?1 2 8 i) 8.133
1 1 02 1 0% 1 fo e
+r3 (27"1 cos {2T1 cos ¥ 8(?11 — 57 5‘821 + 3" sin ¥ 5‘?1:131
10
2 81‘2
d ) )
1 50z 1 05 oz
— — 19 2 _ 2 . 19 2
7’2{ 71 COS o1, 5 2 o1s + 27“1 sin s +
0 9o o
—ry 511119{ 71 cos? 8?;13 —gT2 8(?:23 + o sin v ‘2;; } (19)
which becomes
2
1(37‘23r2) 2 (1 I SR S
— = — | =ricos¥—— — =rg—— + =rosinty—
r3  Org rp \ 21 or, 2 20xy 27 Oxs
1 22 1 0? 1, . 2
+ <47’f cos? ﬁa—x% — grn COS’L98$2x1 + Zr% s1nz9cosz9agclgc3
10
2 8952
1 2 1, 0% 1 9?
_z 92 4 1,2 1 ind
47"17“2 cos Dgm1 + 1 28 % 4r1r2 sin Darys
1, . 2 1 ) 0? 1, . 0?
—|—er s1n19008198x1x3 — 17“27“1 sin ﬂaTm + Zr% sin? 19(,%3) (20)
[
VII. THE Y TERM which becomes
Finally, we had
) 1 .0 1 ) dsin -2
2 -z 9— 9 —— 21 99 _
59 5712 i P + 57172 €08 R (21) gy =
0
: 2 1
which means that UL sin ¥ cos ﬂa—xl — 5T sin ¥ 662; +
381111986 dsind (—77“17“2 sin ¥ 52 -+ 37172 005198%3) 1 ( 194 cost 9 N s 813 -
59 819 37T sin cos )a—3 7“17"2 cos ¥ sin —(&9

or

8sim98% B 3(—%7’11“2 sin 19 -+ 1"17‘2 smﬂcosﬂ )

nogs - ie.,
1 8sin198% _
sind 99
o 1 1L e 0 -
—riTy cosﬁaile e sin ¢ (—27‘17“2 Smﬂaix% g COSI?5$1$3>

1 cos?¥ —sin® ¥\ 9 1 1 0? 1 02
= _— 9| —= ing——+ - V= 2
+5rire ( g ) 925 + 5T1r2 Cos ( 57172 8in T + 57172 COS 8%%) (23)



which is, expanding

= 9
1 Osindg; _
sind  0v
0 0% 1 2
—7r1Ts 008196 + 4r1r2 2 sin? ﬁa—x% — ZTQTQ sm19cos198x1x3
1 cos? ¥ —sin?9\ 9 1 2 1 H?
+§T17’2 (511’119) 871‘3 — ZT%T‘% COSﬂSlnﬁaxle + ZTng COSs 1987:1;3 (24)

VIII. SUMMING UP

Adding the three terms, we have (marking some terms which will cancel):

ia(T%%) N ia(@%) N i+i 1 (“)sinﬁ% B
2 0n r3  Org r? r3) \sind O B
2

1 0 1 0 1 0
—7r9 o8V —— + — 7’2 sind— | +
T1 2 833‘3

Oxy 2 Yoo To
1, o, 0° 1 0? 1 0?
- ) Y 19 Y
4r2 Ccos 92102, + 7“27“1 cos 921024 +—- 7"2 cos 7"2 sin 92105
10 n
2 8332
——
9?2 1, 02 1 02
z Y 2 Y
7179 COS D202, +4 8 3 + 7’17"2 sin D205 +
17“2 sin19c081972 + 1’1" r18in Y ——— 82 + 7"2 sin? 9— +
42 0x3011 2t 0x3012 2 Oz
—————————————————————————————— (25)
2 /1 0 1 0 0
[z 9— _ O
1"2 (27"1(305 g 2 8 o + rlsln oz 3)
1 0? 2 1, . 0?
+ 17‘% cos? 19a—x% — T2 cos19ax2$1 —&—ZT% sm19'cos15‘8x1$3
1 0
- 26
2 81’2 ( )
——
2 1,0 1 02
- = Yoot p2 o — = in 9
412 eos Oxo11 +4r2 Ox3 4 0x213
1, . 02 1 . 0? 1, . 02
—l—irf smﬁcosﬁagjlmg aviLE SmﬁaTm + Zr% sin? ﬂax%) +

1 1 0 1 0? 1
4 —rir9 cos¥V— + frlrgbn Vs — —r2r2sin ) cos 9
8£E1 a

_|_
2 2
r{ T3 4 ox3 4 173

1 cos?9 —sin® 9\ 9 1 . o? 1 0?
+§r1r2 (sinﬁ ) 92 Zr%r% cosﬁsmﬂaxlxs + 4r1r2 cos 198:1:3) (27)



which becomes upon doing the cancellations,

2
1

8(7"%%) +i8<r§%) . <1

ory r3  Org

<
»—Aw‘ =

()
—= cos

1

L1 1 9sindgy | _
r3 ) \sind Qv

0 L 0 \Tgnel 4

R R Tl TN

~—~

2
4

1 0, 0% 1, .
—r5 cos” V== + —rj5 cos¥sin
oz? 4

2

| —

1, 92 N
4T18x§

1
ir% sin ¥ cos ¥

1
— cos

2 1 ) 9 82
9 i r2gn292
03014 Fgresm % *

1o} o r

0
— — — +Lsing— +

) (9.’131 83)2 T2 (9563
~—~

4

1 9% 1
+ =12 cos® = + Zr% sin ¥ cos ¥

82

0z? T1T3

~—_———

4

2
22~2a

+7‘% Oxr; 4 0x?

1 1
+ ~risind cos—— +-risin® I -—
x

0 1 1 .
—r179 cos ¥V —— + —rirssin® 9=— — ~rira sind cos

2 2

6501173 4

4 ! 63318333

+ PICA.
— [ —riracos9— + =
3 1 dxy 4 ox?

—_—

. 9?1 .
r2r3 sin® 9 —— — ~rirs sind cos ¥

2

8115%3

4

1 (1 cos? 9 — sin? ¥
sin ¥

0 1
) i Zr%r% cos ¥ sin v
3

2 1 2
2.2 2

——— +-7rir5cos’ V=

Ox1xs 4 0x?

sin v Ozy 4!

1 /1 29 —sin®9\ 0 1
+— (7”17’2 (cossm) — fr2r§ cos ¥ sin ¥
2

0? 1 0?
——— + —r?rZ cos? ﬁ)

81‘181’3 +

(28)

(29)

(30)

(31)



and continuing the ecstasy of cancelling, we have

F) 9
10() 10(3a) o1 1y (1 osmid
1 1 e 9smUp5 ) _
ri On r3 O ri o r3) \sind 09
1(2+2) 32+82+82
—(r{+r a2 Ta3 1T a3
4 1 2 axQ ax? axg
0 0
—|—L cosﬁa—l + — 51n198—3
+1(r2+r2)cos19sin19 i +
2 1 2 8x18x3
no 0 9
o Y— 4+ — siny—
—|— cos g + sin O
riTo 0 1 r%r% . ’
_ — _Z ¥ cos
2 cos I e sin ¥ cos 2,01
172 0 1 7"17'2 ?
_ - _Z J cos
2 cos orr 113 sin ¥ cos 02,025
} 7”172"2 cos” 79.7 sin® ¥ i _ 1@ cos 1 sin ¥ e
2 r? sin 9 Oxs 4 r{ 13
17"172”2 cos” 19'_ sin® ¥ i — 1@ cos 1 sin o
2 r2 sin 19 Oxs 4 73 Ox123

and continuing the orgy, we have

9 1o}
ia(T%T”)Jria(T;aT?)Jr 11 1 9sinvZ\
r?  Or r2 Oy r? = rl sind  Ov B

1(7’2—1—7’2) a—2+82 +82
402N 023 T 023 022

0

2 Y— + 2 gind——o
+ cosalJrTl 92

1 0 0
+Ecos198— _’_7 sin 198—3
—_——

—_———

_Emwﬁ,

8.231

— r—l cosﬂaigc1
_'_}7;2 cos2 9 — sin? ¥ i
27 sin v Ors

Lry <cos219 - Sin219> 0
+ .

2719 sin

s

(32)

(36)



which penultimately results in

o) o)
1 8(@&71) L1 5(7‘3072) (L1 1 9sind )
r% ory 7’% Org 7’% r% sin ¢ o o

1 2 2 82 32 82 T2 71 0
4(7’1+T2)<52++82+33 st ) s

L7y ((308219 — sin219> 0
+ .

2 1 sin 87.173
17 [cos?¥ —sin?9\ 8
219 sin Oxs

or, collecting terms,

_i_(T%‘H“%) sin 13} +1r%+r§ <005219sin219> d

1T Oxs 2 rire sin

The coefficient of % in Equation 44 can be simplified; we ultimately arrive at

(7”%+7“§) . 1r%+r§ cos? ¥ — sin? ¥ B (7”%+?"§) 1 7“1 +r2
—sind + - - = ng+ -1 2
r1T2 172 sin ¢ 1T 2 rirysintd
271 + 73 (sin?9
2 rirg sin o
which yields
2 2 2 2 1 72 2
ntre sing — L2 +r sin? + L +_T2
r17T2 1792 2 riresind

which leads to

1o(tsh) a0(tk) 1 1y (o osini
rf o ry O rf 3 sin ¥
L s 2 9? 02 0? 1 0
4<7“1”2>{(az+ax2+axg * 25 00
o% 9% 9? 10
Pp Y YY1
ox? = Oxy = O x3 0x3

E 1 1 1
1 At (o —n) 22 (r—x1>>¢:0

which leads to

which is Equation 7.
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